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A general fixed point theorem for two
hybrid pairs of mappings satisfying a
mixed implicit relation and applications

VALERIU Pora

ABSTRACT. The purpose of this paper is to extend Theorem 3.2 [16] for
two hybrid pairs of mappings satisfying a mixed implicit relation and a
new type of common limit range property without weak compatibility.

As applications, some fixed point results for pairs of mappings sa-
tisfying contractive conditions of integral type and (-contractive maps
are obtained.

1. INTRODUCTION

In 1969, Nadler [8] proved an analogue Banach principle with set - valued
mappings employing Hausdorff-Pompeiu metric.

In 2011, Sintunavarat and Kumam [20] introduced the notion of common
limit range property for single-valued mappings.

Imdad et al. [4] established common limit range property for a hybrid
pair of mappings and obtained some fixed point results in symmetric spaces.

Quite recently, Imdad et al. [5] introduced the notion of joint common
limit range property for two pairs of hybrid mappings.

The study of fixed points for mappings satisfying a contractive condition
of integral type is introduced by Branciari [1].

It is proved in [15] that the study of fixed points of single-valued mappings
and set-valued mappings satisfying integral condition is reduced to the study
of fixed points for mappings involving altering distances.

Several classical fixed point theorems have been unified considering a ge-
neral condition by an implicit relation in [9], [10] and in other papers. Re-
cently, the method is used in the study of fixed points in metric spaces,
symmetric spaces, quasi-metric spaces, b-metric spaces, ultra-metric spaces,
Hilbert spaces, reflexive spaces, compact metric spaces, in two and three
metric spaces, for single-valued mappings, hybrid pairs of mappings and
set-valued mappings.
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Quite recently, the method is used in the study of fixed points for map-
pings satisfying contractive/extensive conditions of integral type, in fuzzy
metric spaces, probabilistic metric spaces, intuitionistic metric spaces, G
-metric spaces, G-metric spaces, and partial metric spaces.

With this method the proofs of existence of fixed points are more simple.
Also, the method allows the study of local and global properties of fixed
point structures.

In [11]-[13] and in other papers, the study of fixed points for hybrid pairs of
mappings and set-valued mappings satisfying implicit relations is introduced.

A general fixed point theorem for a hybrid pair of mappings with common
limit range property satisfying an implicit relation is proved in [2].

2. PRELIMINARIES

Let (X,d) be a metric space. We denote by C'L (X) the family of all
closed sets of X and by H the Hausdorff-Pompeiu metric, i.e.

H(A,B) = max{ilég{d(x, B), igg d(z,A)}},

where A, B € CL(X) and
d(z,A) = ;gg{d(a:,y)}-

Definition 2.1. Let f : X — X be a single valued mapping and let F' :
X — 2% be a multi-valued mapping.
1) A point x € X is said to be a coincidence point of f and F if
fx e Fa.
The set of all coincidence points of f and F' is denoted by C(f, F').
2) A point x € X is a common fixed point of f and F if x = fx € Fuz.

Definition 2.2 ([3]). Let f: X — X and F : X — 2% be. The mapping f
is said to be coincidentally idempotent with respect to F'if fz € Fx implies
fxr = ffx, that is, f is idempotent at coincidence points of f and F'.

Definition 2.3 (|4]). Let (X,d) be a metric space, f : X — X and F :
X — CL(X). Then, (f,F) has a common limit range property if there
exists a sequence {z,} in X such that

lim fz, = fue A= lim Fx,,
n—o0 n—oo
for some v € X and A € CL (X).

Definition 2.4 ([14]). Let A, S and T be self mappings of a metric space
(X, d). The pair (A4, S) is said to satisfy common limit range property with
respect to T, denoted CLR 4 g) 7 if there exists a sequence {z,} in X such
that

lim Az, = lim Sz, =t,
n—oo n—oo

for some t € S (X)NT (X).
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Definition 2.5 (|5]). Let (X,d) be a metric space, f,g : X — X and
F,G: X — CL(X). Then, the pairs (f, F) and (g, G) are said to have joint
common limit range property, denoted (JCLR)-property, if there exist two
sequences {z,} and {y,} in X and A, B € CL(X) such that

lim Fz, = A, lim Gy, = B,
n— o0

n—oo
lim fz, = lim gy, =t, withte f(X)Ng(X)NANB,

that is, there exist u,v € X such that t = fu=gv € AN B.
Now we introduce a new type of common limit range property.

