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Abstract: 
Introduction/purpose: In this article, the author's goal is to seek to obtain new ine-
qualities of the Berezin type. Methods: The methods used are standard for operator 
theory. Results: Various inequalities of the type given by Huban et al. and Erkan have 
been obtained. Conclusions: In addition to obtaining various inequalities of the form 
given by Huban et al. and Erkan in particular, the authors sharpened the inequalities 
related to the Berezin norm. 
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INTRODUCTION 

The Berezin norm and the Berezin number of an operator have been researched for their many appli-
cations in numerical analysis, quantum physics, engineering, and other domains in the literature relat-
ed to operator theory. In order to explain the Berezin number and norm, the authors first go over 
several ideas and traits of bounded linear operators on a Hilbert space. 

Let  𝔏𝔏(ℌ)  denote the   𝐶𝐶 ∗-algebra of all bounded linear operators defined on a complex Hilbert space  
ℌ  with the an inner product  ⟨. , . ⟩  and a corresponding norm  ∥. ∥.  Recall that the functional Hilbert 
space  ℌ = ℌ(Ξ)  is a Hilbert space of complex-valued functions on a (nonempty) set  Ξ  such that the 
evaluation functionals  𝜑𝜑𝜚𝜚(𝑓𝑓) = 𝑓𝑓(𝜚𝜚),𝜚𝜚 ∈ Ξ,  are continuous on  ℌ  and for every  𝜚𝜚 ∈ Ξ  there exists a 
function  𝑓𝑓𝜚𝜚 ∈ ℌ  such that  𝑓𝑓𝜚𝜚(𝜚𝜚) ≠ 0  or, equivalently, there is no  𝜚𝜚0 ∈ Ξ  such that  𝑓𝑓(𝜚𝜚0) = 0  for all  
𝑓𝑓 ∈ ℌ.  The Riesz representation theorem ensures that for each  𝜚𝜚 ∈ Ξ  there is a unique element 𝜘𝜘𝜚𝜚 ∈
ℌ   such that  𝑓𝑓(𝜚𝜚) = ⟨𝑓𝑓,𝜘𝜘𝜚𝜚⟩  for all   𝑓𝑓 ∈ ℌ. The collection   �𝜘𝜘𝜚𝜚:𝜚𝜚 ∈ Ξ�  is called the reproducing kernel 

of  ℌ.  For  𝜚𝜚 ∈ Ξ,  let  𝜘𝜘
^
𝜚𝜚: = 𝜘𝜘𝜚𝜚

||𝜘𝜘𝜚𝜚||
  be the normalized reproducing kernel of  ℌ.  The absolute value of 

the positive operator is denoted by  |ℨ| = (ℨ∗ℨ)1/2. 

For a bounded linear operator  ℨ  on  ℌ , the function  ℨ
~

  defined on  Ξ  by  ℨ%
~

(𝜚𝜚): = ⟨ℨ𝜘𝜘
^
𝜚𝜚(𝑧𝑧),𝜘𝜘

^
𝜚𝜚(𝑧𝑧)⟩  

is the Berezin symbol of   ℨ, which firstly have been introduced by Berezin (Berezin, 1972). In other 

words, the Berezin symbol  ℨ
~

  is the function on Ξ   defined by restriction of the quadratic form 
⟨ℨ𝑥𝑥1,𝑥𝑥1⟩   with  𝑥𝑥1 ∈ ℌ  to the subset of all normalized reproducing kernels of the unit sphere in   ℌ. It 

is clear from the Cauchy-Schwarz inequality that  ℨ
~

  is the bounded function on  Ξ  whose values lie in 
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the numerical range of the operator   ℨ
~

. The Berezin set (or range) and the Berezin number (or radius) 
of the operator ℨ   are defined by 

Ber(ℨ): = {ℨ
~

(𝜚𝜚): 𝜚𝜚 ∈ Ξ} and ber(ℨ): = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜚𝜚∈Ξ

|ℨ
~

(𝜚𝜚)|, 

respectively (see (Karaev, 2006)). 

A relevant and important concept is a numerical radius which is the supremum of the absolute values 
of all numbers in   𝔚𝔚(ℨ), that is 

𝔴𝔴(ℨ) = 𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥∈ℌ,‖𝑥𝑥‖=1

|⟨ℨ𝑥𝑥, 𝑥𝑥⟩|. 

