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Abstract:

Introduction/purpose: In this paper, several critical remarks are presented concern-
ing the paper of Igbal & Rizwan: Existence of the solution to second order differen-
tial equation through fixed point results for nonlinear F-contractions involving w,-
distance from 2020. Methods: Conventional theoretical methods of functional
analysis. Results: It is shown that their use of the non-decreasing "control" function
F instead of a strictly increasing one in Wardowski-type results usually produces
contradictions. Conclusion: It is shown that such results can be obtained in a more
general class of metric-like spaces, where strict monotonicity is the only assumption
that has to be imposed on the function F. An example is presented showing that
the obtained results are stronger than the classic ones.
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INTRODUCTION AND PRELIMINARIES

D. Wardowski's result from (Wardowski, 2012) can be considered as one of the significant generaliza-
tions of S. Banach's basic result from 1922. In this generalization, Wardowski used a function
F:(0,4+00) — R satisfying the following three properties:

(F1) Fis strictly increasing, i.e., t; < t, implies F(t;) < F(t;);

(F2) for any sequence {a,} c (0,+), lir+n a, = 0 if and only if liT F(a,) = —W(i.e.,tlimF(t) =
n-—-+oo n—-+oo -

—00);

)

(F3) there exists k € (0,1) such that tlimt"F(t) = 0.

He proved that a self-map T on a complete metric space (X, d) has a unique fixed point if there exists
a positive number 7 and a function F satisfying the previously mentioned conditions, such that, for all
x,y € XwithTx = Ty,

()T + F(d(Tx, Ty)) < F(d(x,¥))

holds.
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Later on, in another work ( ), he generalized the mentioned result, replacing the con-
dition (1) by the following one

(2) p(d(x,¥)) + F(d(Tx,Ty)) < F(d(x,y)),

where ¢ is some function from (0, +0) to itself satisfying liminf¢(s) > 0 for each t > 0 (he called
s—t+

such mappings (¢, F)-contractions).

In a multitude of subsequent papers, dozens of authors used Wardowski's approach for mappings
acting in various spaces (such as b-metric spaces, partial metric spaces, metric-like spaces, cone metric
spaces, G-metric spaces, rectangular metric spaces, as well as in spaces endowed with a w-distance) -
a review of these results until 2022 can be found in ( ). We recall here the definitions
of w-distance p of O. Kada, T. Suzuki and W. Takahashi and metric-like p of A. Amini-Harandi.

Definition 1. ( ) Let (X, d) be a metric space and let a mapping p: X X X —= [0, +) sat-
isfy:

(p1) p(x,z) < p(x,y) +p(y,z)forallx,y,z € X;

(p2) for any x € X, the function p(x,-): X — [0, +0) is d-lower semi-continuous;

(p3) forany € > 0, there exists § > 0 such that p(z,x) < § and p(z,y) < § imply d(x,y) < €.
Then, p is called a w-distance on X.

Definition 2. ( ) A metric-like on a nonempty set X is a function WX xX —
[0, +0) if the following conditions hold for all x,y, z € X:

(1) u(x, ¥) = 0 implies x = y;

(12) u(x, y) = u(y, x);

(3)ulx,y) < (x,2) + (2,5).

Then (X, p) is called a metric-like space.

Note that, see, e.g. ( ) or ( ), for a w-distance p on a
set X, the mapping

p(x,y) = max{p(x,y),p(y,x)}
is a metric-like on X.

The notions of convergent and Cauchy sequences, and continuous functions, were introduced in met-
ric-like spaces as follows.

Definition 3. ( ) Let (X, d) be a metric-like space and {x,,} be a sequence in X.

1. The sequence {x,} is said to converge to x € X if lirlz d(x, x,) = d(x, x).
n—->+0o

2. {x,}is a Cauchy sequence if lirri d (X, X,) exists and is finite.
mmn—+oo
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3. The space (X, d) is said to be complete if every Cauchy sequence {x,} in X converges to some
x € X such that lin‘JLr d(Xpm, %) = d(x,x) = liT d(xp, x).
m,n—-+oo n-+oo

4. Amapping T: X — X is continuous at a point x € X if lim x,, = x implies lim Tx, = Tx.
n-+oo n-+oo

On the other hand, some authors considered different conditions on the "control" function F, culmi-
nating in O. Popescu's and G. Stan's proof, see ( ), Theorem 5, that in fact just
condition (F1) is sufficient for obtaining the basic result from ( ), see also (

), Theorem 2.3 and Remark 2.4.

It is natural to ask whether the property (F1) of the function F can be replaced by a weaker property
that F is non-decreasing, but not strictly increasing. Of course, there are a lot of such functions.

