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INTRODUCTION AND PRELIMINARIES

A partial metric space is a generalized metric space in which each object does not necessarily have a
zero distance fromitself (Aamri & El Moutawakil, 2002). Another angle of fixed point research emerged
with the approach of the Knaster-Tarski fixed point theorem (Knaster, 1928; Tarski, 1955). The idea was
first initiated from Knaster and Tarski in 1927 (Knaster, 1928), and later Tarski found some improvement
of the work in 1939, which he discussed in some public lectures between 1939 and 1942 (Tarski, 1955,
1949). Finally, in 1955, Tarski (Tarski, 1955) published the comprehensive results together with some
applications. A different property of this theorem is that it involves an order relation defined on the
space of consideration. Indeed, the order relation serves as an alternative to the continuity and con-
traction of the mappings as found in the Brouwer (Brouwer, 1911) and Banach (Banach, 1922) fixed point
theorems, respectively, see (Tarski, 1955).

After the approach of the Brouwer (Brouwer, 1911), Banach (Banach,1922) and Knaster-Tarski (Tarski,
1955) fixed point theorems, many researchers become involved in extension (Browder, 1959; Leray &
Schauder, 1934; Schauder, 1930), generalization (Batsari et al, 2018; Browder, 1959; Du et al, 2018) and
improvements (Batsari et al, 2018; Batsari & Kumam, 2018; Kannan, 1972; Khan et al, 1984) of the theo-
rems using different spaces and functions. In the way of generalizing spaces was Bourbaki-Bakhtin-
Cezerwik’s b-metric space (Bakhtin, 1989; Bourbaki, 1974; Czerwik, 1993), Matthews’s partial metric
space (Matthews,1994) and Shukla’s Partial b-metric space (Shukla, 2014).

Inthe area of the quantum information theory, a qubit is seen as a quantum system, whereas a quantum
operation can be inspected as the measurement of a quantum system; it describes the development of


https://www.vtg.mod.gov.rs/
mailto:rtiwari@govtsciencecollegedurg.ac.in,%20drsaeed9@gmail.com,%20shobharaniy89@gmail.com,%20nicola.fabiano@gmail.com
mailto:rtiwari@govtsciencecollegedurg.ac.in,%20drsaeed9@gmail.com,%20shobharaniy89@gmail.com,%20nicola.fabiano@gmail.com
mailto:rtiwari@govtsciencecollegedurg.ac.in,%20drsaeed9@gmail.com,%20shobharaniy89@gmail.com,%20nicola.fabiano@gmail.com
mailto:rtiwari@govtsciencecollegedurg.ac.in,%20drsaeed9@gmail.com,%20shobharaniy89@gmail.com,%20nicola.fabiano@gmail.com
mailto:rtiwari@govtsciencecollegedurg.ac.in,%20drsaeed9@gmail.com,%20shobharaniy89@gmail.com,%20nicola.fabiano@gmail.com
https://doi.org/10.5937/vojtehg70-37109
https://creativecommons.org/licenses/by/4.0/
https://ceon.rs/
http://orcid.org/0000-0002-6112-0116
http://orcid.org/0000-0003-0216-241X
http://orcid.org/0000-0001-9143-5410
http://orcid.org/0000-0003-1645-2071

Tiwari, R. et al.

the system through the quantum states. Measurements have some errors which can be corrected
through quantum error correction codes. The quantum error correction codes are easily developed
through the information-preserving structures with the help of the fixed points set of the associated
quantum operation. Therefore, the study of quantum operations is necessary in the field of the quan-
tum information theory, at least in developing the error correction codes, knowing the state of the
system (qubit) and the description of energy dissipation effects due to loss of energy from a quantum
system ( )-

In 1951, Luders ( ) discussed the compatibility of quantum states in measurements (quan-
tum operations). He also proved that the compatibility of quantum states in measurements is equiva-
lent to the commutativity of the states with each quantum effects in the measurement.

