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p*-Closure Operator and
p*-Regularity in Fuzzy Setting

ANJANA BHATTACHARYYA**

ABSTRACT. In this paper a new type of fuzzy regularity, viz. fuzzy p*-
regularity has been introduced and studied by a newly defined closure
operator, viz., fuzzy p*-closure operator. Also we have found the mutual
relationship of this closure operator among other closure operators de-
fined earlier. In p*-regular space, p*-closure operator is an idempotent
operator. In the last section, p*-closure operator has been characterized
via p*-convergence of a fuzzy net.

1. INTRODUCTION

Throughout the paper, by (X, 7) or simply by X we mean a fuzzy topo-
logical space (fts, for short) in the sense of Chang [3]. A fuzzy set 7] A is
a mapping from a nonempty set X into a closed interval I = [0,1]. The
support [6] of a fuzzy set A in X will be denoted by suppA and is defined
by suppA = {z € X : A(z) # 0}. A fuzzy point [6] with the singleton
support z € X and the value t (0 < ¢ < 1) at = will be denoted by z;. 0x
and 1y are the constant fuzzy sets taking values 0 and 1 in X respectively.
The complement [7] of a fuzzy set A in X will be denoted by 1x \ A and
is defined by (1x \ A)(z) =1 — A(x), for all x € X. For two fuzzy sets A
and B in X, we write A < B if and only if A(x) < B(z), for each z € X,
and AgB means A is quasi-coincident (q-coincident, for short) with B [6] if
A(z) + B(xz) > 1, for some x € X. The negation of these two statements
will be denoted by A £ B and A 4B respectively. clA and intA of a fuzzy
set A in X respectively stand for the fuzzy closure [3] and fuzzy interior [3]
of Ain X. A fuzzy set A in X is called fuzzy a-open [2] if A < intclintA.
The complement of a fuzzy a-open set is called a fuzzy a-closed [2] set. The
smallest fuzzy a-closed set containing a fuzzy set A is called fuzzy a-closure
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of A and is denoted by aclA 2], i.e.,
aclA = /\ {U : A< U and U is fuzzy a—closed}

A fuzzy set A in X is fuzzy a-closed if A = aclA [2]. A fuzzy set B is called
a quasi neighbourhood (g-nbd, for short) of a fuzzy set A in an fts X if there
is a fuzzy open set U in X such that AqU < B. If, in addition, B is fuzzy
open (resp., a-open) then B is called a fuzzy open (resp., a-open) g-nbd of
A. In particular, a fuzzy set B in X is a fuzzy open (resp., a-open) g-nbd
of a fuzzy point x; in X if x,qU < B, for some fuzzy open (resp., a-open)
set U in X.

2. Fuzzy p*-CLOSURE OPERATOR: SOME PROPERTIES

In this section fuzzy p*-closure operator has been introduced and studied.
Let us recall a definition from [4] for ready reference.

Definition 2.1 (|4]). A fuzzy set A in an fts (X, 7) is called fuzzy preopen
if A < intclA. The complement of a fuzzy preopen set is called a fuzzy
preclosed set.

The union of all fuzzy preopen sets contained in a fuzzy set A is called
fuzzy preinterior of A, to be denoted by pintA.

The intersection of all fuzzy preclosed sets containing a fuzzy set A is
called fuzzy preclosure of A, to be denoted by pclA.

Definition 2.2. A fuzzy preopen set A in an fts (X, 7) is called a fuzzy
pre-g-nbd of a fuzzy point x;, if x.qA.

Lemma 2.1. For a fuzzy point xy and a fuzzy set A in an fts (X,7), z; €
pcl A if and only if every fuzzy pre-g-nbd U of x4, UqA.

Proof. Let x4 € pclA and U be any fuzzy pre-q-nbd of ;. Then U(z) +¢ >
1=t>1-U(x) = z ¢ 1x ~ U which is fuzzy preclosed in X and
hence by Definition 2.1, A £ 1x ~ U = there exists y € X such that
Aly) > (Ix ~U)(y) = Ay) + U(y) > 1 = AqU.