In the recent paper ( ), the authors tried to generalize the results of papers
( ) and ( ) in two ways - firstly, instead of metric d they used w-
distance p or metric-like p. On the other hand, instead of the assumption (F1), the authors of (

) used the weaker assumption
(F1") the function F is non-decreasing on (0, +),i.e. t; < t, implies F(t;) < F(ty),

together with the assumptions (F2) and (F3).

Unfortunately, all their results obtained under the assumption (F1") may be incompatible with a
Wardowski-type contractive condition. To show that, the following observation can be useful.

LEMMA 4. If F: (0, +o) — Ris a non-decreasing, but not strictly increasing function, then there exists
aninterval (a, b) c (0, +o0) such that the restriction of F to this interval is constant.

Proof. Since F is non-decreasing but not strictly increasing, then there are a, b € (0, 4+0) such that a <
b and F(a) = F(b).But then F is a constant function on (a, b).

Now, it is easy to construct examples like the following one.

EXAMPLE. Consider X = [0, +) with the standard metric d(x,y) = |x — y| and the mapping T: X —
X givenby Tx = %x. The function

logt, 0<t<],
F(t) = 0, 1<t<2,
log(t — 1), t>2,

satisfies conditions (F1"), (F2) and (F3) (but not (F1)!). However, ifg < |x — y| < 2 then the condition
reducesto 7+ 0 <0, i.e,, T £ 0, whichis incompatible with the basic assumption t > 0.

One possible additional assumption when we use the function F satisfying just the condition (F1')
could be that

{d(x,y):x,y € X}Nn (U Ic) =9,
C

where I is the interval (a, b) such that F(t) = C foreacht € (a, b).
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In order to improve and generalize the results from ( ), we first state the follow-
ing two known lemmas that are of interest in themselves and can be used in proving the Cauchyness
of a Picard sequence {x,} = {T™x,} in both metric and metric-like spaces, see some references on
these lemmas in ( ).

LEMMA 5. Let (X, d) be a metric-like space and {x, } be a Picard sequence in it. If

d(Xps1,%n) < d(Xp, Xn-1),
forall n € N, then x,, # x,,, whenever n # m.

LEMMA 6. Let (X,d) be a metric-like space and {x,,} be a sequence in X such that {d(x,,4+1,x,)} is a
non-increasing sequence and that lirlz d(xp4q, %) = 0.1f {x,} is not a Cauchy sequence, then for
n—->+oo

some ¢ > 0 there exist two sequences {m,} and {n,} of positive integers with n, > m; > k, such that
the following sequences tend to e* as k — +oo:

d(Xka, x2nk): d(mek: x2nk—1); d(Xka+1, xan)J

d(Xka—eran+1)r d(x2mk+1'x2nk+1)r

REMARK 7. Lemma 6 is true without the hypothesis that the sequence {d (x4, X;,)} is non-increasing.
In that case one can get that the following sequences tend to ™ as k — +oo:

d(xmk: xnk)’ d(xmk: xnk—l): d(xmk+1: xnk):

d(xmk—lr xnk+1)r d(xmk+1v xnk+1)r

In this paper, besides already mentioned problems with using non-decreasing functions in Wardowski-
type results, we show how generalizations of such results can be derived in the framework of metric-
like spaces, using just strict monotonicity of the "control" function F. Modifying the original
Wardowski's example, we show that the obtained results are stronger than Banach-type ones.

In this part of the work, ¢ will be a function that maps (0, +) to itself and for which lim inf ¢(s) > 0
sot+

is fulfilled for each t = 0, while F will be a strictly increasing function that maps (0, +o0) to R. We aim
to generalize and improve all three results from ( ) by replacing the metric d and
the w-distance w with a metric-like p. Concerning the function F just its strict monotonicity will be
assumed. This will also extend D. Wardowski's result from ( ).

THEOREM 8. Let (X, 1) be a complete metric-like space and T: X — X. If ¢ and F are functions with
the properties stated above, and such that, for all x, y € X,

(3)x # yand u(Tx,Ty) > 0implies (u(x,y)) + F(u(Tx,Ty)) < F(u(x,y)),
then T has a unique fixed point in X.

Proof. We first prove the uniqueness of a possible fixed point. Indeed, if x and y be two distinct fixed
points of the mapping T, then both conditions would be met and still it would hold that (p(,u(x, y)) +
F(u(x,y)) < F(u(x,y)), which is a contradiction with ¢ (u(x, y)) > 0.
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Similar as in the case of metric spaces, the continuity of mapping T follows from the contractive con-
dition (2); however, due to the definition of limits in metric-like spaces (see Definition 3), the proofis a
bit different. Namely, we have to prove that, for every sequence {x,,} in X,u(x,,x) - u(x,x) =0as
n — +oo implies that u(Tx,, Tx) -» 0asn - +oo.