In1998, Busch et al ( ). generalized the Luders theorem. He also showed that a state
is unchanged under a quantum operation if the state commutes with every quantum effect that relates
the quantum operation. In 2002, Arias et al ( ). studied the fixed point sets of a quantum
operation and gave some conditions for which the set is equal to a commutate set of the quantum
effects that described the quantum operation. In 2011, Long and Zhang ( ) deliberated
the fixed point set for quantum operations, they presented some necessary and sufficient conditions
for the existence of a non-trivial fixed point set. Similarly, in 2012, Zhang and Ji ( ),
deliberated the existence of a non-trivial fixed point set of a generalized quantum operation. In 2016,
Zhang and Si ( ) explored the conditions for which the fixed point set of a quantum
operation (¢_4) with respect to a row contraction A equals to the fixed point set of the power of the

quantum operation (quq) for some 1 < j < +o0. Other useful references are are ( ;

; )-
DEFINITION 1. ( ) A partial b-metric on the set X is a function
ps: X X X — R, such that,
(1) For allx,y € X,x = y if ps(x,x) = ps(x,y) = ps(v,¥)
(2) Forallx,y € X,ps(x,x) < ps(x,y)
(3) For all x,y € X, ps(x,y) = ps(y, %)

(4) There exists areal number s > 1such that, for all x,y,z € X, ps(x,2) < s[ps(x,y) + ps(y,2)] —
ps (v, 7).

(X, ps) denotes the partial b-metric space. Note that every partial metric is a partial b-metric with s = 1.
Also, every b-metric is a partial b-metric with pg(x,x) = 0, for all x,y € X.

A sequence {x,,} in the space (X, ps) converges with respect to the topology 7, to a point x € X, if and
only if

nl_llnoops (xn, x) = ps(x, x)- (1)

The sequence {x,} is Cauchy in (X, p,) if the below limit exists and is finite
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lim ps(x,, Xm) < +o0. (2)

n,m—+co

A partial b-metric space (X, p;) is complete, if every Cauchy sequence {x,,} in (X, ps) converges to a
point x € X such that,

lim ps(xn, Xm) = ps(x, %) 3)

nm-+

DEFINITION 2. A mapping T is said to be order-preserving on X, whenever x <y implies T(x) <
T(y)forallx,y € X.

The objective of this work is to establish a fixed point theorem in a complete partial b-metric space.

THEOREM 1. Let (X, ps) be a complete partial b-metric space with s > 1 and associated with a partial
order <.. Suppose an order preserving mapping T: X — X satisfies

ps(T(), T»)) < amax{ps(x,y),ps(x, T(1)), ps (¥, T(X))} (4)

+ émin{ps(x. T) +ps(v, T(x), ps(x,T(x)) + ps (v, T(¥))}

for all comparable x,y € X, where a, € [0 fland 6 = mm{ 53 } If there exists x, € X such that

X9 = T(xq), then T has a unique fixed point x € X such that ps(x x) =0.

Proof. Suppose x, # T'(x;), define a sequence {x,} € X by x,, = T"™(x,) and let q,, = ps(Xy, Xpn41)- Itis
clear that if x,, = x,,,1 for some natural number n, then x,, is a fixed point of T, i.e., x,41 = T(x,) = xp,.
Let x, 41 # x, foralln € N. Then, we proceed as follows:

n = Ps(Xn, Xns1) = ps(T(xn—l): T(xn))

<a max{ps (xn—lr xn)r Ds (xn—lr T(xn))' Ds (xnr T(xn—l))}

+ g min {ps(n-1, T (xn)) +

ps(xn' T(xn—l))' ps(xn—lr T(xn—l)) + Ds (xnr T(xn))}
=« max{ps (xn—l: xn)» Ps (xn—1: xn+1): Ps (xn: xn)}

