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INTRODUCTION AND PRELIMINARIES

The polylogarithm is a function in mathematics which was investigated intensively by many mathema-
ticians. Many of them used different definitions but the one we use is the standard modern definition.
For more information about the polylogarithm as a function consult the following book (Lewin, 1981).
Questions about sums and their evaluations trace back to ancient times. Even the great Euler con-
cerned himself with evaluating the {(2) known as the Basel problem, which was later generalized by
him in view of finding a formula for even zeta values. More on various sums and evaluations can be
found here (Hirschman, 2014; Knopp, 1990; Stojiljkovi¢, 2021; Davis, 2015). We will use the following
notation throughout the paper. The first known definition is as follows.

Definition 1. The polylogarithm, see (Lewin, 1981), is defined by a power series in z, given by

This definition is valid for the arbitrary complex orderand for all complex arguments with . We will also
need the definition given by

Lig(z) = f ZLiS‘—l(Z)dz. )
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Also, the special case we will use frequently is

Li,(z) = — J -2, 3)

) zZ

For z = 1 we get the Riemann zeta functionwhich is also a function of the complex variable . For more
information see ( ; ).

+ 0o

1
Lis(1) = ¢(s) = E /R(s) > 1 @
k=1
The second definition is as follows.
Definition 2. The harmonic numbers, see ( ), are definedas follows
Hpim 1 s g b (5)
=TT >

for n = 1 and by definition Hy = 0
The main results of this paper are the following.

Theorem 1. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z| <
1

+ 0o

1
k . _ . _
E H, (Lis(z) —Z— %) = f Lis—1(2) = Lis— (zm) + zm 2 dm — Lig_1(2) + z. (6)
0

1-m
k=1

Theorem 2. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z]| <
1

2 7k (7)

+oo

. zZ
2 K (Lis(2) = 2 = o =+ = =)
k=1

1
= 7 Lis-1(2) = Lis—2(2))

1
1 f Lig_(2) + Lis_q (zm) — Lig_; (2) — Lis_,(zm)
+ dm
0

1-m
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Theorem 3. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z]| <
1

+00 , . ZZ Zk
Y HUi) -z -2 -
k=1

1 p1 1
j Li-1y(2) —z - (Li(s_l) (zt) — Zt) gt — f Lis_1)(zm) —zm — (Li(s_l) (zmr) — Zmr]
0 0

1-t¢ 1-7r
B (1 —m)y?
(8)
01 1
3 Li5(2) —z — (Li(s) (zm) — Zm) dm — 2( Lig_,(z) — Lig_;(zm) + zm — z dm
1-m 1-m
0 0
— Lisz_1(2) + 2).
The corollaries of the results are given as follows.
Corollary 1. The following equalities come from theorem 1.
+oo
_ z¥ z+In(1-2)
@) ) Ly (2) = 2= = 23) = 2 Jz] < 1 (9)
k=1
Setting z = %we get
+o0o 1
b H, (Li L _1 (i)k =ln(4)—-1 (10)
) ) Hlii() =5 =) =In(#) - L
k=1
We can also derive
+o00 k
. Z - Z -
) D Hliy(?) = 72=...= 1) = ~Li =) — Liy ). (11)
k=1
By setting z = % we get
+ o0 1
4 . 1 1 (j)k _m? (2 (12)

k=1
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Corollary 2. The following equalities come from Theorem 2.

+o0o 2 k
a) Z Ky (Liy(2) — 2 — Z — @,

1 1n(1 - z) 1 _ (13)
=5——1 t le( ) t3 (Li; (2) — Lig(2))-

By setting z = % we get

+00

1 1
1 P @ s5m@) 1 =
b) E K (Lin () — 5 — 23— Ly = B 2T (14)

k=1

Corollary 3. The following equalities come from Theorem 3.