But it follows from the contractive condition that u(Tx,, Tx) < u(x,, x), implying that
u(Tx,, Tx) > 0as n — +oo. It remains to prove that u(Tx,, Tx) —» u(Tx, Tx), which will follow if we
show that u(Tx, Tx) = 0. However, u(Tx,Tx) < 2u(Tx, Tx,) according to the triangle relation. Thus,
we have proved that the continuity follows from the contractive condition.

In order to prove the existence of at least one fixed mapping point of T starting from an arbitrary
point x, € X, form the corresponding Picard sequence {x,}. If, for some k, x;, = x;_; holds, then ac-
cording to the first part of the proof, x,_; is a unique fixed point of T. Hence, assume that x,, #
Xn—q for each n € N. Then, putting x = x,,_; and y = x,, into the contractive condition (3), it directly
follows that the sequence p(x,, x,+1) is non-increasing and so it has a limit as n — +oo. If we denote it
by ¥, using the property of strict monotonicity of the function F, we get a contradiction with ¢(u*) >
0. Then, according to Lemma 5, assuming that the constructed sequence {x,} is not a Cauchy se-
quence, the conditions for applying of Lemma 6 are fulfilled. Namely, by putting x = x,,,,y = xp,, we
get

P X)) + F(U(ny,  Xn+1)) < F (UG Xmy,)-

Passing to the limit as k — +o0, we get a contradiction with lim inf ¢(s) > 0.
s—ot+

Since {x,,} is a Cauchy sequence in the complete metric-like space (X, 1), then there exists a (unique)
point x* € X such that

llm #(xn,xm) = llm #(xn,x*) = #(x*’x*) =0.
m,n—+co n—+oco

Since T is continuous, Tx* = x* holds.
We now state several consequences of our Theorem 8.

Putting ¢(t) = 7 for each t > 0 in the contractive condition of Theorem 8, where 7 is a positive
constant, we get the main result of D. Wardowski from ( ), but in the framework of
metric-like spaces and with a weaker assumption on the function F :

COROLLARY 9. Let (X, p) be a complete metric-like space and T: X — X. If F : (0, +e0) — Ris a strictly
increasing function, such that, forall x, y € X,

x # yand u(Tx, Ty) > 0 implies T + F (u(Tx, Ty)) < F(u(x,y)),
then T has a unique fixed point in X.

The following example (which is adapted from ( ), Example 2.5) shows that our Corol-
lary 9 is stronger than the Banach-type fixed point result in metric-like spaces.
EXAMPLE. Consider the set X = {S,;:n € N}, where S, = @, and let u(x,y) = max{x,y} for

x,y € X. Then, (X, 1) is a complete metric-like space (of course, it is not a metric space). Let a map-
pingT: X — X begivenbyTS; = S;and TS, =S,_1 forn > 1.
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We show first that T is not a Banach-type contraction in (X, W). Indeed, it is

1
ﬂ(TSnr TSl) s max{sn—l' 1} s Sn—l . 7(Tl B 1)Tl
— = = lim ————= = lim = llml—=1.
noe WSS et max(Sy 1) T nere Sy el gy

which means that u(TS,,, TS;) < Au(S,,S1) cannot hold forany A < 1andalln € N.

Now, we show that the contractive condition of Corollary 9 holds if we take F(t) =t +log tand 7 =
1. In this case, this condition can be rewritten as

u(Tx, Ty) .

HTxTY)=p(xY) < o~1
H(x,y)

forallx,y € X withx # y and u(Tx,Ty) > 0, i.e., in our example, as

max{TS,,, TS}
e

max{T Sy, TSp}—-max{Sy,Sn} < e—1.
max{Sy, Sn}

Note that TS, # TS, holds (for m > n) if and only if one of the following holds: 1°m > 2,n =1, or
2°m>n>1, Considerseparately these two cases.

1° In this case we have

max{TSpm, TS} eMax{T Sy, TS1}=max{Sm,S1} — Sm-1 eSm-1=5m < =M < =1
max{Sy,, S} Sm

2° Similarly, in this case it is

max{TSm, TSn} eMax{T S, TSp}—max{Sm.Sn} — Sm-1 eSm-1=Sm < g~M < g~1,
max{Sy, Sn} Sm

Hence, all conditions of Corollary 9 are fulfilled and the conclusion follows.

REMARK 10. Since every partial metric space, in the sense of ( ), is also a metric-like
space, Theorem 8 and Corollary 9 are also true in the class of partial metric spaces.

REMARK 11. Since convergence, Cauchyness, completeness and continuity are defined in the same
way for all following classes of spaces: partial, metric-like, partial b-metric ( ) and b-metric-
like spaces ( ), then Theorem 8 can most likely be formulated and proved for all
these classes of spaces, including the most general one—b-metric like spaces.