It is obvious that  ber(ℨ) ≤ 𝔴𝔴(ℨ) ≤ ||ℨ||  and   Ber(ℨ) ⊂ 𝔚𝔚(ℨ), where 𝔴𝔴(ℨ)   denotes the numerical 
radius and  𝔚𝔚(ℨ)  is the numerical range of the operator  ℨ.  It is well known that 

‖ℨ‖
2

≤ 𝔴𝔴(ℨ) ≤ ‖ℨ‖ 

and 

(1) ber(ℨ) ≤ 𝔴𝔴(ℨ) ≤ ‖ℨ‖, 

for any  ℨ ∈ 𝔏𝔏(ℌ). 

In (Huban et al, 2022a), Huban et al. substantially improved the upper bound in ((1)) by showing that if   
ℨ ∈ 𝔏𝔏(ℌ), then 

(2) ber(ℨ) ≤ 1
2
‖|ℨ| + |ℨ∗|‖ber ≤

1
2

(‖ℨ‖ber + ‖ℨ2‖ber
1
2 ). 

Another improvement for inequality (1) was provided by Huban et al. (Huban et al, 2021) as 

(3) ber2(ℨ) ≤ 1
2
‖|ℨ|2 + |ℨ∗|2‖ber, 

which was further improved in (Gürdal & Başaran, 2023) by Başaran and Gürdal as 

(4) ber2(ℨ) ≤ 1
6
‖|ℨ|2 + |ℨ∗|2‖ber + 1

3
ber(ℨ)‖|ℨ| + |ℨ∗|‖ber. 

The following inequalities for  ber2(. )  have been obtained in (Huban et al, 2021) 

(5) 1
4
‖|ℨ|2 + |ℨ∗|2‖ber ≤ ber2(ℨ) ≤ 1

2
‖|ℨ|2 + |ℨ∗|2‖ber. 

Furthermore, Huban et al. (Huban et al, 2022a) established some refinements of (2) and (5), respec-
tively, that can be presented as 

(6) ber𝑗𝑗(ℨ) ≤ 1
2
�|ℨ|2𝑗𝑗𝑗𝑗 + |ℨ∗|2𝑗𝑗(1−𝜉𝜉)�ber 

and 
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(7) ber2𝑗𝑗(ℨ) ≤ ‖𝜉𝜉|ℨ|2𝑗𝑗 + (1− 𝜉𝜉)|ℨ∗|2𝑗𝑗‖ber, 

where  ℨ ∈ 𝔏𝔏(ℌ),0 ≤ 𝜉𝜉 ≤ 1,  and  𝑗𝑗 ≥ 1. 

Another important fact about the Berezin number upper bounds that are of our interest are due to 
Huban et al. in (Huban et al, 2021): Let  ℨ1,ℨ2 ∈ 𝔏𝔏(ℌ)  and  𝑟𝑟 ≥ 1,  then 

(8) ber𝑟𝑟(ℨ2∗ℨ1) ≤ 1
2
‖|ℨ1|2𝑟𝑟 + |ℨ2|2𝑟𝑟‖ber. 

For an in-depth exploration of the intricacies surrounding the Berezin symbol, interested readers are 
strongly encouraged to refer to (Bakherad & Garayev, 2019; Başaran et al, 2022; Chalendar et al, 2012; 
Garayev & Alomari, 2021; Garayev et al, 2020; Güntürk & Gürdal, 2024; Garayev et al, 2021; Stojiljković & 
Gürdal, 2024a, b; Gürdal et al, 2023; Gürdal & Tapdigoglu, 2023; Tapdigoglu et al, 2021; Yamancı et al, 
2020; Gürdal & Stojiljkovic, 2024a; Huban et al, 2022b; Gürdal & Stojiljkovic, 2024b) and the compre-
hensive references provided therein. 

In this paper, motivated by previously reported results (Stojiljković & Dragomir, 2024), this work aims 
to develop new Berezin number upper bounds for reproducing kernel Hilbert space operators by in-
troducing new improvements to the well-known Cauchy-Schwarz inequality. 

PRELIMINARIES 

We require a few well-known lemmas in order to demonstrate our extended Berezin number inequali-
ties. 