2 k

a)sz(Lh(Z) Z—Z——...—%)
_ 4z + ln(l —2z)(4+In(1 —2)) — 2zLi, (%) (15)

2(z—1) '
By setting z = %we get
11 @ @
b) » H(Liy (5)—5—27—. 2 )—2+—+1n (2) — In (16). (16)
k=1

We will need some lemmas in order to proceed further. The following lemma will be extensively used
throughout the paper.

Lemma 1. The following equality holds for |z| < 1.

Zk+1
Z ky 1 b =2 (17)

k=1

Proof. Follows from the definition of the polylogarithm.
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We will need the following in order to proceed further. We will need in our analysis Abel's summation
formula ( )( ), which states that if (a,,),>1 and (by,)>1 are
two sequences of real numbers and 4, = Yji-; ax, then

n

n
Z agby = Apbpiqi + Z Ay (b — b41) (18)

k=1 k=1

We will also be using, in our calculations, the infinite version of the preceding formula

+00 +o
> by = lim (Anbra) + ) Ae(bi = biear). (19)
k=1 k=1

The second lemma will be given.

Lemma 2. The following identity holds:

D He= (4 Dy = 1+ 1) (20)
k=1

Proof. We will prove it using the Abel's summation (finite version). By choosing a; = 1, b, = H, we
get

n n
1 k 1
D He = nhes+ ) e (<) == ) g ==t ) g (1)
k=1 k=1 - -
=nHpy —n+ Hppr — 1) =+ DHyyy —(n+1)
and the proof is done.
The third lemma that we will need.
Lemma 3. The following equality holds.
C (n+1) (n+1)
n(n n(n
Z kHy = ———Hp4y ———F— (22)
o] 2 4

Proof. We will prove it using the Abel's summation (finite version). By choosing a; = k, b, = H;, we
get
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Z":kH _ne+D) NTkG+D 1 n@mD) k
fe=1 k=1 k=1 (23)
nn+1) nn+1)
= T n+1 T
and the proof is complete.
Lemma 4. The following equality holds for any q and for |z| < 1
Zk+1
1 q 1 —_ — e ——) = (). 2
Jim k9(Lis(2) — z an 1)5) 0 (24)
Proof. Let us observe the expression inside the brackets
Zk+1 Zk+2 Zk+3 k4
Li 7 e — = + + + ... 2
(Ls(2) — 2 CrD” v 2y k3 Uiy (25)
k
What we can realise is that every termis less than i—s; therefore, by
Zk+2 Zk+3 Zk+4 Zk gk
S =+ —+.. 26
(k+2)5+(k+3)5+(k+4)5+ _k5+k5+ (26)
multiplying both sides by k7 and letting the limit go to infinity, we get
Zk+1 ez 2k (27)

kliT k9(Lis(2) — z—.... )< lim k9-——= lim

T (k+ 1) T koreo kS koo f5—d-1

and this will go to zero independently of s —q — 1 because |z] < 1 and k7 goes faster to zero than
any power of the form k=471,

The proof is complete.

We give our first generalization of the zeta function series.

Lemma 5. Let Lis(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1
z? zk (28)

(Lig(z2) =z — o5 T TR T Lig_1(2) — Lis(2).



Harmonic series with polylogarithmic functions

2
Proof. We apply the Abel's summation formula with a;, = 1 and by, = Li;(z) — z —i—s—...—% from
which we get

+ oo

z? z*
E (Lig(@) 2= 2= =2 =
k=1 +o0
ZZ Zk Zk+1 : : ka+1 (29)
k=1

Since the first term goes to zero when k = +oo, Lemma 4 (q = 1), we get

+00 +o
y 72 Zk B kzk+1 ( O)
(Lig(z) — z o5 o ks) = k+1)°" 3
k=1 k=1

Adding and subtracting 1in the numerator leaves us with two sums

+oo +oo

Zh+1 Zk+1 . .
Z R Zm = Mo ()~ @) (31)

k=1 k=1

because of Lemma 1. The proof is complete.
In the following we give a proof of Theorem 1.