B
+ E mln{ps(xn—b xn+1) + pS (xn: xn)' pS (xn—l: xn) + ps(an xn+1)}

=a max{ps(xn—l' Xn), S[ps(xn—lr Xn) + ps (X, xn+1)]}
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+_
2 2

ﬁ S[ps(xn—l'xn) + ps(xnvxn+1)] + ps(xn—lrxn) + ps(xn'xn+1)]

= a(s[ps(xn—1, %) + Ps(Xn, Xn41)]) +

:8 ps(xn—lrxn) + ps(xn'xn+1)
E(S + 1) 2 ]

1
=as+ 'B(STH (ps (xn—ll xn) + Ds (xn' xn+1))

4as+ Ps+
= T (ps (xn—l' xn) + Ds (xnr xn+1))

4as+ fs+
= @1 + ).

Thus, we have

4
< as+Bs+f

In < 2 (Gn-1 + Gn)
which implies
4—4as—fs—f 4as+ Ps+ 5
( an < ot P Dy ©)
4 4
By simplifying (5), we have
4as+ Bs+ 6
In < )qn-1 )

4 —4as—Bs—p

For @ € min{%,ﬁ}, we deduce that

4
- as+pfs+p <1
4—4as—Ps—f

Therefore, from (6), we conclude that py (X, Xn+1) = Gn < Gno1 = Ps(Xn—1,Xn)- Thus, {q, }+%, is amon-

otone non-increasing sequence of real numbers and bounded below by o. Therefore, liT g, = 0, see
n—-+oo
Chidume et al. ( ).

Next, we show {x, };:, is Cauchy. Let x,,, x,,, € X, for alln,m € N.

Then,
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Ds (X, Xmm) = ps(T™x0, T %)
= ps(T(xn—l): T(xm—l))

=a max{ps (-1, Xm-1), Ds (Xn—1, Xm), s (Xn, xm—l)}
B
+ E min ps(xn—lr xm) + Ds (xm—lr xn)r ps(xn—l' xn) + ps(xm—l' xm)

=a max{s(ps(xn—l: xn) + ps(xn: xm—l)): Ps (xn—l: xm)' Ps (xn' xm—l)}

+ E {ps(xn—l: xm) + pS (xm—l' xn) + ps(xn—l' xn) + pS (xm—l’ xm)}
2 2

= amax {s(ps (xn—l' xn) + S(ps (xnr xm) + ps(xmr xm—l)))' Ds (xn—l' xn)
+ps(xm—1r xm)} + % (S(ps(xn—lr xn) + ps(xn' xm)) + S(ps(xm—l' xm)

+ps(xm' xn)) + pS (xn—l' xn) + pS (xm—l' xm)

= as(ps(xn—l' xn) + 5(ps(xn: xm) + Ds(Xm, xm—l))
B
+ Z (sps (xn—l' xn) + Zsps (xnr xm) + SPs (xm—l' xm)
+ps(xn—1r xn) + Ds (xm—l' xm))

< (as + % + %) ps(Xn—1,%n) + (asz + %) ps (X, Xm)

+(as® + % + %)ps(xm—l' Xm), 7)

implies that

(1 ~ (as?+ %)) psCtn, ) < (s + % + %) Ds (tn_1,%n) +

(asz + % + %) Ps (tm—1, Xm)

sB B
< m ((as + 4 + Z)Ps(xn—l' Xn)

+(a'52 + % + %)ps (Xm—1,Xm))- (8)
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Now, taking the limit as n,m — +o0in (7), we have

lim pg(xy, xm) = 0.
nm-+oo

Therefore, {x,} is a Cauchy sequence in X. can be represented with the density matrix. For X. being

complete, there exists x € X such that

lim ps(xn,x) = lim  ps(xn, xm) = ps(x,x) = 0.
n—>+oo n,m-+oo

Now, we proceed to prove the existence of the fixed point of T satisfying (1). Let x, € X be such that
Xg =X T(xo) If T(xg) = x¢ then, x is a fixed point of T. Recall that, T is order-preserving and xy < T (x()
then, we have xy < T(xp) = xq, X1 S T(x1) = x, X, L T(x3) = x3, x, X T(x,) = xp41- By transitivity
of Z,wehavexy X x; S x, Sx3 <X =2 x, L X oo