REMARK 12. Just like Theorem 2.1, the other two Theorems 2.2 and 2.3 from ( )
can be formulated and proved within the class of metric-like spaces. And then only strict growth of
the function F has to be assumed. One can use some function ¢ or a given constant 7 as in our Theo-
rem 8 or Corollary 9.

REMARK 13. Finally, note that the authors of ( ), in the examples and applications
at the end of the paper, used just functions with strict growth, in contrast with the theoretical results
in the paper which they claim to hold when a non-decreasing function F is used. Moreover, in all these
examples and applications, the only function F that is used is F(t) = In t, which is trivially known to
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produce only very well-known results which can be treated in a classical way, without using the ideas
from the papers (Wardowski, 2012) and (Wardowski, 2018). That was also one of our motivations to
consider and discuss the work (Igbal & Rizwan, 2020).
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KpuUTHyKe HarnomeHe O Y/1aHKYy ,,[1oCcTojame pellemna
andepeHuujanHe jegHavmMHe apyror pega nomohy
pe3y/ITaTa O HEeNMOKPEeTHOj Ta4YKMU F-KOHTpaKymja
kopucterwem wey-guctanyy”

CaxkeTak:

YBoa/umn/b: Y 0BOM pajdy U3HETO je HEKO/IMKO KPUTUYKMX HamoMeHa Yy Be3u ca pagom Igbal
& Rizwan: Existence of the solution to second order differential equation through fixed
point results for nonlinear F-contractions involving w,-distance, u3 2020. roguHe. MeTo-
ge: KoHBeHLMOHa/iHe Teopujcke MeToge GyHKLMOHaNHe aHa/m3e. PesyaTaTu: [okasaHo je
Aa wuxoBa ynotpeba Heonagajyhe ,,koHTpoaHe” ¢yHKuMje F ymecTo cTpUKTHO pacTyhe y
pe3yaTaTMma Tuna BapgoBcKor 06WMYHO MPOM3BOAM KOHTPaguKuuje. 3ak/bydvak: Taksu
pe3yaTaTv Mory ce 40OUTU y ONMLUTHjOj KAACK METPUYKUX MPOCTOPA, rae je cTpora MOHO-
TOHOCT jeAMHa NpeTnocTaBKa Koja ce Mopa HameTHYTU GpyHKLMjuM F. NprKasaH je npumep
KOju NoKasyje Aa cy 4obujeHn pesy/aTaTh jaun og KAacU4HUX.

K/byuHe peun: F-KOHTpaKUWja, GUKCHA Tauka, MPOCTOP C/MYaH MeTpuuu, ctporo pactyha
dyHKUMja

Kputnyeckue 3ameyaHma o ctatbe «O CywecTBOBaHUU
pelieHua anddepeHLmnaZIbHOro ypaBHeHUsA BTOPOro
nopA4Ka Yepes pe3y/IbTaTbl O HEMOABUMXHOM TOUKe A/1A
He/IMHENHbIX F-CXKaTuh C UCNO/Ib30BaHNEM Wo-ANCTAHLMUEN

Pesiome:

BBegeHue/uenb: B 3Toi cTaTbe NpesCTaB/@HO HECKO/IbKO KPUTUYECKMX 3aMeyaHuit OTHO-
CUTENIbHO CTaTbM, HaNMCaHHOW B 2020 roay Igbal & Rizwan: Existence of the solution to
second order differential equation through fixed point results for nonlinear F-
contractions involving wo-distance. MeTtogbl: ObLienpuHATbIE TEOPeTUYECKUEe MeTO/bI
OGYHKUMOHANbHOrO aHanM3a. Pe3sysbTaTthl: /lOKasaHO, YTO MCMO/b3OBaHWE MMM Hey-
6biBatoLeit ’ynpasatoweit” GyHKumMu F BMeCTO CTPOro Bo3pacTarouleit B pesy/bTatax
Tna BapgoBcKoro 0bbIMHO NMPUBOAUT K NPOTMBOPeYMAM. BbiBoabl: MOKa3aHo, YTO Takue
pe3y/bTaTbl MOTYT OblTb MoO/yveHbl B 60/see obleM Kaacce MPOCTPAHCTB MOA06HbIX
MeTPUYECKUM, rae CTPOrad MOHOTOHHOCTb AB/IAETCA €4UHCTBEHHBIM YC/10BUEM, KOTOpPOE
HeobX0AMMO HanoXUTb Ha GyHKuMiO F. MpuBeAEH NpumMep, NOKasbliBaOLLMIA, YTO Noay-
YeHHble pe3y/IbTaTbl CU/IbHEE KAaCCUYeCKUX.

Katouesbie c1oBa: F-cKaTue, HEMOABUMKHAA TOYKA, MeTpUYECKoe MpPOCTPaHCTBO, CTPOro
BO3pacTatolan GyHKLUA
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