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Introduction/purpose: The aim of this paper is to present the concept of by, g y-
Correspondence email: hypermetric spaces. Methods: Conventional theoretical methods of functional analy-
dehghannezhad@iust.ac.ir, sis. Results: This study presents the initial results on the topic of b, g -hypermetric
nmirkov(@vin.bg.ac.rs, spaces. In the first part, we generalize an n-dimensional (n > 2) hypermetric distance

vesna.todorcevic@fon.bg.acrs, - gyer an arbitrary non-empty set X. The b(a, p,p-hyperdistance function is defined in
radens@beotel.rs any way we like, the only constraint being the simultaneous satisfaction of the three
properties, viz, non-negativity and positive-definiteness, symmetry and b, g )-
triangle inequality. In the second part, we discuss the concept of bg ,B,-

completeness, with respect to this b(,, g )-hypermetric, and the fixed point theorem
@ @ which plays an important role in applied mathematics in a variety of fields. Conclu-

sion: With proper generalisations, it is possible to formulate well-known results of
classical metric spaces to the case of b, g y-hypermetric spaces.
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INTRODUCTION

In human effort to describe the surrounding world, the concept of distance has long been fundamen-
tal. Our intuitive understanding of distance as an exact value may however differ from its mathemati-
cal definition and its properties. If one is to include the measurement error, encountered in real life
attempt to measure the distance between two objects, the distance will be defined as an interval. This
is, for example, where we may come across a set-valued distance function. This approach will in fact
be our main motivation for presenting a generalized concept of the distance as a set-valued function
in this paper.

The notion of 2-metric spaces, as a possible generalization of metric spaces, was introduced by Gdhler
(Gahler, 1963). The 2-metric d(x,y, z)is a function of three variables, and Gahler geometrically inter-
preted it as an area of triangle with vertices at x, y and z respectively.

B. C. Dhage, in his PhD thesis (1992), introduced the notion of D-metric (Dhage et al, 2000) spaces that
generalize metric spaces. However, most of the claims concerning the fundamental topological prop-
erties of D-metric spaces are incorrect, as shown in 2003 by Mustafa and Sims (Mustafa & Sims, 2003).
This led them to introduce the notion of G-metric spaces (Mustafa & Sims, 2006), as a generalization
of the metric spaces. In this type of spaces, a non-negative real number is assigned to every triplet of
elements.

The G-metric spaces were generalized to universal metrics by Dehghan Nezhad et al, in a series of
papers (Dehghan Nezhad & Aral, 2011; Dehghan Nezhad & Khajuee, 2013; Dehghan Nezhad et al, 2017;
Dehghan Nezhad et al, 2021; Dehghan Nezhad & Mazaheri, 2010). The interpretation of the perimeter
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of a triangle is applied, but this time on G-metric spaces. Since then, many authors have obtained fixed
point results for G-metric spaces.

In an attempt to generalize the notion of a G-metric space to more than three variables, Khan first
introduced the notion of a K-metric, and later the notion of a generalized n-metric space(for anyn >
2)( , ) in 1975. He also proved the common fixed point theorem for such spaces.

Bakhtin ( ) and Czerwik ( ) generalized the structure of metric space by
weakening the triangle inequality and called it the b-metric space. In 2017, Kamran et al. (
) introduced the concept of extended b-metric space by further weakening the triangle inequali-

ty. For more details also see ( ; ; ;

). Also, for a broader perspective on extended b-metric spaces, dislocated b-metric

spaces, rectangular b-metric spaces, b-metric like spaces, and applications see ( , b,
; )-

The main purpose of this paper is a generalization of universal metric spaces into b, g, )-hypermetric
spaces of the n-dimension.

REMARK 1. An ordered ring is a (usually commutative) ring R with a total order < such that for all a, b,
andcinR:

i)ifa < b,thena + ¢ < b + ¢
ii)if 0 < aand0 <X b,then0 < a - b.

We denote R* a set of non-negative elements of R, namely R* := {g € R: 0 < g}.