According to the traditional Schwarz inequality for positive operator, for any  𝑥𝑥1,𝑥𝑥2 ∈ ℌ 

(9) |⟨ℨ𝑥𝑥1,𝑥𝑥2⟩|2 ≤ ⟨ℨ𝑥𝑥1,𝑥𝑥1⟩⟨ℨ𝑥𝑥2,𝑥𝑥2⟩ 

if  ℨ ∈ 𝔏𝔏(ℌ)  is a positive operators. Kato's inequality, sometimes referred to as the combined Cauchy-
Schwarz inequality, was initially put out by Kato (Kato, 1952) in 1952 as a companion to the Schwarz 
inequality ((9)). It says that 

(10) |⟨ℨ𝑥𝑥1,𝑥𝑥2⟩|2 ≤ ⟨|ℨ|2𝛾𝛾𝑥𝑥1,𝑥𝑥1⟩⟨|ℨ∗|2(1−𝛾𝛾)𝑥𝑥2,𝑥𝑥2⟩, γ ∈ [0,1] 

for any operator  ℨ ∈ 𝔏𝔏(ℌ)  and any  𝑥𝑥1,𝑥𝑥2 ∈ ℌ.  In order to generalize this result, in 1994 Furuta 
(Furuta, 1994) obtained the following result: 

(11) |⟨ℨ|ℨ|𝛾𝛾+𝜂𝜂−1𝑥𝑥1,𝑥𝑥2⟩|2 ≤ ⟨|ℨ|2𝛾𝛾𝑥𝑥1,𝑥𝑥1⟩⟨|ℨ∗|2𝜂𝜂𝑥𝑥2,𝑥𝑥2⟩, 

for any 𝑥𝑥1, 𝑥𝑥2 ∈ ℋ   and    with  𝛾𝛾 + 𝜂𝜂 ≥ 1. 

Lemma 1. (McCarthy, 1967) Let ℨ ∈ 𝔏𝔏(ℌ),ℨ ≥ 0 and let 𝑥𝑥 ∈ ℌ  be any unit vector. Then there is 

(12) ⟨ℨ𝑥𝑥,𝑥𝑥⟩𝔯𝔯 ≤ ⟨ℨ𝔯𝔯𝑥𝑥, 𝑥𝑥⟩ for 𝔯𝔯 ≥ 1, 

(13) 13⟨ℨ𝔯𝔯𝑥𝑥, 𝑥𝑥⟩ ≤ ⟨ℨ𝑥𝑥,𝑥𝑥⟩𝔯𝔯 for 0 < 𝔯𝔯 ≤ 1. 

The well-known Buzano's inequality is the following outcome. 

Lemma 2. Let 𝑥𝑥,𝑦𝑦, 𝑒𝑒 ∈ ℌ with ‖𝑒𝑒‖ = 1. Then there is 
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(14) |⟨𝑥𝑥, 𝑒𝑒⟩⟨𝑒𝑒, 𝑦𝑦⟩| ≤ 1
2

(‖𝑥𝑥‖‖𝑦𝑦‖ + |⟨𝑥𝑥, 𝑦𝑦⟩|). 

The following result is found in (Singh Aujla & Silva, 2003) and is related to non-negative convex func-
tions. 

Lemma 3. Let 𝑓𝑓 be a non-negative convex function on [0, +∞) and ℨ1,ℨ2 ∈ 𝔏𝔏(ℌ) be positive operators. 
Then 

(15) ‖𝑓𝑓(ℨ1+ℨ2
2

)‖ ≤ ‖ 𝑓𝑓(ℨ1)+𝑓𝑓(ℨ2)
2

‖. 

Lemma 4. Let 𝑥𝑥,𝑦𝑦 ∈ ℌ  and 𝔄𝔄 ∈ 𝔏𝔏(ℌ). 

(16) |⟨𝔄𝔄𝑥𝑥,𝑦𝑦⟩|2 ≤ ⟨𝑓𝑓2(|𝔄𝔄|)𝑥𝑥, 𝑥𝑥⟩⟨𝑔𝑔2(|𝔄𝔄∗|)𝑦𝑦,𝑦𝑦⟩. 

is the case where 𝑓𝑓 and 𝑔𝑔 are two nonnegative continuous functions on [0, +∞) that fulfill 𝑓𝑓(𝑡𝑡)𝑔𝑔(𝑡𝑡) =
𝑡𝑡, 𝑡𝑡 ≥ 0. 

