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 The present study is concerned with two-sided lid-driven incompressible flow in rec-
tangular, deep cavities applying lattice Boltzmann method. After validating the code for 
the square cavity, solutions for cavities with an aspect ratio 1.5 and 4 were obtained for 
the Reynolds numbers of 100, 400, 1000 and 3200. The influence of the Reynolds number 
and aspect ratio on the flow pattern and on the characteristics of vortices inside the 
cavity was studied. Symmetric flow pattern was obtained for all investigated cases. The 
middle of the cavity is mostly influenced by the increase in the aspect ratio. Critical 
aspect ratio, at which the birth of a primary vortex in the middle of the cavity takes place, 
was determined to be between 2.7 and 2.725. 
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INTRODUCTION 
 
 Recently, the lattice Boltzmann method (LBM) has become an alternative way for 
computational fluid dynamics (CFD) (1-4). Unlike conventional methods, which are 
based on macroscopic continuity equations, it utilizes the particle distribution function to 
describe collective behavior of fluid molecules. The kinetic features of the LBM enable it 
to be a very effective numerical tool for simulating complex geometries of flows (5-7), 
multiphase flows (8, 9), magnetohydrodynamic systems (10, 11), and so on. 
 Lid-driven cavity flow has been studied extensively, and it is one of the most popular 
fluid problems in the CFD field. This is mainly because of the simplicity of the cavity 
geometry, which allows easy and straightforward coding while maintaining complex flow 
features. In the literature, it is possible to find a great number of papers on the lid-driven 
cavity flow (12-18). References in these papers do not include works on the lattice Boltz-
mann simulation of lid-driven cavity flow. Since the driven cavity flow is a benchmark 
problem for numerical methods. It was also the subject of numerous lattice Boltzmann 
studies (11, 19-27).  
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 Most of previous studies were carried out on one-sided lid-driven cavity flow. A deta-
iled analysis demonstrating the capabilities of the lattice Boltzmann method to simulate 
cavity flow was presented by Hou et al. (20). The results obtained in their study compa-
red perfectly for Reynolds (Re) number up to 7500 with Navier-Stokes solution results of 
Ghia et al. (14). Patil et al. (23) investigated the lid-driven flow in rectangular, deep 
cavities with aspect ratios of 1.5-4 and Re number of 50-3200, with a particular focus on 
the dynamics of the primary and corner-vortices. Cheng and Hung (28) studied the effects 
of the aspect ratio (ranging from 0.1 to 7) and Re number (0.01 to 5000) on the vortex 
structure using lattice Boltzmann method. 
 Kuhlmann et al. (29, 30) introduced the case of two-sided lid-driven cavity flow, in 
which the flow driven by two facing walls moving in opposite directions was investiga-
ted. They observed that two-dimensional flows are not unique and depend upon the cavi-
ty aspect ratio and Re number. Albensoeder et al. (31) investigated numerical solutions of 
two-sided lid driven cavity flow and found existence of numerous flow states. Luo et al. 
(15) used a continuation method to predict flow solutions for a two-sided lid-driven flow 
with an aspect ratio of 1.96 and calculated five distinct flows for Re<2000. Cavity flow 
driven by the motion of two horizontal bounding walls was investigated by Gaskell et al. 
(17). Streamlines for flow with different aspect and speed ratios were presented in their 
work. Only a few works have performed a simulation of the two-sided lid-driven flow 
using LBM (27, 32). Perumal and Dass (32) investigated the flow driven by parallel and 
antiparallel motion of two facing walls in a square cavity at different Re numbers. In their 
study, Tekić et al. (27) presented results for parallel and antiparallel motion in a staggered 
cavity and determined an asymmetric steady-state flow pattern for parallel motion of lids.  
 The main objective of the present work is to study the incompressible flow in a two-
sided lid-driven cavity utilising LBM method and examine the influence of the aspect 
ratio and Re number on the flow pattern with an emphasis on the vortex structure. Figure 
1 shows a schematic diagram of two-sided lid-driven cavity with the aspect ratio K=H/L, 
where H is the cavity depth and L the cavity width. 
 