Definition 2.6. Let (X,d) be a metric space, A: X — CL(X) and S,T :
X — X. Then (A, S) satisfy a common limit range property with respect to
T, denoted CLR 4 s)r-property, if there exists a sequence {x,} in X such
that

lim Sz, =z, lim Az, =D € CL(X) and z€ DNS(X)NT(X).

n—oo n—oo
Example 2.1. Let X = [0, 00) be a metric space with the usual metric, and

2
x4 +1 1

1 1

Ax—[él,l},Sx— 5 ,Tx—x—f—z. ThenS(X)—[Q,oo>,T(X)_
1 1

[4, oo), S(X)NT(X) = [2, oo) Let {z,} be a sequence in X such that

lim,, _yo T, = 0. Then

n—00 2’ n—oo

1 1 1
lim Sz, =t= -, lim Az, = [4,1} :DandtZEGDﬂS(X)ﬂT(X).

Remark 2.1. Let (X, d) be a metric space, A,B: X - CL(X) and S, T :
X — X. If (A,5) and (B, T) satisfy (JCLR) - property, then (A, S) and T
satisfy CLR(4, g)r-property.

Definition 2.7 (|6]). An altering distance is a function 9 : [0, 00) — [0, c0)
such that

(11): 1 is nondecreasing and continuous,

(9): () = 0 if and only if t = 0.

3. IMPLICIT RELATIONS

Definition 3.1. Let Fj; be the set of all lower semi-continuous functions
F R(j_ — R such that:

(F1) : F is nondecreasing in variable 1,

(F») : F(t,0,t,0,0,t) > 0, for all t > 0,

(F3) : F'(¢,0,0,t,¢,0) > 0, for all ¢ > 0.

Example 3.1. F(tl, ...,tﬁ) =1t — kmax{tg,tg,t4,t5,t6}, where k € [0, 1]
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t5 + 6

Example 3.2. F(t1,...,t6) =11 — k max {tg,tg,t4,
[0, 1].

}, where k €

t3 +1t4 t5+tg
2 7 2

Example 3.3. F(t1,...,ts) = t1 — kmax {tg,
[0, 1].

}, where k €

Example 3.4. F(ti1,...,t) = t1 — ate — bmax{ts, t4} — cmax{ts, s}, where
a,b,c>0anda+b+c< 1.

Example 3.5. F(t1,...,tg) = t1 —amax{ty, t3, t4} — (1—a)(ats+btg), where
ae€(0,1),a,b>0and a+b< 1.

Example 3.6. F(tl, ...,t(;) = t; — aty — btz + t4) — cmax{t5,t6}, where
a,b,c>0anda+b+c<1.
b(ts +te)

E le 3.7. F(t1,....tg) = t1 — aty — ——~—
xample (t1,...,t6) 1 — ato pr——

a+2b<1.

where a, b > 0 and

Example 3.8. F(t1,...,t5) = t1 —max{cta, ct3, cty, ats+bts}, where a, b, ¢ >
Oand a+b+c<1.

Definition 3.2. Let Gj; be the set of all lower semi-continuous functions
G: Ri — R such that G (s, ..., s5) > 0 if one of s1, ..., s5 is greater than 0.

Example 3.9. G(s, ..., s5) = max{sy, S2, S3, 54, S5 }.

Example 3.10. G(sla ceey 35) = max {827 i _g 84’ - —; . }

Example 3.11. G(s1, ..., 85) = amax{si, S2, 53} — (1 —)(ass+bs;), where
a€(0,1),a,b>0anda+b<1.

Example 3.12. G(s1,...,85) = 87 + 83 + 83 + 55 + s2.