With regard to the mapping 𝜑𝜑,  Stojiljković and Gürdal (Stojiljković & Gürdal, 2024c) recently acquired 
the following modification. 

Lemma 5. Let 𝑢𝑢𝑘𝑘 ,𝑣𝑣𝑘𝑘 ,𝑒𝑒 ∈ ℌ, 𝑙𝑙, 𝑞𝑞 > 1,𝑝𝑝 ≥ 1, 1
𝑙𝑙

+ 1
𝑞𝑞

= 1.  Let 𝔍𝔍  be a set such that (0,1) ⊂ 𝔍𝔍 ⊂ ℝ. Let 𝜑𝜑 be a 

of mapping such that 𝜑𝜑:𝔍𝔍 → ℝ+,  such that the following holds ∑ 𝜑𝜑𝑛𝑛𝑖𝑖 (𝛼𝛼𝑖𝑖) = 1.Then the following ine-
quality holds 

(17) 
|∑ 𝜑𝜑𝑛𝑛

𝑘𝑘=1 (𝛼𝛼𝑘𝑘)⟨𝑢𝑢𝑘𝑘 ,𝑒𝑒⟩⟨𝑒𝑒,𝑣𝑣𝑘𝑘⟩|𝑝𝑝 ≤
∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)|⟨𝑢𝑢𝑘𝑘,𝑒𝑒⟩|𝑝𝑝𝑝𝑝

𝑙𝑙
+

+ ∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑘𝑘)|⟨𝑒𝑒,𝑣𝑣𝑘𝑘⟩|𝑝𝑝𝑝𝑝

𝑞𝑞
.
 

MAIN RESULTS 

We give our first result, a consequence of Lemma 5 which is instrumental in the development of the 
later results. 

Corollary 1. Let 𝑙𝑙, 𝑞𝑞 > 1  such that  1
𝑙𝑙

+ 1
𝑞𝑞

= 1  and 𝑝𝑝 ≥ 1,  and 𝜑𝜑:𝔍𝔍 → ℝ+𝑤𝑤𝑤𝑤𝑤𝑤ℎ∑ 𝜑𝜑𝑛𝑛
𝑖𝑖=1 (𝛼𝛼𝑖𝑖) = 1,then the 

following inequality holds: 

(18) 
|∑ 𝜑𝜑𝑛𝑛

𝑘𝑘=1 (𝛼𝛼𝑘𝑘)⟨ℨ𝑘𝑘𝜘𝜘
^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩2|𝑝𝑝 ≤

∑𝑛𝑛𝑘𝑘=1 ⟨|ℨ𝑘𝑘|2𝑝𝑝𝑝𝑝𝑝𝑝𝜘𝜘
^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)

2𝑙𝑙
+

+
∑𝑛𝑛𝑘𝑘=1 ⟨|ℨ𝑘𝑘

∗ |2𝑝𝑝𝑝𝑝(1−𝛼𝛼)𝜘𝜘
^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)

2𝑙𝑙
+

∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑘𝑘)|⟨ℨ𝑘𝑘𝜘𝜘
^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝𝑝𝑝

𝑞𝑞
.
 

Proof. If we take   𝑣𝑣𝑘𝑘 = ℨ𝑘𝑘∗ 𝜘𝜘
^
𝜚𝜚,𝑢𝑢𝑘𝑘 = ℨ𝑘𝑘𝜘𝜘

^
𝜚𝜚 and  𝑒𝑒 = 𝜘𝜘

^
𝜚𝜚  in Lemma 5 above, one obtains 
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|�𝜑𝜑
𝑛𝑛

𝑘𝑘=1

(𝛼𝛼𝑘𝑘)⟨ℨ𝑘𝑘𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩2|𝑝𝑝

≤
∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)|⟨ℨ𝑘𝑘𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝𝑝𝑝

𝑙𝑙
+
∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑘𝑘)|⟨ℨ𝑘𝑘𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝𝑝𝑝

𝑞𝑞

≤
∑𝑛𝑛𝑘𝑘=1 ⟨|ℨ𝑘𝑘|2𝑝𝑝𝑝𝑝𝑝𝑝𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)

2𝑙𝑙
+
∑𝑛𝑛𝑘𝑘=1 ⟨|ℨ𝑘𝑘∗ |2𝑝𝑝𝑝𝑝(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑘𝑘)

2𝑙𝑙
+

+
∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑘𝑘)|⟨ℨ𝑘𝑘𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝𝑝𝑝

𝑞𝑞
.