Conversely, let for any fuzzy pre-q-nbd U of z;, UgA. Let V be any fuzzy
preclosed set containing A, i.e., A <V ... (1). We have to show that z; € V.
If possible, let z ¢ V. Then V(z) <t =1—-V(z) > 1—t = zq(1x N\ V).
By assumption (1x \ V)gA = A >V, contradicts (1). O

Lemma 2.2. For any two fuzzy preopen sets A and B in an fts X, A 4B
= pclA 4B and A gpclB.

Proof. 1f possible, let pclAgB. Then there exists © € X such that pcl A(z) +
B(xz) > 1. Let pclA(x) = t. Then B(xz) +t > 1= x4qB and x; € pclA. By
Lemma 2.1, BqA, a contradiction.

Similarly, we can prove that A gpclB. O
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Definition 2.3. A fuzzy point z; in an fts X is called fuzzy p*-cluster point
of a fuzzy set A in X if pclUqA for every fuzzy pre-q-nbd U of x;.

The union of all fuzzy p*-cluster points of a fuzzy set A is called fuzzy p*-
closure of A, to be denoted by [A],. A fuzzy set A in X is called fuzzy
p*-closed if A = [A],. The complement of a fuzzy p*-closed set is called
fuzzy p*-open.

Note 2.1. It is clear from Definition 2.1 and Definition 2.3 that pclA < [A],,,
for any fuzzy set A in an fts X. The converse is not true, in general, as seen
from the following example.

Example 2.1. Let X = {a,b}, 7 = {0x, 1x, B} where B(a) = 0.7, B(b) =
0.5. Then (X, 7) is an fts. The collection of all fuzzy preopen sets in (X, )
is of the form {Ox, 1x, B,U} where U £ 1x ~\ B and that of fuzzy preclosed
setsis {Ox, 1x,1x~B,1x~\U} where 1x~\U # B. Consider the fuzzy point
ag.2 and the fuzzy set V defined by V(a) = V(b) = 0.1. Then ago & pclV
but ag2 € [V],. Indeed, C(a) = 0.81,C(b) = 0.5 is a fuzzy pre-g-nbd of ag2
but C 4V. Although pclC = 1xqV.

The following theorem shows that under which condition, the two closure
operators pcl and p* coincide.

Theorem 2.1. For a fuzzy preopen set A in an fts (X, ), [A]p, = pclA.

Proof. By Note 2.1, it suffices to show that [A], < pclA, for any fuzzy
preopen set A in X.

Let x; be a fuzzy point in X such that x; & pclA. Then there exists a
fuzzy pre-q-nbd V of x; such that V' gA. Then V(y) + A(y) < 1, for all
yeX=>V(y) <1—-A(y), forally € X = pcV <pcl(lx ~A) =1x \ A
(since 1x \ A is fuzzy preclosed in X). Thus pclV A and consequently,
x; & [A]p. Hence [A], < pclA for a fuzzy preopen set A in X. O

We now characterize fuzzy p*-closure operator of a fuzzy set A in an fts
X.

Theorem 2.2. For any fuzzy set A in an fts (X, 1), [Al, = {[Ulp: U is
fuzzy preopen in X and A < U}.

Proof. Clearly, L.LH.S. < R.H.S.

If possible, let x; € R.H.S, but x; ¢ L.H.S. Then there exists a fuzzy pre-g-
nbd V of x; such that pclV A and so A < 1x ~\ pclV and 1x \ pclV being
fuzzy preopen set in X containing A, by our assumption, x; € [1x \ pclV]).
But pclV g(1x ~ pclV) and so x; € [1x \ pclV],, a contradiction. This
completes the proof. O

Remark 2.1. By Theorem 2.1 and Theorem 2.2, we can conclude that [A],
is fuzzy preclosed in X for a fuzzy set A in X.

Theorem 2.3. In an fts (X, 1), the following hold:
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(a) the fuzzy sets Ox and 1x are fuzzy p*-closed sets in X,

(b) for two fuzzy sets A and B in X, if A < B, then [A], < [Bl,,

(¢) the intersection of any two fuzzy p*-closed sets in X is fuzzy p*-closed
mn X.

Proof. (a) and (b) are obvious.

(c) Let A and B be any two fuzzy p*-closed sets in X. Then A = [A], and
B = [B],. Now AANB <A, A\B < B. Then by (b), [AA B], < [4], and
[ANA\ B], < [B]p. Therefore, [AA B], < [A], A[B], = AN\ B.