Theorem 1. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z]| <
1

Sk 1Lio (2) = Lic_+(zm) + zm — z
_f s-1(2) s—1(zm) dm — Ligz_4(2) + z. (32)
0

400
D Hilis@) =z == 75) =
k=1

1—-m

k
Proof. By using Abel's theorem (infinite version) and choosing a, = Hy, b, = Lig(z) —z — - — ]Z(_s and
Lemma 2 we get

Zk
s

ZHk(LiS(z)—z—---—k— = (33)
k=1
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Zk Zk+1
= lim ((k + DHyyq — (k + D) (Lis(2) — Zm T m)
((k + DHypq = (k + 1))z
+ k+1)° '
k=1

Since the first term goes to zero when k = +00, Lemma 4 (q = 2), the above equals to:

((k + DHyyq — (k+ 1)z Hje412"" z
k+1)° = Gkrn L ke DT G
k=1

k=1 k=1

The second sum follows from Lemma 1. In the first sum we will rewrite the harmonic number as an
integral and interchange the sum and the integral thanks to Fubini's theorem:

+ 00 + 0o 1

+00
Hk Zk+1 Zk+1 11 _ mk+1 Zk+1 1— mk+1
= - dm = = dm. (35)
(k +1)s-1 (k+1)s71 1-m (k+1)5"1 1-m
k=1 k=1 0 o k=1
By rewriting it as two sums, we get
1 +0oo +0oo
Zk+1 B Onz)k+1
(k+1)s-1 (k+1)s-1
= = dm. (36)
1-m
J
Using the results from the Lemma 1 leaves us with
Lis_1(2) — z — (Lig_1(zm) — zm
=f s1(2) — 2 = (Lig_y(zm) —zm) (57
0 1-m
Which, when substituted above, gives us:
+00
_ zk Lig_1(2) — Lig_q(zm) + zm — z _
Hy (Lig(2) — z—... ) = Jo d i — dm — Lisz_4(2) + z. (38)
k=1

Now we prove Corollary 1, part a).
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When s = 1 it can be shown, after a long and tedious calculation, that the following holds

+00

k 1 —
ZHR(Lil(Z)—Z—... = W|z|<1. (39)

k=1

By setting z = %we getb)

101 ()
Hk(Lll(E)_E_---__)_l 4) -1 (40)

When s = 2 it can be shown, similarly to the case s = 1, that c) part holds

+ oo

k
zzmmm%wﬂ.; ~Li =) ~ Ly @), (41)

k=1

By setting z = %we arrive at d)

11 G
Hk(LIZ(E)—E—...—? = 12 —In (2) (42)

In the following we give proof of Theorem 2.

Theorem 2. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z]| <
1

+00
z z? zk
ka <LIS(Z) —Z— F ———— ﬁ)
k=1 (43)
1 1 (1Lis_5(2) + Lig_1(zm) — Ligz_;(2) — Lis_,(zm)
= — (Lis_ — Lig_ = d
301~ La@) 43 | o m
Proof. Using the Abel’s summation with a;, = kH,, and b, = Li;(2) _%_"'_F and Lemma 3 for the

ay part gives
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+ oo
2 Zk

Z
E kH(Lig(2) = 2= 55— =7

k=1
k(k + DHiey  k(k + 1)) i) -2

zkl—llnoo( 2 4
Z2 Zk Zk+1
T T T T kT D (44)
+00
k(k + DHepr k(k+1). 251
— : kT

The expression in the brackets goes to zero by Lemma 4, so we are left with:

+0oo +00
1 kH, 121 1 kzk+1 (45)
2/ k+11 4/ Gkt i

k=1 k=1

We will use Lemma 1:

- ka+1
2 Gty Lis—1(2) — Lis(2). (46)

k=1

As we can see, the second sum is the expression above with s shifted by -1 and multiplied by i. For

the first sum, we will rewrite the harmonic number into its integral form.

+ 00 + 0o 1
1 ka+1Zk+1 3 1 ka+1 1— mk+1 p
2/ k+1)t 2/ k+Ds1| 1-m "
0

k:ioo k=1

11 ka+1 1 _mk+1d

_LE Gk+151 1-m "
k=1
1 + 00 + 00 (47)
ka+1 B k(zm)k+1

1 (k + 1)°1 (k +1)51
- _ k=1 k=1 dm.