The concept of a b-metric space is initiated by Bakhtin ( ) and later used by Czerwick
( )-
DEFINITION 1. ( )- Let X be a non-empty set and dp,: X X X — [0, +00) be a function satisfy-

ing the following conditions:

(b1)dp(x,y) =0ifandonlyifx =y,

(b2)dy(x,y) = dp(y,x), forallx,y,z € X,

(b3) dp (x,y) < s(dp(x,2) + dy(z,y)) forallx,y,z € X, wheres Z 1.

The function d, is called a b-metric and the pair (X, d,,) is called a b-metric space.

EXAMPLE 1. ( ) Let X = [,,[0,1] be the space of all real functions ¢(t) with t € [0,1] such
that dp: X X X—— [0, +00) with0 < p < 1.

Define dp: X X X—- [0, +0) as:

Rl

1
dy () = ( fo () — ¢<t)|'°dt> .

1
Therefore, (X, dp,) is a b-metric space with s = 2».
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REMARK 2. ( ) The class of the b-metric space is larger than the class of the metric space.
When s = 1, the concept of the b-metric space coincides with the concept of the metric space.

In the following we recall the definition of the extended b-metric space.

DEFINITION 2. ( ) Let X be a non-empty set and r: X x X — [1,+)]. A functiond_r :
X X X — [0,+00)] is called an extended b-metric if for all x,y,z € X it satisfies the following condi-
tions:

(b1) d,(x,y) = 0ifandonlyifx = y,

(b2) d,(x,y) = d,(y, x),

(b3) d-(x,¥) < r(x,y)(d,(x,2) + dr(z,)).

The pair (X, d,.) is called the extended b-metric space.

The goal of this section is to describe a few properties and the results of the b,z )-hypermetric
spaces of the dimension n.

b(a,, p,n-hypermetric spaces of the dimension n.

product X x...x X and R be an ordered ring. Let P*(R) denote the family of all non-empty subsets of
n — times

R. We begin with the following definition.

Now we first recall and introduce some notation. For n = 2, let X™ denote the n-times Cartesian

DEFINITION 3. Let X be a non-empty set and ay, f,: X™ = [1,+). Let U¢, g y: X" = P*(R+) be a
function that satisfies the following conditions:

(UD) U, p)X1sesXn) = 0,if X0 =...= Xy,

(U2) U(q, p,)(X1,-+, Xn) 20, forall x4, ..., x, with x; # x;, forsomei,j € {1, ...,n},
(U3) Uga, p,) 10 %) = Uga, p) (X, - X, ), fOr every permutation of (1,2, ..., n),
(U4) Ua, ) (X1, X2 ooos X1, Xn—1) S Ua, p.) (X1, X2, o) Xn_1, X)), forall xq,...., xp, € X,

(U5) Uga, 8,0 (X1, X2 e, X)) € @ (X1, X200, %) U, ) (X1, @, oo, @) + Br (X4, X5, 00, X)) -
Ua,,8,)(@ X2, ., X)), forall xq, ..., xp,a € X.

Let A; be the subsets of X, (i = 1,...,n),forany D,D’ € P*(R*) and a € R*. We define

[U(an,Bn)(Al' v, Ay) = U (U, (g oo, x) | xi €4, 4=1,...,1n},

D+D'={d+d |deD,d €eD'}anda-D ={a-d|d € D,a € R*}).
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We shall use the following abbreviated notation: The function U, is called an ordered b, g, )
hypermetric ring of the dimension n, or more specifically a b4, g, )-hypermetric on X. The pair (X, U,,)
is called an b, g, )-hypermetric space.

For example, we can place R* = Z$ or R, where Z% := N U {0} = {0,1,2,...} and RY := [0, +0). In
the sequel, for simplicity we assume that Rt = RY. The following useful properties of a b,-
hypermetric are easily derived from the axioms.

REMARK 3. If a,,(xq,%3, ..., ) = Bn(x1, %5, ..., x,) = c for ¢ = 1 and n = 1, then we obtain the defi-
nition of a b-metric space ( ). It is clear that for ¢ = 1, this b-metric becomes a usual met-
ric.