Conversely, let z; € AA\B. Then 2y € A = [A], and z; € B = [B]).
Then A(x) > t,B(x) > t, ie., (AA\B)(z) = min{A(z), B(x)} > t. Now
for any fuzzy pre-q-nbd V' of x4, pclVqA,pclVgB. Then V(z) +t > 1.
Therefore, pclV(xz) + (AA\ B)(z) > 1 —t+t = 1. Therefore, pclVq(A N\ B)
for any fuzzy pre-g-nbd V of z; and hence z; € [A A B],. Consequently,

[Alp AIBlp < [A\ Blp. U
Remark 2.2. In fact, the intersection of any collection of fuzzy p*-closed

sets is fuzzy p*-closed. But the union of two fuzzy p*-closed sets may not
be fuzzy p*-closed is clear from the following example.

Example 2.2. Let X = {a,b}, 7 = {Ox,1x, A} where A(a) = 0.4, A(b) =
0.7. Then (X, 7) is an fts. The collection of all fuzzy preopen sets in (X, 7) is
{0x,1x,A,U} where U £ 1x ~\ A. Then the collection of all fuzzy preclosed
sets is {Ox,1x,1x N A,1x N\ U} where 1x N\ U # A. Let C and D be two
fuzzy sets given by C(a) = 0.5,C(b) = 0.6, D(a) = 0.2, D(b) = 0.7. Then
(CVD)(a) = 0.5,(C\VD)Db) = 0.7. Now aps ¢ [C], as ageqU where
U(a) = 0.41,U(b) = 0.31, but pclU = U 4C. Again age ¢ [D], as apeqV
where V(a) = 0.7,V (b) = 0.2, but pclV =V 4D.

But for any fuzzy pre-g-nbd of agg is of the form U where U £ 1x ~\ A.
Then pclU = Ugq(C'\/ D) and consequently, aps € [C'\/ D],. Therefore,
[Cl, V[D]p < [CV D]p. Also (C'\/ D)(a) =0.5% 0.6 and so ags ¢ C'\/ D.

Note 2.2. It is clear from Remark 2.2 that fuzzy p*-open sets in an fts
(X, 7) may not form a base for a fuzzy topology.

Result 2.1. We conclude that x; € [y,], does not imply y, € [x¢], where
ze,yy (0 < tt < 1) are fuzzy points in X as shown from the following
example.

Example 2.3. Let X = {a,b}, 7 = {0x,1x, A, B} where A(a) = 0.5, A(b) =
0, B(a) = 0.7, B(b) = 0. Then (X, 7) is an fts. The collection of all fuzzy pre-
open sets in X is {Ox, 1x, A, B,U,V} where 0.3 < U(a) < 0.5,U(b) = 0 and
V(a) > 0.5,0 < V(b) < 1. Then the collection of all fuzzy preclosed sets is
{Ox, 1x, 1x\A, 1x~\B,1x~\U, 1)(\V} where 0.5 < 1—U(CL) < 0.7, U(b) =1
and 0 < 1-V(a) < 0.5,0 <1-V(b) < 1. Consider the fuzzy points ag ¢ and
bo.1. We claim that by € [ag.¢]p, but ape ¢ [bo.1]p- Indeed, any fuzzy pre-
g-nbd of by ; is of the form V where V(a) > 0.5,V (b) > 0.9 and pclV =W
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where W(a) > 0.5, W(b) = 1 and Wqagg. But D(a) = 0.41,D(b) =0 is a
fuzzy pre-q-nbd of ag¢ and pclD = D /gbg.1.

3. p*~-CLOSURE OPERATOR: MUTUAL RELATIONSHIP
WITH OTHER CLOSURE OPERATORS

In this section we have established some mutual relationship of p*-closure
operator with other closure operators, viz., a*-closure operator, #-closure
operator.

First We recall some definitions for ready references.

Definition 3.1 ([5]). Let A be a fuzzy set and x¢, a fuzzy point in an fts
X. x; is called a fuzzy 6-cluster point of A if every closure of every fuzzy
open g-nbd of x; is g-coincident with A.

The union of all fuzzy 6-cluster points of A is called fuzzy 6-closure of
A, to be denoted by [A]g. A is called fuzzy 6-closed if A = [A]y and the
complement of a fuzzy 6-closed set is called fuzzy 6-open.