 

Remark 1. Taking supremum over all  𝜚𝜚 ∈ Ξ,  one obtains 

𝑠𝑠𝑠𝑠𝑠𝑠
𝜚𝜚∈Ξ

|�𝜑𝜑
𝑛𝑛

𝑘𝑘=1

(𝛼𝛼𝑘𝑘)⟨ℨ𝑘𝑘𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩2|𝑝𝑝

≤
1
2𝑙𝑙
𝑠𝑠𝑠𝑠𝑠𝑠
𝜚𝜚∈Ξ

�
𝑘𝑘

(𝜑𝜑(𝛼𝛼𝑘𝑘))𝑙𝑙/2⟨(|ℨ𝑘𝑘|2𝑝𝑝𝑝𝑝𝑝𝑝 + |ℨ𝑘𝑘∗ |2𝑝𝑝𝑝𝑝(1−𝛼𝛼))𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ +

+𝑠𝑠𝑠𝑠𝑠𝑠
𝜚𝜚∈Ξ

∑𝑛𝑛𝑘𝑘=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑘𝑘)|⟨ℨ𝑘𝑘𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝𝑝𝑝

𝑞𝑞
.

 

Setting  ℨ𝑘𝑘 ,𝜑𝜑𝑘𝑘 = 0  for  𝑘𝑘 ∈ {2,3. . . ,𝑛𝑛},𝑞𝑞 = 𝑙𝑙 = 2,  we obtain the following inequality which sharpens 
the one given by Huban et al. (Huban et al, 2022a) ((7)) 

ber2𝑝𝑝(ℨ) ≤
‖|ℨ|4𝛼𝛼𝛼𝛼 + |ℨ∗|4𝑝𝑝(1−𝛼𝛼)‖ber

4
+

ber2𝑝𝑝(ℨ)
2

≤
1
2
‖|ℨ|4𝛼𝛼𝛼𝛼 + |ℨ∗|4𝑝𝑝(1−𝛼𝛼)‖ber.

 

In particular, we obtain a refinement by setting  𝛼𝛼 = 1
2
  of inequality ((7)) for  𝑠𝑠 = 1

2
. 

Proof. Using ((8)) on the third term, we obtain the desired inequality. 

Theorem 1. Let 𝑝𝑝 ≥ 1, 𝑙𝑙, 𝑞𝑞 > 1,  and  𝐻𝐻  be such that 𝐻𝐻(𝑙𝑙) = 𝑓𝑓2( �ℨ𝑖𝑖|𝛼𝛼𝛼𝛼𝛼𝛼) + 𝑔𝑔2( �ℨ𝑖𝑖|𝑝𝑝𝑝𝑝𝑝𝑝) +
𝑓𝑓2� �ℨ𝑖𝑖∗|𝑝𝑝𝑝𝑝(1−𝛼𝛼)�+ 𝑔𝑔2� �ℨ𝑖𝑖∗|𝑝𝑝𝑝𝑝(1−𝛼𝛼)�, then the following inequality holds: 

(19) 
ber𝑝𝑝(∑ 𝜑𝜑𝑖𝑖 (𝛼𝛼𝑖𝑖)ℨ𝑖𝑖)

≤ 𝑠𝑠𝑠𝑠𝑠𝑠
𝜚𝜚∈Ξ

{
∑𝑖𝑖 𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘

^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2

𝑙𝑙
+

∑𝑖𝑖 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2

𝑞𝑞
}
 

≤ ‖�
𝑖𝑖

1
8

(
𝐻𝐻(𝑙𝑙)
𝑙𝑙

𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑖𝑖) +
𝐻𝐻(𝑞𝑞)
𝑞𝑞

𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑖𝑖))‖+

1
2
�(𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑖𝑖)

ber
𝑝𝑝𝑝𝑝
4 (|ℨ𝑖𝑖∗|2(1−𝛼𝛼)|ℨ𝑖𝑖|2𝛼𝛼)

𝑙𝑙
+ 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑖𝑖)

ber
𝑝𝑝𝑝𝑝
4 (|ℨ𝑖𝑖∗|2(1−𝛼𝛼)|ℨ𝑖𝑖|2𝛼𝛼)

𝑞𝑞
)

𝑛𝑛

𝑖𝑖=1

.
 