PROPOSITION 1. (Example) Let X =[0,1] and ay, B: X XX - [1,+0), with a,(x,y) =1+

2 .
m ﬁZ (x y) 1+ m Defme

IF(OLZ,GZ):X XX - P*(Rg)

with,
[1,$) ; x,y € (0,1, x#y
Fa,,)(*%y) = {0} oy € [0,1], x =y.
Fapp®y) = [L) 5y = 0€ (0,1]

and also assumeA + B = A U B, forall ALB S P((R)?). Then (X, Fya,\p,)}) is a b(a, p,)-hypermetric
space.

Proof. It is sufficient to show that F(q, g,) is satisfied in all properties (U1), (U2), ..., (U5). The proofs

of (U1),...,(U4), follow immediately from the definition of F,z,). We only need to show that
F(q, p,) is satisfied in

Fla,,)(®Y) € ap(x, ). Fia,p,)(x, 2) + B2(x,¥).Fia, 5,z ¥),Vx,y,z € X.
We distinguish the following cases:

(i) Let x,y € (0,1]For z € (0,1], we have

. . 1
Fla, p,) (V) € az(x,¥).Fiq, p,) (%, 2) + B2(x,¥). F(a, p,) (2, ) if and only if [I'E) c

(”E)[O =)+ (”E)[O )lfandonlyif

)= (+5) () b))

if and only if [1,%) c (x:z;z) [0 x+—y) ifandonlyifz < 2 + x + y.

If z=0then Fq, 3,)(x,¥) € az(x,¥).Fa,p,)(x,0) + B2(x,¥).F(q, 5,,(0,¥)
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if and only if [1%) c (1 + ﬁ) 0.5)+ (1 + %) [0,%) if and only if [1%) c(1+ xi—y) ([0%) +
lo, i)) if and only if [1%) c (%) lo, ";—yy)

ifandonlyif2 < 2 + x + y.

(i) Forx € (0,1]andy = 0, let z € (0,1],

Fla, )%, 0) € ay(x,0).Fq, 5,)(x,2) + B2(x,0).F(q, 5,)(z,0) if and only if

1) () [02) + CE)fo.) wonsomy 1 [1.2) = () (0.2)  0.2)) rand omy e 1.1)

2 1) . .

(%) [O,%) ifand only if xz < (x + 1)(x + 2).

(iii) Let x, y € [0,1],x = y. Obviously, F(,, g,) is satisfied in (U5).
Hence ( x, Fa,8,) )isa b(q,,8,)-hypermetric space.

PROPOSITION 2. Let (X,U(q, p,)) be a b, p,)-hypermetric space, then for any x4, ...,x,,a € X it fol-
lows that:

(1) £ U(q, p,) (X1, ., X)) = {0}, then x; = -+ = xy,

(2) Uga, ) (X145 ooes Xy) € Z}LZ [U(az_ﬁz)(xl, ...,xl,x]-),

(3) Uta, p,) (15 woes X)) € By Utapp (%5 @, -o0r @),

(4) Uga, ) (X1, X2, 00y X2) © (0 — D) Uq, g,y (X1, ey X1, X2).

PROPOSITION 3. Let (X,U(q, 5,)) be a ba, p,)-hypermetric space, then {0} € Uy, g,y (X1, ..., xp) for all
X1, Xn € X.

Proof. By condition (U4) of the definition of a b, g )-hypermetric space,we have
{0} = [U(anﬁn) (x4, . x1) € [U(anﬁn) (xq, eeer X)-

PROPOSITION 4. Every b, g,)-hypermetric space (X,U(q, p,)) defines a b, g, )-hypermetric space
(X, U(q, p,)) as follows:

[U(,,Z,lgz)(x, y) = [U(%_Bn)(x, Y, w0 y) + [U(%Bn)(y, X, ., X);V,,y € X.
Proof. Note that (U1),..., (U4) trivially hold. We only need to show that U, g,) is satisfied in
Ula, ) ¥) € az(x,¥). Uga, ) (%, 2) + B2(x, ). U(q, ,)(Z,¥), Yy, y € X.
By setting

a,(x, y) = max{o,(x,y, ...,y), 0, (¥, %, ..., x)}
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and
B2 (x,y) = max{Bn(x,y,....¥), Bn (¥, X, ..., X)}.
This completes the proof.