Definition 3.2 ([1]). A fuzzy point z; in an fts X is called a fuzzy a*-cluster
point of a fuzzy set A in X if aclUqgA for every fuzzy a-open g-nbd U of z;.
The union of all fuzzy a*-cluster points of A is called fuzzy a*-closure of A,
to be denoted by [A],. A fuzzy set A is called fuzzy o*-closed if A = [A],
and the complement of fuzzy a*-closed set is called fuzzy a*-open.

Result 3.1. [A], < [Alg, for any fuzzy set A in an fts X.

Proof. Let z; € [A]p. Let V be any fuzzy open g-nbd of ;. Then V' is fuzzy
pre-g-nbd of z; also. As z; € [A]y, pclVqA = clVqA = x4 € [Al. O

Remark 3.1. It is clear from the following example that [A], # [A]y, for
any fuzzy set A in an fts X, in general.

Example 3.1. Consider Example 2.1. Consider the fuzzy point ag5; and a
fuzzy set C given by C(a) = C(b) = 0.1. Then U(a) = 0.5,U(b) = 0 being a
fuzzy pre-g-nbd of ags1, pclU = U 4C and so ags1 ¢ [C],. But other than
1x, B is the only fuzzy open g-nbd of ags51 and clB = 1xqC. Therefore,
ao.51 € [Clo.

Result 3.2. [A], < [A]q, for any fuzzy set A in an fts X.

Proof. Let z; € [A],. Let U be a fuzzy a-open g-nbd of ;. Then U is a
fuzzy preopen set and hence pclUgA = aclUqA = x4 € [A]q4. d

Remark 3.2. It is clear from the following example that [A], # [A]a, for
any fuzzy set A in an fts X, in general.

Example 3.2. Let X = {a,b}, 7 = {0x, 1x, A, B} where A(a) = 0.5, A(b) =
0.4, B(a) = 0.7, B(b) = 0.5. Then (X, 7) is an fts. The collection of all fuzzy
a-open sets is {Ox, 1x, A, B, V'} where V > B and that of fuzzy preopen sets
is{0x,1x,A,B,UV;,W} whereU < AU £ 1x~B,Vi >1x~ AW > B.
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Consider the fuzzy point by 71 and the fuzzy set D, defined by D(a) = D(b) =
0.6. Then U;(a) = 0.4,U;(b) = 0.3 is a fuzzy preopen set such that by 71qU.
But pclUy = Uy 4D and so by71 ¢ [D]p. All fuzzy a-open g-nbds of by 71 are
1x,A,B,V where V> B. aclA = (1x ~ A)¢D,aclB = aclV = acllx =
1x¢D and so by71 € [D]a-

Remark 3.3. The following two examples show that fuzzy p*-closure oper-
ator and fuzzy closure operator are independent notions.

Example 3.3. Let X = {a,b}, 7 = {0x, 1x, B} where B(a) = 0.7, B(b) =
0.5. Then (X,7) is an fts. Consider the fuzzy point ags1 and the fuzzy
set C given by C(a) = C(b) = 0.4. Then ags1 ¢ [C], as U defined by
U(a) = 0.5,U(b) = 0, being a fuzzy pre-q-nbd of ags1, pclU = U /qC.
But other than 1x, B is the only fuzzy open g-nbd of ag 51 such that BqC.
Consequently, ag51 € CIC.

Example 3.4. Let X = {a}, 7 = {0x, 1x, A, B} where A(a) = 0.4, B(a) =
0.7. Then (X, 7) is an fts. Then the collection of all fuzzy preopen sets is
{0x,1x,U,V} where U < A, V > B. Consider the fuzzy point ag 4 and the
fuzzy set C given by C(a) = 0.3. Then B is a fuzzy open g-nbd of ag 4, but
B 4C and so ag4 ¢ clC. But any fuzzy pre-q-nbd of ag 4 is of the form V
and pclV = 1xqC and so ag.4 € [C]p.

4. Fuzzy p*-REGULAR SPACE: SOME CHARACTERIZATIONS

In this section a new type of fuzzy regularity has been introduced and
studied and shown that in this space p*-closure operator and pcl operator
coincide.