For showing x € X is a fixed point of T, we proceed as follows:

Ps (6, T(x)) < s[ps(%, Xn+1) + Ps(Xns1, T(X)] = Ps(Kn+1, ¥n1)

< 5[ps (6 K1) + Ps(T0), T(0)]
< s[ps (JAC, xn+1) + a max {ps (xn, JAC) , Ds <xn, T (32)) , Ds <3Ac, T(xn)>}

+£ min (o0, TG) + s (6, TG, P TC5)) + 2 TCON]

< s[ps (JAC, xn+1) + a max {ps (xn, JAC) , Ps (xn, T (32)) , Ps <9Ac, T(xn)>}

B

+ 5 (05 (o TCO) + 5 (5, TC0)) + P5Gon T () + P51 TG ©)

Case I: Suppose max{p,(x,, ;c),ps(xn,T(JAC)),pS(JAc,T(xn))} = ps(xp, JAc). Then, from inequality (9), we
have

ps(x, T(x)) < s[ps(x, Xnt1) + aps(xn, ¥)

Ps <xn. T (x)> +ps <x T(xn)> +ps (2, T(xn)) + ps <x T (x)>
( > )

+

N[

< Sy (o Xnen) + S0P ) + (5Pt ) + P56 T()))

+P5(x, xn+1) + ps(xn'xn+1) + ps(xr T(x)))



Fixed point theorem in a partial b-metric space applied to quantum operations

2

= (s + %) Ds (JAC xn+1) + <sa + %) Ds (xn, A)

2
+(—ﬁ + —ﬁ)ps(x T(x) +— & 4 Ps (o Xnea).

From the above inequality, we have

2 A
(1- Tﬂ - —ﬁ)Ps(x T() < (s + —ﬁ)Ps(x Xn+1)

2
+(Sa + B)ps(xn'x) + fps(xn'xn+1)

which implies

PTG < g 6+ 5P Gx) +

2 A
(SO( + #)ps(xn' x) + %ps(xn' xn+1)]-

(10)
We can observe that for § € mm{ = ,S+1}
4—52B—sp=4—5s*B—sPB
= 4—-5sB(s+1). (11)
Ifg = 513, then, from equality (11) we have
4—s2L—sp=4—sB(s+1)
1
=4-s(s+1D—
s
s+1
= — SZ
> 0foralls > 1. (12)

Similarly, if § = —p then, from equality (11),

4—s2p—sp=4—sB(s+1)
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=4—(s+1)s

s+1
<4 (s+1 1
<4-5s(s —
53 (13)
>0foralls > 1.
From equalities (12) and (13), we conclude that the right-hand side of (10) is non-negative.
Case II: Suppose max{ps(xn, X), s (xn, T (%)), ps (x, T (%))} = ps(xn, T(x)). Then, from inequality (9),

we have

ps (0, T(x)) < S[ps (X, Xna1) + aPs (X, T(X))

Ps <xn. T (x)> +ps <x T(xn)> +ps (2, T(xn)) + ps <x T (x)>

+5( > )

N[

< S[ps (X, Xner) + A5 (ps (i, %) + Py (6, T(X)))

+(5y G )+ UG TCD) + P Fr10) + Py G ) + PG TCN)]
< (s + %s) Ds (9Ac, xn+1) + (Sza + %sz) Ds (xn, JAC)

(st s 4 B op ) + G s Go )

from the above inequality, we have
I I A A B A
(1= s2a— 5% =2 )ps(x, T(@)) < (5 + 7 IPs (X Xns1)