PROPOSITION 5. Let e be an arbitrary positive real number, and (X, d) be a metric space. We define an
induced b, g y-hypermetric

Ul p,): X X X > P*(RY)

(d(x;Y)_e,d(X,Y)+e)U{o}r x¢y,d(XJY)>e
Uy, py 0 y) =1(d(x,y) —e,d(x,y) +e)n R}, x=#ydxy <e
(0} x=yord(xy) =e.
Then (X, U¢y, p,)) iS @ b(a,, g,)-hypermetric space.

Quotient b, g y-hypermetric space

Let (X, Ufaz.ﬁz)) be a b, p,)-hypermetric space and X be a partition of X. For each point p € X, we
denote P a point in X containing p, and we denote the equivalent relation induced by the relation by

~

DEFINITION ~4. Let (X, U‘(Zan.ﬁn)) be a b(an_ﬁn)-hypermet[ic space. Let py,...,p, € X, and consider
P1,--.,Dn € X. A quotient b, g y-hypermetric of points of X induced by U(q, g y is the function

ﬁ](“n,ﬁn):)?n 4 P*(Rg)
given by
Dy BP0 = [ ] Vi @ss ).
Di€P;

PROPOSITION 6. The quotient b, g y-hypermetric induced by U, g y is well defined and is a b, g, y-
hypermetric on X.

Proof. U, g, is satisfied in all properties (U1), till (U4),

Uay ) B 0 Bn) € Uy p,) B G s @ + Ugay p,) (@ By -ov) )

ﬂ [U(an,ﬁn)(pl' ---'pn) c

Di€P;

ﬂ Uap ) @19 -+ @ + U, 3,)(@ D25 - Pr))
pi€EP;
qeq

= ﬂ Uta,p0®1,q - q) + ﬂ Ua,,8,)(q P2, -+ Dn)

Di€P; Di€P;
qeq qeq
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= ﬂ ([U(an,ﬁn)(pli q, -, q) + [U(an,ﬁ‘n)(qr D2y s pn))
Pi€P;
q€q

Let (X, U(q, 8,)) be a b(q, p,)-hypermetric space of a dimension n > 2. For any arbitrary a in X, define
the function U, . 5.y on X" 1 by Uy, . (X1, e, Xpo1) = Ugq, gy (X1, .o, Xn_q,@). Then we
have the following result.

PROPOSITION 7. The function U, , g .y defineabc, g, y-hypermetricon X.
Proof. We will verify that U, _, g ) satisfies the five properties of a b, 5 y-hypermetric.

PROPOSITION 8. Let [T : X — Y be an injection fromaset X toaset Y. If Uy, py:X™ = P*(RY),isa
b(a, p,)-hypermetric on the set Y. Then Uy, p):X™— P*(RY), given by the formula
U, p,) (X1, oons Xn) = [U(an,ﬁn)(l'[(xl), e l'[(xn)) forallxy,...,x, € X,is a b, g )-hypermetric on the set
X.

PROPOSITION 9. Let (X, U, p,)) be any b g y-hypermetric space and A € RY. Then (X, [Uflan_ﬁn)) is
also a b, s,)-hypermetric space where U, 5 1(xy, ..., x,) = {A N [0,1)|A € Ue, p,) (X1, - X0 }-

So, on the same X many intances of the b, g y-hypermetric can be defined, as a result of which the
same set X is endowed with different metric structures. Another structure in the next proposition is
useful for scaling the by, 5 )-hypermetric, so we need the following explanation.

For any non-empty subset 4 of R, and 1 € R we defineaset1-Atobel-A:={1-ala € A}.