81 S9 S3 S4 S5

T Tvs 1ty 1tsa 1tss Lts
81+ 82+ S3+ 84+ S5

Example 3.13. G(s1, ..., 85)

Example 3.14. G(s1,...,85) =

1 +81
Example 3.15. G( ) 1
xample 3.15. G(s1,...,85) = .
v ' ° 1+ S2+ S3+ 54+ 55
Example 3.16. G(sy,...,85) = s1 + 5285 1 5354
1"‘81

Definition 3.3. A function ¢ (¢4, ..., g, S1, ..., 85) = F (t1, ..., ts)+G (51, .-, S5)
is called a mixed implicit relation.
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Theorem 3.1 ([16]). Let (X,d) be a metric space and A,B,S,T : X — X
be self mappings of X satisfying

F(v (d(Az, By)) v (d (S, Ty)) ¥ (d(Sz, Az)).

¥ (d(Ty, By)) v (d (Sz, By)) , 4 (Ty, Az) )+
+ G (v(d (S2,Ty)), v (d(Sw, Ax)) 4 (d (Ty, By)).

¥ (d(S2, By) 1 (d Ty, Az))) < 0

forallx,y € X, some F € Fyr, G € Gpyr and o is an altering distance.
If (A, S) and T satisfy CLR(4 57 - property, then

1) C(4,9) £0,
2) C(B,T) # 0.
Moreover, if (A, S) and (B,T) are weakly compatible, then A, B,S and T
have a unique common fixed point.

The purpose of this paper is to extend Theorem 3.1 for two hybrid pairs
of mappings satisfying a mixed implicit relation and a new type of common
limit property without weak compatibility. As applications, some fixed point
results for mappings satisfying contractive conditions of integral type and
p-contractive maps.

4. MAIN RESULTS

Theorem 4.1. Let (X,d) be a metric space, A,B: X — CL(X) and S,T :
X — X such that

F (4 (H (Az, By) 0 (d (S Ty)) . (d (Sz, Ax),

d d

(4.1) ¥ (d(Ty, By)) ¥ (d (Sz, By)) , ¥(d (Ty,A:n)))_q-
( q
) )

+G<q/;( (Sz,Ty)), v (d(Sx, Ax)), (Ty,By))
¥ (d (S, By)) ¥ (d <Ty,A:c>)

forall x,y € X, some F € Fyr, G € Gy and ) is an altering distance.
If (A, S) and T satisfy CLR(4 gy - property, then

1) C(A,S) #90,
2) C(B,T) # 0.

Moreover,

a) if S is coincidentally idempotent with respect to A, then S and A
have a common fixed point,

b) if T is coincidentally idempotent with respect to B, then T and B
have a common fixed point,

¢) if the conditions of a) and b) hold, then S, T, A and B have a common
fized point.
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Proof. Since (A, S) and T satisfy C'LR(4 ) - property, there exists a se-
quence {x,} in X such that

lim Sz, = z, ILm Az, =D, DeCL(X) and z€ DN S(X)NT(X).

n—oo

Since z € T'(X), there exists u € X such that z = T'u.
By (4.1) for x = z,, and y = u we obtain

F (4 (H (Awn, Bu)) 0 (d (S, Tw)) 6 (d (S, Azy))
¥ (d (Tu, Bu)) 4 (d (S, Bu)) 0(d (Tu, Aza)) )+
+G(¢(d(5xn,Tu)) b (d (Smn,Aﬂcn 4 (d (Tu, Bu)),
Y (d(Sxy, Bu)) , ¢ (d (Tu, Azy)) )
Letting n tend to infinity we obtain
F(¢ (H (D, Bu)),0,0,4 (d (2, Bu)) 4 (d (2, Bu)) ,0)+
+G<0,0,w(d(z, Bu)) 4 (d (2, Bu)) ,o) <o0.
Since z € D, then d (z, Bu) < H (D, Bu), which implies by
(1), ¥ (d(z,Bu)) < ¢(H (D, Bu)). By (F1) we obtain
F<¢ d(z,Bu)),0,0,w(d(z,Bu)),zp(d(z,Bu)),O)—i—
+G(0,0,4 (d (2, Bu)), 4 (d (2, Bu)) ,o) <0.
If d(z,Bv) > 0, then ¢ (d (2, Bu)) > 0 and by G € Gy,