B ro B
+(SZOC + Zsz)ps(xn' x) + Zsps(xn' xn+1)'

so that

P T()) < G5+ 5 5)ps G 1)

4 —4s2q — Bs? — fBs
+(s%a + %sz)ps (Xn, JAC) + %Sps (%n, Xp11)] (14)

from the fact that 8 € min{é,ﬁ}, we have if @ > £ then by (14), we have
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4 —4s%qa — Bs? — Bs =4 — 4s2B + Bs® + fs

=4 — (55 + 1)sp. (15)
If § = = by (15), we have
4 —4s%qa— Bs? —Bs=4— (55 + 1)sp

1
=4—-(5s+1s—
S

> 0foralls > 1. (16)

If f = = by (15), we have

4—4s%a—fs?—Bs=4—(55+1)sp

=4—(55s+1)s

s+1

1

< 4—(55+1)ss—3
> 0foralls > 1. (17)

From inequalities (16) and (17), we conclude that the right-hand side of (10) is non-negative.

If « < B, then by (14), we have

4—4s5%q — Bs? —Bs =4 —4s’a+as? + fs
=4 —5s%a + sa

=4 —(5s+ 1)sa. (18)
Similarly for (18), we conclude that the right-hand side of (10) is non-negative.

Case I1I: Suppose max{p, (x,, ), Ds (tn, T(X)), s (6, Ty )} = Ps (%, T(%,)))- Then, from inequality (3),
we have

ps (0, T(x)) < S[ps (X, Xns1) + aPs (2, T(xn)))

B

5 (05 (i TGO + Do, TC60)) + s (i T0)) + D55, TCO))]
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< 5[ps (X, Xn41) + asps (¥, Xn41)

2 (5 )+ D25, ) + s ) + Gl ) oG TG

A

B B A
< (s + as + ZS) Ds (x, xn+1) + Zszpsx

B

+(ﬁ z +7S

A A '3
ZS )ps(x:T(x)) +Zsps(xn:xn+1)-

By the simplification of the above equality, we have

zuéﬂbs;:£¢3ﬁ6+m+§9mdaﬂ>

B

"B
+Zszps(xnrx) +Zsps(xnrxn+1)]- (19)

Note that, for any value of @, 8 € [0,6) and 4 — s2 — sf = 0. Thus, the right-hand side of (10) is non-
negative. Taking the limit as n — 400 of both sides in the respective inequalities (10), (14) and (19), we
conclude that

ps(eT() = lim ps(x,T(x)) = 0.
Thus, T(x) = x.
Next, we prove that ifJAc € X is a fixed point of T, then pS(JAc, ;c) = 0.
Suppose ps(;c, JAc) # 0. Then
Ps(x,%) = py(T(x, 7))
< amax {p (x, x), Py (1, 2)), 5 (%, %))}

+ g min {pe(x, %)) + ps (X, T, ps (X, %)) + ps (X, T}
= @ max {ps (JAC, J/;) , Ds (JAC, JAC) ) Ps (J/;, J/(\,')}
+§min {ps (JAC JAC) + Ds (;C JA‘) ' Ps (’AC ’AC) T Ps (;C JAC)}

= (@ +B)ps (x.x)

= Op, (JAC, JAC)
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< ps(x, x).
This is contradicting the fact that p;(x, x) # 0. Therefore, ps(x,x) = 0.

Last, we will prove the uniqueness of the fixed point. Let x;,x, € X be two distinct fixed points of T.
Then

ps(xg,x2) = ps(T(xl): T(xz))

< amax{p (e1, 220,95 (40, T(62)), s (42, Tx))

B .
+ 5 mm{Ps(xl: T(xz)) + Ps(xz: T(x1))' Ds (xp T(xl)) + Ps(xz: T(xz))}
= amax{ps(x1, x2), Ps (%1, x2), Ps (%1, x2)}
B
t3 min{ps (x1, x2) + ps(x1, x2), Ps (%1, x2) + ps (1, x2) }
= (a + Bps(xy,x2)
= 0ps(x1,%2)
< ps(x1,x2).
This is a contradiction. Therefore, the fixed point is unique.