 
 

Figure 1. Schematic diagram of the two-sided lid-driven cavity – antiparallel motion 
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MATHEMATICAL FORMULATION 
 

Lattice Boltzmann equation 
 
 This section gives a brief introduction to the lattice Boltzmann method. More detailed 
description can be found elsewhere (1, 33).  
 The lattice Boltzmann equation (LBE) reads: 
 

.Ω=Δ⋅+
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f
t

f ξ             [1] 

 
 After applying simple Bhatnagar-Gross-Krook (BGK) approximation on the collision 
term (Ω), a space discretized LBE is as follows: 
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where fi(x,t) and fi
 eq(x,t) are the distribution function and the equilibrium distribution 

function, respectively, ei is a discrete velocity vector and τ is the single relaxation time 
related to the kinematic viscosity of the fluid:  
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 The nine-velocity square lattice model (D2Q9) is commonly used for simulating two-
dimensional (2-D) flows. The equilibrium distribution function for isothermal incompres-
sible flow and D2Q9 model reads: 
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where wi and u are the weight parameters and velocity of the fluid, respectively. Discrete 
velocity vectors are defined as: 
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where c=Δx/Δt, Δx and Δt are the lattice grid spacing and the time step, respectively. 
Weight parameters for each velocity vector are w0 = 4/9, w1,3,5,7 = 1/9, and w2,4,6,8 = 1/36. 
The macroscopic density and velocity of the fluid are obtained from the distribution func-
tion as follows: 
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Boundary conditions 

 
 Dirichlet boundary conditions in nondimensional form are: 
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where N and KN are the number of lattice nodes in the x and y direction, respectively. 
 ‘Finite-difference velocity gradient’ (34) model has been implemented on the statio-
nary walls. This is the default non-local boundary condition based on an algorithm pro-
posed by Skordos (35). Velocity gradients are estimated employing a finite difference 
scheme over adjacent neighbors. Latt et al. (34) suggested that these boundary conditions 
exhibit considerably higher numerical stability and thus are dedicated for use in high 
Reynolds number flows. 
 “Finite-difference velocity gradient” model, incorporating the equilibrium scheme 
(20), has been implemented on the moving walls. The values of flow variables (u, v, ρ) 
are reset to their prescribed constant values. The distribution function is taken as the equi-
librium distribution function fi

eq corresponding to these flow variables (23). The corner 
points are treated as part of the stationary walls (20). 
 The initial density ρ(x, 0) is set to a value of 2.7 (20). The velocities at all nodes are 
taken as zero at the start of simulations. The initial equilibrium distribution function 
fi

eq(x,0) is evaluated based on these conditions, while the initial distribution function is 
taken as fi (x,0) = fi

eq (x,0). 
 Each numerical step of the LBM consists of streaming and collision. Computations 
were carried out with a code developed by the authors and written in C++ programming 
language. 

 
 

RESULTS AND DISCUSSION 
 

Validation of results for one-sided lid-driven cavity 
 

 Before presenting the results on two-sided, the validation of the results for one-sided 
lid-driven cavity flow was performed through comparison with the results reported in the 
literature. The grid resolution for square cavity was taken as 256 x 256. Figure 2 shows 
the steady-state u and v velocity profiles through the geometric center of the cavity for 
different Re numbers. It is clear that the present results are in good agreement with the 
results obtained by Chen et al. (36).  
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Figure 2. The velocity profiles u and v along the vertical and horizontal centrelines for 
K=1. (a) Re=50; (b) Re=400; (c) Re=1000. Symbols: solutions of Ref. (33);  

Lines: present study. 
 
 

Two-sided lid-driven cavity 
 
 A two-dimensional incompressible flow driven by two facing lids moving in the op-
posite directions with an equal velocity for cavities with aspect ratios of 1.5 and 4 is pre-
sented here. All simulations employed 256 x 384 and 256 x 1024 nodes for cavities with 
the aspect ratios K=1.5 and 4, respectively. Grid size was chosen since the results, listed 
in Table 1, did not change significantly with further mesh refinement (using 384 x 576 
nodes). Figures 3 and 4 show stream function and vorticity contours for different Re 
numbers and cavities with the aspect ratios of 1.5 and 4, respectively. It can be seen that 
an odd number of vortices is present considering that two-vortex flow is counted as a 
single vortex. For K=1.5 and Re=50, shown in Figure 3a, two co-rotating (clockwise 
direction) vortices are identified with a saddle point at the center of the cavity. This flow 
is known as the two-vortex flow (15, 30). As the Re number increases, two-vortex flow 
disappears with two vortices merging into a single vortex which occupies the entire cavi-
ty (Figure 3b). When Re=1000, two secondary vortices appear at the top-left and bottom-
right corners of the cavity. As expected, secondary vortices gain in size for Re=3200 (see 
Figures 3c-d).  