PROPOSITION 10. Let (X, U(q, p,)) be any b, g, y-hypermetric space. Let A be any positive real number.
We define U?an.ﬁn) (10 xp) = A Uq, gy (X1, -, Xp)- Then (X, [U?an,ﬁn)) is also a b, p,y-hypermetric

space.

A sequence {xp,} ina b, g y-hypermetric space (X, U, g.)) is said to converge to a point s in X, if for
any € > 0 there exists a natural number N such that for every my,...,m,_; = N

U, 80 @myr -0 Xm,_,»S) € [0,€),
then we shall write

T U o2 Xy 8) = {03
We shall say that a sequence {xm} has a cluster point x if there exists a subsequence {x,,, } of {x;,}
that converges to x.

PROPOSITION 11. Let (X, U(q, g,)) and (X', U’ p.)) be two b, g y-hypermetric spaces. Then a func-
tion T: X — X' is b(q, p,y-continuous at a point x € X, if and only if it is b, p y-sequentially continuous
at x; that is, whenever sequence {x;, } is b(q, p,)-convergent to x one has {T (x;,)} is b, p,)-convergent
to T(x).



Deghan, N. et al.

DEFINITION 5. Let (X, U(q, g,)) b€ a b, p,y-hypermetric space, and A < X. The set A is b(q, g y-compact
if for every b(q, py-sequence {xp} in A, there exists a subsequence {xp, } of {X;,} such that b, g -
convergences to some x, € A.

PROPOSITION 12. Let (X, U(q, g.)) and (X', U’ 4, p.)) be two b, g y-hypermetric spaces and T: X — X'
d b, p,)-continuous function on X. If X is b(g, g y-compact, then T (X) is b, p,)-cOmpact.

DEFINITION 6. Let (X,Uq, 5,)) be a b, g, -hypermetric space, then for x, € X,r > 0, the by, g )
hyperball with the centre x, and the radius r is

BU(an.Bn) (xo,7) ={y € X: U8 x0,¥,---,¥) € 0,1}
PROPOSITION 13. Let (X, U(q, p,)) be a b, g,)-hypermetric space, then forx, € X,r > 0,
() If Uta, ) (X0, X2, -+, X5) € [0,7), then x,,..., x, € Byg, gy X0 s

(i) If y € By, 5, (Xo,T), then there exists, § > O such that By, , (¥,6) € By, , (%0, 1)

PROPOSITION 14. The set of all Uy, g y-balls, B, = {B[U(llmx.ﬁlm) (x,r)x€eX,r> 0}, forms a basis for a
topology 7(U(q,, ,)) on X.

DEFINITION 7. Let (X,Uq, p,)) be a b, p,)-hypermetric space. The sequence {x,} S X is b, g,y
convergent to x if it b(g, g, )-converges to x in the b, g y-hypermetric topology (U g, g,))-

PROPOSITION 15. Let (X, U(q,, ,)) b€ a b(a, g,)-hypermetric space. Then for a sequence {xp,} < X, and a
point x € X the following are equivalent:

(1) {xm} is U(q, p,) -convergent to x,
(2) Uga, p,) Xms -+ +» Xy x) = 0,and

(3) [U(an,ﬁn)(xm,x, . .,X) - 0.

DEFINITION 8. Let (X, U(q, g))» (Y, Viq,,8,,)) be universal hypermetric spaces of the dimensions n and
m respectively; a function T:X ->Y is b, ) (ampn) -CONtinuous at the point x, € X, if
T_l(BVam.Bm (T(x0),7)) € T(Uy), forallr > 0.

We say [ is bia, p,),(cm,Bm)-CONtINUOUS if it is Biq g ) (am B,y CONtiNUOUS at all points of X; that is, contin-
uous as da function from X with the T(U(q,, p,)) -topology to Y with the T(V (4, g ) -topology.