Definition 4.1. An fts (X, 7) is said to be fuzzy p*-regular if for each fuzzy
point z; and each fuzzy pre-g-nbd U of x4, there exists a fuzzy preopen set
V in X such that z,qV < pclV < U.

Theorem 4.1. For an fts (X, 1), the following conditions are equivalent:

(a) X is fuzzy p*-regular space.

(b) For any fuzzy set A in X, [A], = pclA,

(c) For each fuzzy point x; and each fuzzy preclosed set F with x; ¢ F,
there exists a fuzzy preopen set U such that xy & pclU and F < U.

(d) For each fuzzy point x; and each fuzzy preclosed set F' such that
xy € F, there exist fuzzy preopen sets U and V in X such that
2eqU, F <V and U 4V.

(e) For any fuzzy set A and any fuzzy preclosed set F with A £ F, there
exist fuzzy preopen sets U and V' such that AqU, F <V and U 4V .

(f) For any fuzzy set A and any fuzzy preopen set U with AqU, there
exists a fuzzy preopen set V' such that AqV < pclV < U.

Proof. (a) = (b): By Note 2.1, it suffices to show that [A], < pclA, for any
fuzzy set A in X.
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Let z; € [A], and V be any fuzzy pre-g-nbd of x;. By (a), there exists a
fuzzy preopen set W such that x,gW < pcllWW < V. Since x; € [A]p, pclWqA
and so VgA. Consequently, z; € pclA = [A], < pclA.

(b) = (a): Let x4 be a fuzzy point in X and U be any fuzzy pre-q-nbd of
zp. Then U(z)+t > 1= 2 & (Ix~\U) =pcl(1x\U) = [1x \U], (by (b)).
Then there exists a fuzzy pre-q-nbd V of x; such that pclV g4(1x ~U) =
pclV < U. Then z4qV < pclV < U = X is fuzzy p*-regular.

(a) = (c): Let x4 be a fuzzy point in X and F', a fuzzy preclosed set in
X with zy ¢ F. Then F(z) <t=1—-F(z)+t>1= xq(lx ~ F). By
(a), there exists a fuzzy preopen set W such that xyqW < pcddW < 1x \ F.
Therefore, F' < 1x \pclW = U (say) which is fuzzy preopen. Now x;qWW =
zrqpintW < W < pint(pcdW) = zigpint(pcdW) = (pint(pcdW))(x) +t >
1=1— (pint(pcdW))(z) <t =z & 1x \ (pint(pclW)) = x¢ & pel(lx
pelW) = x; & pelU.

(c) = (d): Let ¢ be a fuzzy point in X and F, a fuzzy preclosed set in X
with z; € F. By (c), there exists a fuzzy preopen set U such that z; ¢ pclU
and F < U. Now z; € pclU = there exists a fuzzy pre-q-nbd W of z; such
that W 4U.

(d) = (e): Let A be any fuzzy set and F', any fuzzy preclosed set in X with
A £ F. Then there exists z € X such that A(z) > F(z). Let A(z) =
Then z; ¢ F. By (d), there exist fuzzy preopen sets U and V such that
zqU, F <V and U 4V. Again, U(z) + A(z) =U(x) +t > 1 = AqU.

(e) = (f): Let A be any fuzzy set and U, any fuzzy preopen set in X with
AqU. Then A £ 1x ~ U which is fuzzy preclosed. By (e), there exist fuzzy
preopen sets V and W such that AgV,1x ~U < W and V' 4W. Then by
Lemma 2.2, pclV gW. Thus AqV < pcV <1x~W <U.

(f) = (a): Obvious. O

Corollary 4.1. An fts (X, 7) is fuzzy p*-regular if and only if every fuzzy
preclosed set in X is fuzzy p*-closed in X .

Proof. Let (X, 7) be fuzzy p*-regular space and A, a fuzzy preclosed set in
X. Then by Theorem 4.1 (a) = (b), A = pclA = [A], and hence A is fuzzy
p*-closed in X.

Conversely, let A = [A], for any fuzzy preclosed set in X. Let B be any
fuzzy set in X. Then pclB = [pclB],. Then [B], < [pclB], = pclB. Again
from Note 2.1, pclB < [B], and so [B], = pclB for any fuzzy set B in X.
Hence by Theorem 4.1 (b) = (a), X is fuzzy p*-regular space. O

Remark 4.1. In a fuzzy p*-regular space (X, 1), [[A]]p, = [A],.