G(0,0.9 (d (= Bu)) v (d (2, Bu)) .0) > 0.
Then,
F (4 (d (2, Bu)) ,0,0,% (d (2, Bu)) % (d (=, Bu)) ,0) <0,
a contradiction of (F3). Hence, ¢ (d (z, Bu)) = 0, which implies d (z, Bu) =
0, i.e. Tu = z € Bu. Therefore C (T, B) # 0.
On the other hand, z € S(X). Hence, there exists v € X such that
z = Sv. By (4.1) for z = v and y = u we obtain
F(4 (H (Av, Bu) ¥ (d (Sv, Tu)) 3 (d (Sv, Av)),
(AT B) (S0, Bu) S (T Av) ) +
+ G (v(d (S0, Tu), ¥ (d(Sv, Av)) ¥ (d (Tu, Bu)),
¥ (d(Sv, Bu)) 4 (d (Tu, Av))) <0.
Since z € Bu, then d(z, Av) < H (Av, Bu) which implies by (1) that
Y (d(z,A)) <¢Y(H (Av, Bu)). By (F}) we have

F (v (d (2, Av)) 0,0 (d (2 Av)) ,0,0,0(d (2, Av)) ) +
+ G(0,¢ (d (2, Av)) 0,0, (d (=, Av))) <0.
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If d(z, Au) > 0, then by G € Gy, G(0,¢ (d(z,Av)),0,0,v (d(z,Av))) >
0, which implies,

F<¢ (d (2, Av)), 0,4 (d (2, Av)), 0,0, (d (2, Av))) <0,

a contradiction of (F3). Hence, d(z, Av) = 0 which implies Sv = z € Av.
Therefore C (A, S) # 0.
Moreover,

a) If S is coincidentally idempotent with respect to A, then Sz = 5SSz =
Sv = z and z is a fixed point of S. By (4.1) for z = z and y = u we
obtain

F(w( (Az, Bu)),v (d(Sz,Tuw)) % (d (Sz, Az)),

W (d (Tu, Bu)) , ¥ (d(Sz, Bu)) ,4(d (Tu, Az))>—|—
+G(9(d(82,Tu), b (Sz A2)) .4 (d (Tu, Bu)) |

Y (d(Sz,Bu)), v (d(Tu, Az )

Since

d(Sz,Az) =d(Sv,Az) = d(Tu,Az) < H (Az, Bu),
then ¢ (d (Sz,Az)) < ¢ (H(Az, Bu)).

By (F1) we have
F (v (d(2,42)),0,0 (d (2, 42)) ,0,0,5(d (z,Az))>+
+G (0,4 (d(2,42)),0,0,0 (d (2, 42)) ) <0.

If d(z,Az) > 0, then ¢ (d (z, Az)

G (0,9 (d(2,Az2)), 0,0, (

Hence,

F(zp (d (2, A2)),0,4 (d (2, A2)),0,0,3(d (2, Az))) <0,

a contradiction of (F3). Hence, d(z,Az) = 0 which implies Sz =
z € Az. Therefore z is a common fixed point of A and S.

b) If T' is coincidentally idempotent with respect to B, then Tz =
TTu =Tu = z and z is a fixed point of T'. By (4.1) for x = v and
y = z we have

F (v (H (Av, B2)) 1 (d(Sv,T2)) ¢ (d(Sv, Av)),

) > 0, which 1mphes
d(z,Az))) >

U (d (T2, B2)) 1 (d(Sv, B2)) , (d (T=, Av)) )+
+G(¢( (S0, T2)), ¢ (d (Sv, Av)), (d(Tz B2)),
0(d(S0.82) 1 (d (T2, Av))) <0

Since
d(Tz,Bz) =d(Sv,Bz) < H (Av, Bz),
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it follows that v (d(T'z, Bz)) < ¢ (d(z,Bz)) < ¢ (H (Av, Bz)).
By (F1) we have

F(w (d (2, B2)),0,0,4 (d (2, B2)) % (d (z, B2)) ,0)+
n G(0,0,w (d (2, B2)) % (d (2, B2)) ,o) <.