Proof. Start from the left-hand side 
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|�𝜑𝜑
𝑛𝑛

𝑖𝑖=1

(𝛼𝛼𝑖𝑖)⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝

≤�𝜑𝜑
𝑛𝑛

𝑖𝑖=1

(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑝𝑝

≤ (�
𝑛𝑛

𝑖𝑖=1

𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2 )1/𝑙𝑙(�

𝑛𝑛

𝑖𝑖=1

𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2 )1/𝑞𝑞

≤
∑𝑛𝑛𝑖𝑖=1 𝜑𝜑𝑙𝑙/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2

𝑙𝑙
+
∑𝑛𝑛𝑖𝑖=1 𝜑𝜑𝑞𝑞/2(𝛼𝛼𝑖𝑖)|⟨ℨ𝑖𝑖𝜘𝜘

^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2

𝑞𝑞
.

 

We focus now on the first part, second one is done analogous. First use Kato's inequality 

|⟨ℨ𝑖𝑖𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
2

≤ ⟨|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑝𝑝𝑝𝑝
4 ⟨𝜘𝜘

^
𝜚𝜚 , |ℨ𝑖𝑖∗|2(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚⟩
𝑝𝑝𝑝𝑝
4

≤
1
2

(‖|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘
^
𝜚𝜚‖

𝑝𝑝𝑝𝑝
4 ‖|ℨ𝑖𝑖∗|2(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚‖

𝑝𝑝𝑝𝑝
4 + |⟨|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘

^
𝜚𝜚 , |ℨ𝑖𝑖∗|2(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚|
𝑝𝑝𝑝𝑝
4 )

≤
1
4

(⟨|ℨ𝑖𝑖|4𝛼𝛼𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑝𝑝𝑝𝑝
4 + ⟨|ℨ𝑖𝑖∗|4(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑝𝑝𝑝𝑝
4 ) +

1
2

|⟨|ℨ𝑖𝑖∗|2(1−𝛼𝛼)|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘
^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
4

≤
1
4

(⟨|ℨ𝑖𝑖|𝑝𝑝𝑝𝑝𝑝𝑝𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ𝑖𝑖∗|𝑝𝑝𝑝𝑝(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩) +

1
2

|⟨|ℨ𝑖𝑖∗|2(1−𝛼𝛼)|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
4

≤
1
8

(⟨𝑓𝑓2(|ℨ𝑖𝑖|𝑝𝑝𝑝𝑝𝑝𝑝)𝜘𝜘
^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚⟩ + ⟨𝑔𝑔2(|ℨ𝑖𝑖|𝑝𝑝𝑝𝑝𝑝𝑝)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩) +

+
1
8

(⟨𝑓𝑓2(|ℨ𝑖𝑖∗|𝑝𝑝𝑝𝑝(1−𝛼𝛼))𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨𝑔𝑔2(|ℨ𝑖𝑖∗|𝑝𝑝𝑝𝑝(1−𝛼𝛼))𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩) +

+
1
2

|⟨|ℨ𝑖𝑖∗|2(1−𝛼𝛼)|ℨ𝑖𝑖|2𝛼𝛼𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

𝑝𝑝𝑝𝑝
4 .

 

The other part is obtained in an analogous way, adding them and taking a supremum over  𝜚𝜚 ∈ Ξ  we 
obtain the desired inequality. 

In particulular, by setting  𝑍𝑍ℨ𝑘𝑘 = 0,𝑓𝑓(𝑡𝑡) = 𝑔𝑔(𝑡𝑡) = √𝑡𝑡,  for  𝑘𝑘 ∈ {2,3. . . ,𝑛𝑛},𝑞𝑞 = 𝑙𝑙 = 2,  we obtain the 
refinement of ((6)), namely 

ber𝑝𝑝(ℨ) ≤
1
4
‖|ℨ|2𝑝𝑝𝑝𝑝 + |ℨ∗|2𝑝𝑝(1−𝛼𝛼)‖ber +

1
2

ber
𝑝𝑝
2(|ℨ∗|2(1−𝛼𝛼)|ℨ|2𝛼𝛼)

≤ ‖
|ℨ|2𝑝𝑝𝑝𝑝 + |ℨ∗|2𝑝𝑝(1−𝛼𝛼)

2
‖ber.