REMARK 2. If we take a = g and ps(x, T(¥)) + s (¥, T(x)) = ps(x, T(x)) + ps(y, T(y)) then we find
Theorem 1 of Batsari et al. ( ).

COROLLARY 3. Let (X, p) be a complete partial metric space associated with a partial order <. Suppose
an order-preserving mapping T: X — X satisfies

ps(T(), T()) < amax{ps(x,y),ps(x, T)), ps (¥, T(x))}

+ gminps(x, T) +ps, T(x), ps(x, T(x)) + ps(v, T(¥)) (20)

for all comparable x,y € X, where 6 € [0,1]. If there exists xy € X such that x, < T(xg), then T has a
unique fixed point x € X and p(x,x) = 0.

Now we apply our main result similar to ( ) as follows:

In quantum systems, measurements can be seen as quantum operations ( ). Quantum
operations are very important in narrating quantum systems that collaborate with the environment.
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Let B(H) be the set of bounded linear operators on the separable complex Hilbert space H; B(H) is the
state space of consideration. Suppose A = {4;,Aj:i = 1,2,3, ... }is a collection of operators A;s € B(H)
satisfying Y 4;A; < I.Amap ¢: B(H) - B(H) of the form ¢ 4(B) = Y A;BA; is called a quantum opera-
tion ( ), quantum operations can be used in quantum measurements of states. If the 4;
's are self adjoint then, ¢4 is self-adjoint.

General quantum measurements that have more than two values are narrated by effect-valued
measures ( ). Denote the set of quantum effects by e(H) = A € B(H):0 <A <. Con-
sider the discrete effect-valued measures narrated by a sequence of E; € e(H),i = 1,2, ... satisfying
E; = I where the sum converges in the strong operator topology. Therefore, the probability that out-

come i eventuates in the state p is ,(E;) and the post-measurement state given that i eventuates is

11
EZpE}
trpE;
without making any consideration is given by

( ). Furthermore, the resulting state after the implementation of measurement

11
¢(p) = LEZpE} (21)

If the measurement does not disturb the state p, then we have ¢(p) = p. Furthermore, the probability
that an effect A eventuates in the state r given that the measurement was conducted is

1 1 1 1
Py(p)(A) = tr[AXEZpE?] = tr(REZpEZp) (22)

If A is not interrupted by the measurement in any state we have

11
252 —
YEfpES = A,

1 1

and by defining ¢ (4) = XE?pE?, we end up with ¢ (4) = A.

From now, we will be dealing with a bi-level (|0), |1)) single qubit quantum system where a quantum
state |W) can be narrated as

|¥) = a|0) + b|1), witha,b € C and |a|?® + |b|?> =1
see ( ; ). Considering the characterization of a bi-level

quantum system by the Bloch sphere ( ) above, a quantum state (|¥)) can be represented with
the density matrix below (p),

Wy = _1 1+ncosf ncos¢sinf — in sin ¢ sin
| )_'0_z(ncos¢sin9+insin¢sin9 1—7ncosé )
n€l0,1],0<6<mand0 < ¢ < 2m. (23)

Also, the density (p) matrix is,
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1[1+rz rx—iry]

1 _
p=§[1+rpd]—§ netin, 1-m, (24)

where 7, = [r,,1,,1,] is the Bloch vector with ||7,|| < 1, and & = [0y, 0y, 0,]

where

01 0 —i 1 0
Gx:(l O)IO-y:(l 0)'O-Z=(O _1)

1)

Figure 1 - Bloch sphere
Puc. 1 - Cdepa baoxa
Camka 1 - baoxoBsa chepa

Let p, o be two quantum states in a bi-level quantum system. Then, the Bures fidelity (Bures, 1969)
between the quantum states p and ¢ is defined as

1 1
F(p,0) = [tr\|p2apZz]?.