If d(z,Bz) > 0, then ¢ (d (2, Bz)) > 0 and
G(0,0,w(d(z,Bz)) ) (d (2, B2)) ,o) > 0.

Hence,

F(z/J (d (2, B2)),0,0,% (d (2, B2)) % (d (2, B2)) ,0) <0,

a contradiction of (F3). Hence, d(z,Bz) = 0 which implies Tz =
z € Bz and z is a common fixed point of B and T'.

c) If the conditions of a) and b) hold, then z is a common fixed point
of A,B,S and T. O

If ¢ (t) = ¢t by Theorem 4.1 we obtain

Theorem 4.2. Let (X,d) be a metric space, A,B: X — CL(X) and S, T :
X — X such that for all x,y € X

F(H (Ax, By),d (Sz,Ty) ,d (Sz, Az) ,
(4.2) d(Ty, By),d(Sz, By),d(Ty, A:r))
+ G((de, Ty),d (Sz, Az),d(Ty, By),d (Sz, By),d(Ty, AZL')) <0

for some F' € Fyr and G € Gyy.
If (A,S) and T satisfy CLR(4 gy - property, then
1) C(A,S) #0,
2) C(B,T) # 0.
Moreover,

a) if S is coincidentally idempotent with respect to A, then S and A
have a common fixed point,

b) if T is coincidentally idempotent with respect to B, then T and B
have a common fixed point,

c) if the conditions of a) and b) hold, then A, B, S and T have a common
fized point.

5. APPLICATIONS

5.1. Fixed points for hybrid pairs of mappings satisfying contractive
conditions of integral type. In [1], Branciari established the following
theorem, which opened the way to the study of fixed points for mappings
satisfying a contractive condition of integral type.
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Theorem 5.1 ([1]). Let (X,d) be a metric space, ¢ € (0,1) and f : X — X
such that for all x,y € X

d(fz,fy) d(z,y)
/ h(t)dt < / h(t)dt,
0 0

where h : [0,00) — [0,00) is a Lebesgue measurable mapping which is sum-
mable (i.e. with finite integral) on each compact subset of [0,00), such that
fos h(t)at > 0, for each € > 0. Then, f has a unique fized point z € X such
that for all x € X, z = limy_, o f™x.

Some fixed point results for mappings satisfying contractive conditions of
integral type are obtained in [15] and in other papers.

Lemma 5.1 ([15]). Let h : [0,00) — [0,00) be as in Theorem 5.1. Then
fo x)dx is an altering distance.

Theorem 5.2. Let (X,d) be a metric space, A,B : X — CL(X) and
S, T: X — X such that for all z,y € X

F( fOH(Aa:,By) dt f (Sz Ty) dt f (Sz,Ax) h(t)dt
d(Ty, d SJ: JAx
fO (Ty By) h(t)at, f; ( By) t)dt, fo (Ty )h( £)d ) +

5.1
GU- G(fo (2T p(t)at, [P n(tyat, [STPY (t)at,
JAEmB) b (p)qy, [ATv-A) h(t)dt) <0

for some F € Fpr, G € Gyr and h (t) as in Theorem 5.1.
If (A,S) and T satisfy CLR4 gy - property, then

1) C(A,S) #0,
2) C(B,T) # 0.

Moreover,

a) if S is coincidentally idempotent with respect to A, then S and A
have a common fixed point,

b) if T' is coincidentally idempotent with respect to B, then T and B
have a common fixed point,

c) if the conditions of a) and b) hold, then A, B, S and T have a common

fized point.
Proof. By Lemma 5.1, fo )dzx is an altering distance. Then
JoAEBI p (8) at = v (H (Az, By)), [10T) () at = ¢ (d Sz, Ty)) |
fo‘“Sm A1)t =y (d(Sr, Az)), [ v b () 4Ty, B),
fo d(Sz,By) h (t) ¢ (d (Sx By)) f (Ty,Ax) (t (d (T’y7 Aw)) .
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By (5.2) we obtain