Proof. By Theorem 4.1 (a (b), [[Alplp = [pclAl], = pcl(pclA) = pclA =
[A], (by Theorem 4.1 (a) = (b)). O
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5. CHARACTERIZATIONS OF Fuzzy p*-CLOSURE
OPERATOR VIA Fuzzy NET

In this section fuzzy p*-closure operator of a fuzzy set is characterized in
terms of fuzzy p*-cluster point of a fuzzy net and its fuzzy p*-convergence.

Definition 5.1. A fuzzy point x; in an fts (X, 7) is called a fuzzy p*-cluster
point of a fuzzy net {S,, : n € (D, >)} if for every fuzzy pre-q-nbd U of x;
and for any n € D, there exists m € D with m > n such that S,,qpclU.

Definition 5.2. A fuzzy net {S, : n € (D,>)} in an fts (X, 7) is said to
p*-converge to a fuzzy point xzy if for any fuzzy pre-q-nbd U of x4, there
exists m € D such that S, gpclU for all n > m (n € D). This is denoted by

SnpjfEt.

Theorem 5.1. A fuzzy point x; is a fuzzy p*-cluster point of a fuzzy net
{Sn :n € (D,>)} in an fts (X,7) if and only if there exists a fuzzy subnet
of {Sn :n € (D,>)} which p*-converges to ;.

Proof. Let z; be a fuzzy p*-cluster point of the fuzzy net {S,, : n € (D,>)}.
Let p(Qz,) denote the set of fuzzy preclosures of all fuzzy pre-q-nbds of z;.
Then for any A € p(Q.,), there exists n € D such that S,gA. Let E denote
the set of all ordered pairs (n, A) such that n € D, A € p(Q,,) and S,qA.
Then (E,>>) is a directed set, where (m, A) > (n,B) ((m,A),(n,B) € E)
if and only if m > nin D and A < B. Then T : (E,>) — (X, 7) given by
T(m,A) =S, is clearly a fuzzy subnet of {S,, : n € (D, >)}.

We claim that Tp*z,. Let V be any fuzzy pre-g-nbd of x;. Then there
exists n € D such that (n, pclV) € E and so S,,gpclV. Now for any (m, A) >
(n,pcdV'), T(m, A) = SpgA < pclV = T(m, A)qpclV. Consequently, Tp*x;.
Conversely, if x; is not a fuzzy p*-cluster point of the fuzzy net {S, : n €
(D,>)}, then there exists a fuzzy pre-q-nbd U of z; and an n € D such
that S,, AgpclU, for all m > n. Then clearly, no fuzzy subnet of the net
{Sy :n € (D,>)} can p*-converge to x;. O

Theorem 5.2. Let A be a fuzzy set in an fts (X, 7). A fuzzy point xy € [A]
if and only if there exists a fuzzy net {S, : n € (D,>)} in A, which p*-
converges to Ty.

Proof. Let x4 € [A],. Then for any fuzzy pre-g-nbd U of z;, pclUqA, i.e.,
there exists y¥ € suppA and a real number py with 0 < py < A(yY) such
that the fuzzy point ygU with support y¥ and value py belong to A and
ygU gpclU. We choose and fix one such ygU for each U. Let D denote the set
of all fuzzy pre-g-nbds of z;. Then (D, >) is a directed set under inclusion
relation, i.e., B, C € D, B = C iff B < C. Then {ygU e A: yqupclU
and U € D} is a fuzzy net in A such that it p*-converges to z;. Indeed,
for any fuzzy pre-q-nbd U of ¢, if V.€ D and V »= U (i.e.,, V < U), then
yz‘,/vqpclV < pcU = y},qupclU.
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Conversely, let {S, : n € (D,>)} be a fuzzy net in A such that Snpja:t.
Then for any fuzzy pre-q-nbd U of x4, there exists m € D such that n > m
= SpqpclU = AqpclU (since S, € A). Hence x; € [A]. O

Remark 5.1. It is clear that an improved version of the converse of the last
theorem can be written as “x; € [A], if there exists a fuzzy net in A with
as a fuzzy p*-cluster point”.
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