2 1-m



Harmonic series with polylogarithmic functions

Both sums are of the form given above. Therefore, we get

1 (YLig_ — Lig_ — (Lig_ — Lig_
_J ls Z(Z) ls 1(2) ( ls Z(Zm) ls 1(Zm)) dm. (48)
2 J 1-m
By incorporating this into the original equality, we get
+00
_ z? zk
kH,(Lig(z) —z — =T T s
1 k=1
= 7 (Lis—1(2) — Lis—»(2)) (49)
1 fl Lis—Z(Z) + Lis—l(zm) B Lis—l(z) B Lis—Z(Zm)
- dm.
2, 1-m
By setting s = 2 it can be shown that Corollary 2 part a) holds
+00
: () ()"
ka(le(Z) —Z— ?—. . —?)
k=1 (50)
_11n(1—z)+1L_ z +1L' Li
By setting z = %we arrive at part b)
o 1 1
+ZkH Ly ) — = 528 @) _1 ”2+1 £)+~(n(2) -1 (51)

Our significant result in this paper is given in the following theorem. The next theorem will use all the
previous results.

Theorem 3. Let Li;(z) denote the polylogarithmic function. Then the following equality holds for |z]| <
1

2 Zk

VA
HE(Lig(2) =2 = 25—+~

=5 7 (52)
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1 1
Lig-1y(2) —z — (Li(s_l) (zt) — zt) dt — Ll(s n(zm) —zm — (Ll(s n(zmr) — zmr)
1-—-t 1-r
0 0

1—-m

1
3 Ligg(2) — z — (Lig(zm) — zm) dm
1-m

dm — Li;_4(2) + z).

0
Lis_4(z) — Ligz_1(zm) + zm — z
_ z(f
1-m

2 k
Proof. We will use Abel’s summation method, choosing a, = Hy, b, = H,(Lis(z) — z — Z—S—...—%

with Lemma 2, we will use the following notation to minimize the clutter in the formulas, let us call

Sy =Lis(2) — 2z —Z—j—. ..——. By evaluating by, — bj,, we get
H Zk+1 S Zk+1
bk - bk+1 = k - k + 1 (53)
(k+1)S (k+1) (k+1)st
By using Abel's summation we get
Yo Zk+1
dim ((k + Dy = (k + D)HigaSeen ++ ) (G + DHgy = (e + 1)) ((k FENE
Sk Zk+1 =1 (54)
- + ).
(k+1)  (k+1)s+t
The expression in the limit goes to zero by Lemma 4. We are left with the sum
+ o0 oo
Hyy i Hye "t Z Z"  Hyr _Hzt
SkH + Z S
E e+ 1)5 1 kiers T (k+1)5 (k+1)5 (ke +1)51 "
(55)
+ 00
Zk+1
B E (k+ 1)
k=1

We know the third term from the proof of Theorem 1, the fifth term from Lemma 5 and the sixth term
from Lemma 1. Let us focus on the second one, Y5, Hy,1Sk- This is a separate problem we must deal
with. So let us write
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+ 0o

+o0
Sk
z Hy 418k = E (Hy + 77— k n 1 Z Hi Sy + k T (56)
k=1
k=1

The first term is known from Theorem 1, but the second one is not, so we will use again Abel's sum-

mation method choosing a; = ﬁ, by = Si. We get

+o0
lim (H 1DSprs + 3 H 2 N2 (57)
k_lﬁloo( k+1 )Sk+1 ;( k+1 — (k+1)s (k+1)s (k+1)s >7
= k=1

The first sum is from the proof of Theorem 1 while the second one is from Lemma 1; therefore, the
original second sum is done. Let us deal with the fourth sum:

+00 +oo
Hka+1 1 1 Zk+1
A — H —
E (k + 1)1 E it 7 k+1)(k+1)5‘1
k=1 +k=1 + ( 8)
[00) (e 5
_ Hk+1zk+1 _ Zk+1
(k + 1)1 (k + 1S
k=1 k=1

The first sum is from the proof of Theorem 1 while the second one is from Lemma 1. Therefore, the
fourth sum is done. Let us focus on the first one.