APTEFF, 46, 1-269 (2015)  UDC: 66.045.1:66.06:532.54 
DOI: 10.2298/APT1546157L BIBLID: 1450-7188 (2015) 46, 157-168 

Original scientific paper 

162 

 
 

Figure 3. Streamfunction (top row) and vorticity (bottom row) contours for two-sided 
lid-driven cavity flow at various Re numbers-antiparallel motion. Aspect ratio K=1.5.  

a) Re=50; b) Re=400; c) Re=1000; d) Re=3200 
 
 Streamfunction and vorticity contours, computed for cavity with the aspect ratio K=4 
and Re=50, are shown in Figure 4a. It can be noticed that two primary vortices adjacent 
to the moving lids and rotating in a clockwise direction are present. Also, in the middle of 
the cavity, two-vortex flow appears. The two-vortex flow gains in strength and occupies 
more space at the expense of the vortices adjacent to the moving lids when Re=400 (see 
Figure 4b). For Re=1000, two secondary vortices adjacent to the solid walls are observed. 
These vortices are bounded with two heteroclinic connections between two points on the 
same wall, as shown in Figure 4c. Two vortex flow disappears for Re=3200 (see Figure 
4d), with two secondary vortices now fully merged into one vortex located in the center 
of the cavity. More detailed discussion on the merger of secondary vortices is given in the 
next section. 
 As the Re number is increased from 50 to 1000, the centers of the inside top and 
bottom vortices move away from the center of the cavity towards the left and right solid 
walls, respectively. However, when Re=3200, the centers of the vortices are located clo-
ser to the center of the cavity. 
 The vorticity contours plotted in Figures 3 and 4 confirm findings of Patil et al. (23): 
as the Re number is increased, primary vortices adjacent to the moving lids become more 
prominent and larger in size and therefore the viscous effects are confined to the bounda-
ry layers close to the walls. 
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Figure 4. Streamfunction (top row) and vorticity (bottom row) contours for two-sided 
lid-driven cavity flow at various Re numbers – antiparallel motion. Aspect ratio K=4. a) 

Re=50; b) Re=400; c) Re=1000; d) Re=3200 
 
 Table 1 lists the locations and values of streamfunction and vorticity in the centers of 
the primary vortices appearing in the cavity with the aspect ratios of 1.5 and 4 for 
different Re numbers. It can be seen that for K=4, the computed vorticity in the centers of 
primary vortices adjacent to the moving lids (indexed as 1 and 4) decreases as the Re 
number increases. On the other hand, the vorticity value of the interior primary vortices 
(indexed as 2 and 3) increases with the Re number until R=1000. However, for Re=3200, 
the vorticity value is found to decrease. Similar behavior of the primary vortices (vortex 
adjacent to the moving lid and the vortex below that) was also observed for one-sided lid-
driven cavity (23, 28). 
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Table 1. Values of streamfunction and vorticity in the centers of primary vortices for 
different Re and aspect ratios 

 
Re (xc1,yc1) ψ1,ω1 (xc2,yc2) ψ2,ω2

50a 0.5998, 1.2429 -0.1026, -3.0513 0.4050, 0.2590 -0.1026, -3.0560 

50b 0.5958, 3.7552 -0.1017, -3.2429 0.5165, 2.4731 1.39E-04, 0.0162 

400a 0.5025, 0.7530 -0.1280, -1.6593   

400b 0.5486, 3.6018 -0.1140, -2.2293 0.3950, 2.8622 9.87E-03, 0.3910 

1000a 0.5025, 0.7530 -0.1303, -1.5647   

1000b 0.5296, 3.5689 -0.1166, -2.0089 0.3267, 2.8514 0.0124, 0.4899 

3200a 0.5095, 0.7589 -0.2498, -1.0939   

3200b 0.5185, 3.5644 -0.2218, -1.6730 0.4442, 2.7181 0.0356, 0.4704 

Re (xc3,yc3) ψ3,ω3 (xc4,yc4) ψ4,ω4

50a     

50b 0.4904, 1.5214 1.41E-04, 1.62E-02 0.4111, 0.2493 -0.1017, -3.2191 

400a     

400b 0.6119, 1.1436 9.87E-03, 0.3883 0.4593, 0.4040 -0.1140, -2.2304 

1000a     

1000b 0.6792, 1.1579 1.26E-02, 0.4988 0.4754, 0.4287 -0.1161, -1.9945 

3200a     

3200b 0.5617, 1.2915 0.0363, 0.4640 0.4874, 0.4451 -0.2199, -1.6695 
         a Aspect ratio K=1.5 (256 x 384); 

        b Aspect ratio K=4. 