In the sequel, for simplicity we have assumed that n = m. Since b, g y-hypermetric topologies are
metric topologies, we have:

DEFINITION 9. Let (X,U,p,)) and (Y,V, py) be two by, gy-hypermetric spaces and
T: (X, U, ) = (Y, Viq,p,)) be a function. The function f is called by, g,y -continuous at a point a €
X if and only if, for given € > 0, there exists § > 0 such that x4,...,x,_1 € X and the subset relation
Ua, g (@ X1, .., Xn_1) € [0,8) implies that Vi, g (T (), T(x1),..., T (xn—1)) < [0, €).

A function f is b, g, y-continuous on X if and only if it is b, g, )-continuous at all a € X
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PROPOSITION 16. Let (X, Uq, g,))s (Y, V(an_ﬁn))be b(a,,p,)-hypermetric spaces, a function T: X—- Y is
b, p,) -continuous at point x € X if and only if it is b, g )-sequentially continuous at x; that is, when-
ever the {x,,} is b(q, p,)-convergent to x we have (T (xy)) is b, p,)-convergent to T (x).

PROPOSITION 17. Let (X,U,p,)) be a b, pg,)-hypermetric space. Then the function
Ua,.p,)(Z1) 22, -+, Zn) is jointly b g y-continuous in all n of its variables.

DEFINITION 10. A map T: X — Y between b, g y-hypermetric spaces (X,Uq, g,y) and (Y, U’ 5 3) is
an iso-hypermetric when Uq, g y(X1,-.-, %) = U'(q, g y(T(x1),...,T(xy)) for all xy,...,x, € X. If the

iso- b(q, g, -hypermetric is injective, we call it iso- b, g y-hypermetric embedding. A bijective iso-
b, p,-hypermetricis called a b, g y-hypermetric isomorphism.

In a b, p,)-hypermetric space, the concepts of basic topological notions, such as: b, g y-Cauchy
sequence, b, g y-convergent sequence and b, g y-complete b, g y-hypermetric space can be easi-
ly adopted as shown below. We discuss about the concept of b g )-completeness of b, p )
hypermetric spaces.

DEFINITION 11. Let (X,U(q, p,)) be a b, g,)-hypermetric space, then a sequence {xp,} S X is called
b, p,»-Cauchy if for every € > 0, there exists N € N such that U, g y(Xm,, Xm,,--+» Xm,) < € for all
my,my,...,my, = N.

The next proposition follows directly from the definitions.

PROPOSITION 18.In a b, g y-hypermetric space, (X, Uq, g, the following are equivalent.

(i) The sequence {xp,} is b(q, p,)-Cauchy.

(i) For every € > 0, there exists N € N such that U g, gy (X, Xm, .-+, X)) <&, foralll,m = N.

(iii) {2, } is a Cauchy sequence in the metric space (X, AU, o))"

COROLLARY 1. (i) Every b, g,)-convergent sequence in d b, g y-hypermetric space is b, g, y-Cauchy.

(i) If a b, p,yCauchy sequence in a b, g y-hypermetric space (X,Uq, p,y) contains a b, p -
convergent subsequence, then the sequence itself is b, g y-convergent.

DEFINITION 12. A b(q, g,.)-hypermetric space (X,U, p,y) is called b, g -complete if every b, g -
Cauchy sequence in (X, U(q, p.3) is b(a,, p,)-convergentin (X, U, 5. 5)-

PROPOSITION 19. A b, g y-hypermetric space (X,U py) is b(a,p,-complete if and only if
(X, dU(an.ﬂn)) is a complete metric space.

DEFINITION 13. Let (X, U(q, g,)) and (Y, U’ g y) be two b, g y-hypermetric spaces. A function f: X —
Y is «cadlled a by, p,contraction if there exists a constant k €[0,1) such that

U @y f (1), o, f(x)) = kU, gy (X1,---, Xp) forall xy,..., x, € X.

It follows that f is b, ) -continuous because; U, g y(X1,-..,%,) S [0,8) with k #+ 0 and §: = €/k
implies U’ o, gy (f (1), ---, f(x5)) € [0, €).
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THEOREM 1. Let (X, Uq, g,)) be a b, p,y-complete space and let T: X — X be a b, g y-contraction
map. Then T has a unique fixed point T (x) = x.