F (v (H (Az, By)) ¥ (d(Sz,Ty)) v (d (Sz, Ax))
U (d(Ty, By)) v (d Sz, By)) ¢ (d(Ty, Az)) )+
+G (¥ (d (S2,Ty)) v (d(Sw, Av)) ¥ (d (Ty, By)).
¥ (d(Sz, By)) v (d (Ty, Az))) <0,

which is inequality (4.1). Hence, the conditions of Theorem 4.1 are satisfied
and the conclusions of Theorem 5.2 follows by Theorem 4.1. U

For example, by Theorem 4.1 and Examples 3.1 and 3.9 we obtain

Theorem 5.3. Let (X,d) be a metric space, A,B : X — CL(X) and
S, T: X — X such that for all z,y € X

JHARBY) bar < fmax{ fd(sl’ T n(tyat, [250A) ()t
fod(Ty,By) dt f S:):By) dt fd(TyAz) ()dt}—
— max{ fd(SxTy) t)dt, f S“‘“")h tat, [LTHBY p(t)at,

fd(Sm By) dt fo Ty,Aw) h( )dt}

where k € [0,1) and h is as in Theorem 5.1.
If (A, S) and T satisfy CLR4 57 - property, then
1) C(A,5) #0,
2) C(B,T)#0.
Moreover,

a) if S is coincidentally idempotent with respect to A, then S and A
have a common fixed point,

b) if T is coincidentally idempotent with respect to B, then T and B
have a common fixed point,

c) if the conditions of a) and b) hold, then A, B, S and T have a common
fized point.

Remark 5.1. Combining Examples 3.2-3.8 and 3.10-3.16 with Theorem 4.1
we obtain new particular results.

5.2. Fixed points for hybrid pair of mappings using p-maps. As in
[7], let @ be the set of all nondecreasing continuous functions ¢ : [0,00) —
[0, 00) such that

1) ¢(t) <t foralt>0,
2) ¢(0)=0.
The following functions F (t1,...,t) € Fur.

Example 5.1. F (t1,...,t5) = t1 — ¢ (max{te,...,ts}).

t t
Example 5.2. F (t,...,t6) =11 — (p<max{t2,t3,t4, %}>
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t ta t t
Example 5.3. F (t1,...,ts) = t1 —go(max{tQ, 3;‘ 4, 5-42— 6})

Example 5.4. F (t1,...,t6) = t1 — ¢ (max{ts, /T35, lals, VIsl6}).

Example 5.5. F (t1,...,ts) = t1 — @ (ate + btz + ctq + dts + etg), where
a,bc,d,e>0anda+b+c+d+e<1.

b\/Tstg

E le 5.6. F(t1, ... t¢) = t; — <t
xample (t1 6) 1 cpa2+1+t3+t4

a+b<1.

), where a,b > 0 and

Example 5.7. F (t1, ..., tg) = ti—¢ (aty + bmax{ts, t4} + cmax{ft Iatle})
where a,b,c > 0and a+b+c < 1.

Example 5.8. F (t1,....,t5) =t1—¢ (at2 + bmax { 2t43+t5, 2t4§rt6, t3+t35+t6 }),
where a,b >0 and a+ b < 1.

By Theorem 4.2 and Examples 5.1 and 3.9 we obtain

Theorem 5.4. Let (X,d) be a metric space, A,B : X — CL(X) and
S, T: X — X such that for all z,y € X
H (Az, By) < p(max{d (Sz,Ty),d(Sz, Az),d (Ty, By),
d(Sz,By),d(Ty, Az)})+
+ G(max{d (Sz,Ty),d (Sz, Az),d (Ty, By),
d(Sz,By),d(Ty, Az)}))
for some F € Fyr, G € Gy and o € .
If (A, S) and T satisfy CLR4 sy - property, then
1) C(A,S) #0,
2) C(B,T) # 0.
Moreover,
a) if S is coincidentally idempotent with respect to A, then S and A
have a common fixed point,
b) if T' is coincidentally idempotent with respect to B, then T and B
have a common fixed point,
c) if the conditions of a) and b) hold, then A, B, S and T have a common
fized point.

Remark 5.2. Combining Examples 5.2-5.8 and 3.10-3.16 with Theorem 4.2
we obtain new particular results.
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