 
Effect of the aspect ratio 

 
 Previously, the effect of the Re number for the aspect ratios of 1.5 and 4 was conside-
red. Now our interest is to determine the effect of the aspect ratio on the flow pattern, 
particularly, the evolution of primary vortices for Re=50. 
 According to Gürcan et al. (37, 38), there are four key stages during Stokes flow 
transformation in the cavity as the aspect ratio is increased: the appearance of a saddle 
point; the appearance of secondary vortices on the cavity walls; connection of secondary 
vortices with the saddle point, and the disappearance of the two-vortex substructure. Figure 
5 shows the streamfunction contours for Re=50 and different aspect ratios. As can be seen, 
the increase in the aspect ratio results in the same changes in the flow pattern as discussed 
by Gürcan et al. (38). With the increase in the aspect ratio, two secondary vortices increase 
in size and move towards the center of the cavity. Figure 5a shows the streamfunction 
contours for the cavity of the aspect ratio of 2.575, at which secondary vortices reach the 
saddle point in the center of the cavity. Hence, four heteroclinic connections between the 
saddle point and solid walls are present (37, 38). As K increases to 2.675 (Figure 5b), two 
heteroclinic connections remain in the cavity, connecting the points on the two facing walls. 
When K=2.7, flow pattern at the center of the cavity highly resembles cat’s eye flow. At a 
critical aspect ratio, between 2.7≤Kc≤2.725, the centers of two small co-rotating vortices 
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reach the saddle point and fully merge to form a single vortex at the centre of the cavity (the 
disappearance of the two-vortex flow). 
 

 
Figure 5. Streamfunction contours for Re=50: a) K=2.575; b) K=2.675; c) K=2.7; d) 

K=2.72. 
 
 

CONCLUSION 
 
 In this paper, two-sided lid-driven flow inside deep cavities was simulated using lat-
tice Boltzmann method. Flow was induced by the antiparallel movement of two facing 
lids. The code was successfully validated on a square lid-driven cavity benchmark prob-
lem. After the code validation, steady-state symmetric patterns were obtained for two-si-
ded deep cavity flow with antiparallel motion for all investigated Reynolds numbers and 
aspect ratios. Odd number of vortices is present also, with the appearance of two-vortex 
flow in some cases. The middle region of the deep cavity is mostly affected by the in-
crease in the aspect ratio. Critical aspect ratios, at which primary vortices arise from two 
secondary ones, were determined to be between 2.7≤Kc≤2.725 for Reynolds number 50. 
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СИМУЛАЦИЈА ТОКА ФЛУИДА У ДУБОКИМ ШУПЉИНАМА СА ДВА 
ПОКРЕТНА ЗИДА ПРИМЕНОМ LATTICE BOLTZMANN МЕТОДЕ 
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 У овом раду је симулирано кретање нестишљивог флуида у дубоким правоугао-
ним шупљинама коришћењем lattice Boltzmann-ове методе. Кретање флуида омо-
гућују два наспрамна покретна зида. Ради тестирања саме методе, прво је извршена 
симулација познатог тест проблема, квадратне шупљине са једним покретним 
зидом. Након провере имплементације и тачности алгоритма на струјање флуида у 
квадратној шупљини, симулиран је модел тока флуида у дубоким шупљинама са 
два покретна зида, за супротнострујно кретање истих. Испитан је утицај сразмере 
шупљине (однос висине и ширине) и Рејнолдсовог броја на ток флуида и карак-
теристике вртлога формираних унутар правоугаоне шупљине. Сразмера шупљине 
је варирана између 1,5 и 4 док су вредности Рејнолдсовог броја:100; 400; 1000 и 
3200 . Симетричност флуидног тока је утврђена у свим испитиваним условима као 
и непаран број вртлога (уколико се дво-вртложни ток посматра као један вртлог). 
Са порастом Рејнолдсовог броја секундарни вртлози добијају на снази. С друге 
стране, повећање сразмере шупљине највише утиче на ток флуида у централном 
делу. Утврђено је да критична вредност односа висине и ширине шупљине, при 
којој се јавља примарни вртлог у средишту шупљине, износи између 2,7 и 2,725 за 
Рејнолдс 50. 
 
Кључне речи: lattice Boltzmann метода, два покретна зида, дубока шупљина, сраз-

мера, супротнострујни 
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