Proof. We consider x,,,1 = T(x;,), with x, being any point in X. By repeated use of the b g -
rectangle inequality and the application of the contraction property, we obtain

U(“wﬁn) (Xm, Xm+1r--- ,xm+1) c km[U(an,ﬁn) (XO, Xqyenny xl)
forallm,s; € Nwhichm < s; and k € [0,1). It follows from the above that

Ut ) G sy %5,)
< Flw(an,ﬁn) (xmv X1 xm+1) + FZIU(an,,Bn) (xm+1: Xm+2s xm+2)
+ U, 8,) Xmazs Xmazs - Xmaz) oo+, Ui gy (X, -1, Xs, 50 X))
S T(k™ + k™ 4 +k YU g, ) (Kos X1, -+, X1)
km(]. _ k51—1)

1 - k [U(“n:ﬁn)(xvah---,xl)

where I'l = a;, (X, Xs,, -+, Xs, ),

2 = Bn(xm xslr---rxsl) 0 (X X150 X1 )y -

andI' = max{[},13,...,Ts _ }forallxy,...,x; € BU(an,Bn)(xo,r).
Then we have

llm [U(anrﬁn) (xmy xsll LR ] xsl) = {0}

m,s, >+
since

) km(l —_ kSl—m)
llm r——— [U(an,ﬁn) (xOI X1yeeey xl) = {0}

m,s; >+ 1—-k

Form < s; <s, € Nand (U5) it implies that
U, 8,) Xms X)) Xsy ) X))

c an(xm,xsl,xSZ...,xSZ)[U(an,Bn)(xm, Xs reenrXs,)

+ B (oms X5, X5y -0 X5, U, gy (s, Xsyr 00 X)),
now taking a limit as m, s;, s, — +0o0, we get

U, ) Xms X5, Xs, -+, Xs,) = {0}
Now form < s; <5, <...< 5,1 € N, we will have
U, ) Xms X5+, Xs, ) = {0}; whenerver,m, sy, ...s,_1 = +,
then {x,,} is a Cauchy sequence. By completeness of (X, U, z ), there exists a € X such that {x,} is

b, p,y-convergent to a. It follows that the limit x,, is a fixed point of T following the b, p )
continuity of T, and
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Ta=T lim x,, = lim Tx,, = lim x,,,1 = a.
m-+oo m-+oo m—-+oo

Finally, if a and b are two fixed points, then

{0} c [U(‘xnrﬁn) (a, b, . b) = [U(“nrﬁn) (T(Cl), T(b), . T(b)) c k[U(aann) (a, b, e b)
We conclude from k < 1 that U,(a, b, ..., b) = {0}. Consequently, a = b and the fixed point is unique.

CONCLUSION

The objective of this paper is to bring about the study of b, g y-hypermetric spaces and to introduce
certain fixed point results of mappings in the setting of b, g )-hypermetric spaces. This study pre-
sents the initial results in this topic and more refined results can be derived in the near future. Also in
the future, we will consider engineering applications of the considered topic.
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MHON MOAXOA K D(g, g y-TUMEPMETPUYECKUM
MPOCTPaHCTBaM

Pe3ome:

BBe,a,eHme/u,enb: U,ellbl'O AaHHOVI CTaTbU ABAAETCA NpeacTaB/eHue KoHuenuun b(a B )'
nPn

rMnepMeTpuyecknx MpocTpaHcTB. MeTtoapl: B cTaTbe MpUMeEHeHbl KOHBEHLMOHA/IbHbIE

TeOpeTndyeckne MeToabl Cl)yHKLI,MOHa/'IbHOFO daHa/in3a. PESy/'IbTaTbIZ B ctaTtbe npeacrasne-

Hbl MHULMANbHbIE pe3y/bTaTbl B 06/1acTu by, g,y TMINEPMETPUIECKNX MPOCTPAHCTB. B

Bn)
nepsoi YacTu o6obLaeTtca n-mepHoe (N 2 2) rMnepMeTpuyecKoe paccTosHUE Ha Npous-