The Bures fidelity satisfies 0 < F(p,0) < 1if p = o it takes the value 1 and 0 if p and ¢ have an orthog-
onal support (Nielsen & Chuang, 2000).

Now consider a two-level quantum system X represented with the collection of density matrices {p: p
is as defined in Equation (24)}. Define the function ps: X X X — R, as follows:

1
=1 1= egl—F(p.8
pe(p, 8) = (maxllIF 1L IF513ee™ 7@, p =5,

0, p=29.

It is easy to show that py is a b-metric on X with s taking the value 1 approximately. They also define an
order relation < on X by
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p = §if the line from the origin joining the point Fs~passes through 7,. (25)
It is easy to show that the order relation defined above is a partial order ( ).
Asin ( ), we find the following corollary.

COROLLARY 4. Let (ps,X) be a complete partial b-metric space associated with the above order <.
Suppose an order-preserving quantum operation T: X — X that satisfies conditions in Theorems 1. Then,
T has a fixed point.

The following example validates our main result.

EXAMPLE o0.1. Consider the depolarizing quantum operation T on the Bloch sphere X; T (p) = ép +(1-
p)p with the depolarizing parameter p € [0,1]. Let the comparable quantum states satisfy (25).

We examine that T: X — X satisfies all the conditions of our theorem. Now, let p, § € X. We show that
T is order preserving with definition (25). For this, we will prove that if p < § then T(p) < T(6).

Therefore, as ( ) using the Bloch sphere representation of states in a bi-level
quantum system below

1 1+ ucos 6 ucos ¢sin 8 — iusin ¢sin 6

p= E(ucos ¢sin 0 + iusin ¢sin 6 1 — ucos 6 )

u€e01],0<60 <mand0 < ¢ <2m,

So,
1 D 0
T(p) ==
P)=5G H+
1—2?( 1+ pcos@ ,ucosd)sin@—iysind)sin@)
2 \pucos¢sing + iusingsinf 1—pcos@
_1(39 O>+1< 1+ ucos6 ycosd)sin@—iysind)sin@)
“2\0 p 2\pcos¢sing + iusing sinf 1—pcos@
_1 p + pu cos 6 pu cos ¢ sin@ — ipu sin ¢ sin 0
2 ‘pucos¢sinf + ipu sin ¢ sin 6 p —pucos 6 )
_1( 1+ (1 —p)ucos 6 (1—p)[ycosd)sin@—iusinqbsin@])
21 —p)[ucospsinh + iusingsin 6 1-—(1—p)ucosh.

Clearly, the angles 8 and ¢ do not change by the depolarizing quantum operation T. Also, we can de-
duce that the distance of the quantum state p from the origin given by p is greater than or equal to the
distance of the new quantum state T(p) from the origin given by (1 — p)u, p € [0,1]. Consequently, for
any two quantum states which are comparable p,§ € X(p < §), with respective distances from the
origin w, and pgs such that, p, < ps, the depolarizing quantum operation T constructs two quantum
states T(p),T(6) € X, have distances (1—p)u, and (1 —p)us from the origin for p €[0,1]
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respectively. Since p, < pg, then (1 —p)u, < (1 —p)us, for all p € [0,1]. Thus, T(p) = T(§), which
proves T is order-preserving.

The fidelity of any two quantum states p = %(12 + Fp) . 3) and§ = %(12 + % . 3) is,

1 - o - —
Fo.8) =514 7, 75+ 1= I 1~ I (26)

see ( ; ), where 7, - 75 is the inner dot product between the vec-
- - 1 - - 1 e
tors 7, and 7. So, for any comparable quantum states p = 3 (I; +1,-0)andé = 3 U +715-0)1, 15 =

||77!;||||1%||cos I for ¥ being the angle between Fp) and 1%. Using Equation (26), we have,
(D)-F(p,p) = 1.
(i) F(p,0) = %; for p a pure state and o the completely mixed state.