+o0 1 1
Hiea Hiez"" Hew (Hic+ 051~ 551)
(k+1)s-1 (k +1)5-1
k=1
k=1 (59)
+00 +oo
3 H]%+1Zk+1 Zk+1Hk+1
- (k + 1)1 (k+1)s"
k=1 k=1

The second one is from the proof of Theorem 1, but we need to dig further for the first one
+00 +oo

1
H]%+1Zk+1 3 Hk+1Zk+1 1— mk+1
k1% dm (60)
(k+ 1)51 k+1)5 1| 1-m
0

k=1 k=1




Stojilikovi¢, V. et al.

1 +00 +oo
Hy4 2" Hyp1 (m2)*+!
k + D51 (k + D)1
k=1 k=1

= dm.

The second term is the same as in Theorem 1 when taking z as zm; therefore, the result follows.

+00
Hiy1(zm)*t fl Lis_; (zm) — zm — (Lig_, (zmr) — zmr) p &)
(k+1Ds1 1—7
k=1
While the first one we have directly from the proof of Theorem 1
+00 1
Hiy12"" | Ligs-1)(2) — 2 — (Lis-1)(2t) — 2t) d 6
et DT — t. (62)
k=1 0
Therefore, by putting all together, we obtain
+ +00 +00
Hyy1Hy 2"t z S Hesr 4 k+1Hk+1 Hyz"* n z S
e+ 15T ket (k +1)s (k e+ 1)1 L
k=1
+00
Zk+1
(k+1)s
k=1
+00 +00 +oo +00
_ Higpq 24! ZK Hy _ (Z H.S, + Z"* Hyiq (63)
(k +1)s 1 (k +D L ek (k + 1)s
k=1

k+1 Hk+1Zk+1 Zk+1
(k + 1)5 (k +1)5 (k+1)s1 (k + 1)5)
=1
k+1
* Z Sk = z k+ 1)

We can see that four of the terms will cancel themselves; then we plug the polylogarithm expressions
we have got and establish the equality.
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+oo

e z? z¥
Hf, Lls(Z)—Z—E ————— 7

k=1

! fl Ligs-1)(2) — z — (Ligs_1y(2t) — zt) b — J‘l Lis_1y(zm) — zm — (Li¢s_1)(zmr) — zmr) dr
0 0

1—-t 1—r

= d
1-m m (64)
01
Lis)(2) — z — (Li¢sy (zm) — zm) J‘l Lig_1(z) — Lisz_q(zm) + zm — z .
—f T—m dm—Z(0 1—m dm — Lis_,(2) + 2).
0
And the proof is done.
By setting s = 1 in theorem 3 we arrive at Corollary 3 part a)
+00 Z
5 z2 zk 4z+In(1—-2z)(4+1In(1—2)) — 2zLi, (m)
Hj, (Li —Z =)= : 6
i (Liy(2) — z o1 k) 2z—1) (65)
k=1
By setting z = %we arrive at part b) of Corollary 3
+00
1 1
11 P " o
Hk(Ll(l)(E) TS T T T )=2 +E+ In* (2) —In (16). (66)
k=1

The usage of the previously derived theorems will be displayed in the following examples. Equipped
with the series in a closed form we have derived, we can get many series via incorporating the values

from the domain which is |z| < 1. By letting z = % in Corollary 1 part ), Corollary 2 part a) and Cor-

ollary 3 part a) we get, respectively

_ <\/§—1> V5-1 (\/52_1)"
Li, = 2

Hy,

2 2 T k2

(67)
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+ 00

2 1 45 1 V5-1_ +5-1
=E+1n2(§+7)+1n(§(3—x/§))Zka(L12( ) ——
k=1
(\/32— L, (\/EZ— Lk
——r T =
1-vV5+4+ (/5=7)n (% (3 —v5)) + 2(V/5 — 3)csch™1(2)?
T 4(5 - 3)
2N L V51 VE-1 L R
~%0 kL) —— -~ )=
1 ~1 1
_ _ 2 _ —
=053 (V5 - Drm 20+20\/§)++\/§_3(ln G (7

—21v5)) + cosh™? (;)2 + (/5 = Desch™1(2)?)