BO/IbHOM HENnyCcToOM MHOXeCTBe X. q)yHKLI,l/I}O b( -rmneppacToAaHna MOXHO onpeaje-

n,Bn)
/IUTb I'IpOI/lsBO/IbHO I'lpl/l Haan4mnm TpeX CBOWCTB: He OTleU'aTe/'leOCTb, MO/10XKUTE/IbHAA

ornpege/IeHHOCTb, cuMMeTpua u (an, Bn)- HEpaBeHCTBO Tpeyro/bHWKa. Bo BTOpoI YacTu

CTaTbM paccMaTpuBaeTCA KoHuenuuAa (an, ﬁn)-l‘IOI'IHOTbI NoO OTHOLWEHUO K b(a B)'
nPn

rmnepmMmeTpuKke n Teopeme o HenO,ﬂ'BM)KHOl‘/li TO4YKe, KOTOpPaa UrpaeT Ba*XHYH pPO/ib B NMpU-

K/'IaAHOlji MaTeMaTUKe B HECKO/IbKMX 0D/1acTsaX. BbIBOAbI: C NOMOLLBbHO COOTBETCTBYHOLLUX

0606LLIeHNUI MOXHO CHOPMY/IMPOBATb M3BECTHbIE PE3y/bTaTbl KAACCMYECKUX MeTpuye-

CKUX MPOCTPAHCTB B C/1y4ae b(a B )-FMnepMETpVNECKMX NpOCTPaHCTB.
nPn

KawoueBblie caoBa: b(a -TMnepmeTpuiyeckmue npoCTpaHCTBa, G-MeTpMKa, HENoABUXHblIE

nBn)
TOYKMU
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Apyraduvju npuctyn npema b, g y-XUNEPMETPUHKUM
NpOCTOpPMUMA

CaxkeTak:

YBog/umsmb: Lin/b 0BOr paga jecte Aa ce npeacTaBy KOHLeNT b -XUMEPMETPUYKHMX MPO-

n,Bn)
CTopa. MeTope: anMel—beHe CY KOHBEHLIMOHA/IHE TeOpeTCKe MeToae Cl)yHKLI,MOHa/'IHe

aHanwu3e. PesyaTaTu: Y pagy Cy NpeacTaB/beHu MHULMjaHU Pe3yTaTh Koju ce OAHOCe Ha

b -XWUNepmMeTpuUKe NpocTope. Y NpBOM fe/y reHepa/usyje ce n-AumeH3noHasHo (N 2

(an.Bn)

2) XUnep-MeTpUYKO pacTojare Ha NPOWM3BO/BHOM HEMpasHOM cKyny X. PyHKLUMja by gy

XuneppacTtojarba MoxKe ce gedpuHMcaTh Ha NPOU3BO/baH HauYMH gokAe [og Cy 3a40BO/beHe
TPUM O0COBMHE: HEeHeraTMBHOCT, MO3UTMBHA AePUHUTHOCT, CUMeTpuja U b(a )
wPn.

HejegHaKoCT Tpoyrsa. Y Apyrom geny paga pasmMaTpaHuM Cy KOHUenT Diay )

KOMM/IETHOCTU OAHOCY Ha p -XUNepMeTpuKky n TeopemMma PUKCHe Tauke, KOja uma
(

n,Bn)
3HayajHy y/0ry y NpuUMereHoj Ma-TeMaTuLM Ha BuLle Mno/ba. 3akbydak: Ogrosapajyhum

reHepanusauujama moryhe je popmy/aucaTv nosHaTe pesy/aTaTe KAACMYHUX METPUUKMX

npoCTOpa Ha C1y4aj b(a, gy XMMEPMETPUHKHMX MPOCTOPA.

nBn)

Kljucne redi: b(a 5,) \MMEPMETPUIKM MPOCTOPY; I-meTpuKa; PuKCHe Tayke
wPn