(iii) F (p, p—) = 0; for p a pure state that is 180° separated from p,

1
see ( ; ). Thus, 1.000 < es*FP®) < 1,181 for p, 5 € X. Now, using s = 1 and
0 € [0,1] on Theorems 1. We have

1
ps(T(p), T(8)) = max{||F; |, ||75||}es* T @HTE)

= z ||5||e%(1_F(T(p),T(5)))
4

< l(”gue%(l—F(T(P).&)) + ”p”eé(l—F(T(p),p))>
4

1/1
=2 (E (ps(T(p),8) + ps(T(p), p)))

11
= E (E max{ps(P' 6)' Ds (P: T(d))' Ds (T(P)' 6)}}

ps(p, T(6)) + ps(T(p),6) ps(p, T(p)) + ps(6, T(5))}
2 ’ 2 '

+min{

Taking a = %and B = 1, condition (1) in Theorem 1 is satisfied. So T has a unique fixed point in X.
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Teopema 0 PMKCMPOBAHHOM TOYKE B HaCTUHHOM b-
METPUYECKOM NPOCTPAHCTBE C MPUMEHEHUEM B KBAHTOBbIX
onepaumax

Pe3stome:

BBepgeHue/uenb: CKOHCTpyMpOBaHa TeOpema O HEMoOABWXHOW TOYKe C COXpaHeHuem
nopAzKa B NO/IHOM M HaCTUYHOM b-MeTpryecKkom NpoCcTpaHCTBE MPU BbINO/IHEHUM YC/10BUIA
oKatua. MeTtogpl: B gaHHOM cTaTbe NpUMeHeH MeTo/ paclunpeHns pesy/btaTos Batcapu
M ap. Pe3ynbTaThl: TOYHOCTb KBAHTOBOrO COCTOAHWA WCMO/Ib3YyeTCA A/1A MOCTPOEHUA
HernoABUKHOrO KBaHTOBOrO COCTOAHMUA. BbiBOAbI: HenogBu:kHOE KBaHTOBOE COCTOAHME
CBA3aHO C KBAHTOBOM OMnepauuen, COXpaHAIoLLLel NOPAAOK.

KawoueBbie  c/0Ba: 4acTM4HOe b-meTpuyeckoe npocTpaHCTBO, OTODOpakeHue ¢
COXpPaHeHWeM MnopAAKa, KBaHTOBAA onepauus, TOYHOCTb KBAaHTOBOrO COCTOAHWUA, BEKTOP
Broxa

Teopema PUKCHEe TavKe y Ae/IMMUYHOM b-MEeTpUYKOM
NMPOCTOPY NPMMEHEHA Ha KBAHTHE onepavyuje

CaxerTak:

YBoa/umn/b: KOHCTpyMcaHa je TeopeMa GUKCHE TauKe Manuparba C O4yBaweMm peAocaesa Ha
KOMM/IETHOM MapuujasHOM b-meTpuuKOM NMpoOCTOpY Y3 3340BO/baBare KOHTPAKTUBHOI
ycnosa. Metoge: lpumerseH MeToZ NpOLUMPeEH je pesyaTaTuma batcapuja u gpyrux. Pe-
3yATaTu: BepHOCT KBAQHTHOTI CTaka KOPI/ICTI/I ce3a KOHCprVlcal-be CI)VIKCHOF KBAQHTHOTI CTaka.
3ak/byyak: PUKCHO KBAHTHO CTarbe NOBE3aHO je ca KBaHTHOM OnepaLMjom Koja YyBa peao-
ceq.

K/byyHe peun: napuujaiHn b-meTpuuku mpocTop, mManupare C o4YyBarmeM peaoc/iesa,
KBaHTHa ornepauyja, BEpHOCT KBaHTHOT CTakba, B5/10X0B BEKTOp
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