. . L L -5
More interesting sums can be obtained incorporating in the value z = %

By setting z = # in Corollary 1 part c), Corollary 2 part a) and Corollary 3 part a), we get, respective-
ly

35 3-v5 G

" _
T lcsch‘l(Z)(Z + csch™1(2)) Z kHj (Li, (3 2\/§

15 2 )

35 Gl
) . ) )
=z (2- 2V5 + (1 +V5)sinh™ (2) + csch™1(2)(5 + V5 + 4csch™1(2)))

3— \/E)k

2 o  3-v5 3-v5 ()
—%; () -2 L) =

- %((\/g — 1)n? +15(2(V5 = 1) — 2(1 + V5)esch™(2) + esch ™ (2)2).
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The numerical values of Li, at the points z = \/32—1’ _\/32—1’_ 1+2\/§ can be found here (Lewin, 1981).

Many more series can be obtained by substituting different values.

CONCLUSIONS

1. To assure the accuracy of the results, we verified all the numerical series identities through
Wolfram Alpha.

2. 2. Further questions can be asked regarding the sums with harmonic numbers of an arbitrary
order as to, whether it is possible to find more of them of the form H% for some fixed k.

3. 3. In this paper, we generalized the results given in (Furdui, 2016), as the polylogarithm is a
generalization of the zeta function since Lig(1) = {(s). We can obtain many more series by
varying the two parameters z and s.
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[apMOHMYeCKuI pAg C NoAnAorapud MnU4eCcKMmMm
OYHKLMAMMU

Pesrome:

BBegeHue/uenb: YcTaHaB/ieHbl HEKOTOPble CYMMbl MO/U- 0orapudmmueckoin GyHKLumu,
CBA3aHHble C rAapMOHUYECKUMU YUC/1aMU. MeTOAbI: HOAXOA OCHOBAH Ha MCMNO/1Ib30BaHUU
MeTO/A0B CYMMUPOBaHUA. Pe3y/bTaTbl: B gaHHOM cTaTbe 0606LLeHbl pe3yabTaTthl pAga
A3eTa-QyHKUMIA, CBA3AHHbIX C TFapMOHMYECKMMM 4Yucaamu. BbiBogbl: B cnepcteue
06006LLeHNA NO/YyHeHbl pa3/IniHble MHTEPeCHble PAAbI.

KatoueBbie c/0Ba: noiunorapudmuyeckad OyHKUMA, PAAbl, FapMOHUYECKMe 4YUCa,
MHTErpupoBaHue
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XapMOHUWYHM HU3 Ca NO/IU/IOFAPUTAMCKUM QYHKLMjama

CaxkeTak:

YBOga/uM/b: YCTAaHOB/bEHE CY HeKe CyMe Mo/n/loraputamcke ¢pyHKLMje noBesaHe ca Xxapmo-
HUjcKUM BpojeBrMa. MeTtoge: MpucTyn ce 3acHUBa Ha Kopulherwy mMeToda Cymuparba.
Pe3yntatu: eHepann30BaHuM Cy pe3y/TaTh HM3a 3eTa - PyHKLMja NoBE3aHMX Ca XapMOHWj-
CKUM BpojeBuMa. 3ak/bydak: JobujeHn cy pasMynuTi 3aHMM/bUBU HU30BU Kao noc/ieauua
reHepasusauuje.

K/byuHe peun: nosmnoraputamcka GyHKLUMja; cepuja; XapMOHUjCKM BpojeBu; MHTerpaLmja
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