 

In the following we give a variation of the inequality given by Erkan and Gürdal (Erkan & Gürdal, 2024, 
Theorem 4). 

Theorem 2. Let 𝑟𝑟 ≥ 1,𝛼𝛼 ∈ [0,1],ℨ1,ℨ2,ℨ3,ℨ4 ∈ 𝔏𝔏(ℌ)  and  𝐻𝐻(ℨ1) = 𝑓𝑓2( |ℨ1|4𝑟𝑟𝑟𝑟) + 𝑔𝑔2( |ℨ1|4𝑟𝑟𝑟𝑟) +
𝑓𝑓2� �ℨ1|4𝑟𝑟(1−𝛼𝛼)� + 𝑔𝑔2� �ℨ1|4𝑟𝑟(1−𝛼𝛼)� then 

(20) ber𝑟𝑟(ℨ1∗ℨ2 + ℨ3∗ℨ4) ≤ 2𝑟𝑟−4‖𝐻𝐻(ℨ2) + 𝐻𝐻(ℨ1) + 𝐻𝐻(ℨ4) +𝐻𝐻(ℨ3)‖ber. 

Proof. We proceed 
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|⟨(ℨ1∗ℨ2 + ℨ3∗ℨ4)𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟

2𝑟𝑟

≤ (
|⟨ℨ1∗ℨ2𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩| + |⟨ℨ3∗ℨ4𝜘𝜘

^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚⟩|

2
)𝑟𝑟

≤
|⟨ℨ1∗ℨ2𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟 + |⟨ℨ3∗ℨ4𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟

2

≤
1
8
⟨|ℨ2|4𝑟𝑟𝑟𝑟𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ2|4𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚 + ⟨|ℨ1|4𝛼𝛼𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ +

+⟨|ℨ1|4𝑟𝑟(1−𝛼𝛼)𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ4|4𝑟𝑟𝑟𝑟𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ +

+⟨|ℨ4|4𝑟𝑟(1−𝛼𝛼)𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚 + ⟨|ℨ3|4𝛼𝛼𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ3|4𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩.

 

Proceeding to use ((16)) and AG inequality, we obtain the desired inequality. 

Corollary 2. Setting  𝑓𝑓(𝑡𝑡) = 𝑔𝑔(𝑡𝑡) = √𝑡𝑡 and 𝛼𝛼 = 1
2
  we obtain a variation of the inequality given by Erkan 

and Gürdal (Erkan & Gürdal, 2024) 

ber𝑟𝑟(ℨ1∗ℨ2 + ℨ3∗ℨ4) ≤ 2𝑟𝑟−2‖|ℨ2|2𝑟𝑟 + |ℨ3|2𝑟𝑟 + |ℨ4|2𝑟𝑟 + |ℨ1|2𝑟𝑟‖ber. 

Theorem 3. Let 𝑟𝑟 ≥ 1,𝛼𝛼 ∈ [0,1],ℨ1,ℨ2 ∈ 𝔏𝔏(ℌ) and  𝑓𝑓,𝑔𝑔  nonnegative such that  𝑓𝑓(𝑡𝑡)𝑔𝑔(𝑡𝑡) = 𝑡𝑡 also let 

𝐻𝐻(ℨ1) = 𝑓𝑓2(|ℨ1|2𝑟𝑟𝑟𝑟) + 𝑔𝑔2(|ℨ1|2𝑟𝑟𝑟𝑟) + 𝑓𝑓2(|ℨ1∗|2𝑟𝑟(1−𝛼𝛼)) + 𝑔𝑔2(|ℨ1∗|2𝑟𝑟(1−𝛼𝛼)) 

then 

(21) ber𝑟𝑟(ℨ1 + ℨ2) ≤ 2𝑟𝑟−3‖𝐻𝐻(ℨ1) + 𝐻𝐻(ℨ2)‖ber. 

Proof. 

|⟨(ℨ1 + ℨ2)𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟

2𝑟𝑟

≤ (
|⟨ℨ1𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩| + |⟨ℨ2𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|

2
)𝑟𝑟

≤
|⟨ℨ1𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟 + |⟨ℨ2𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟

2

≤
⟨|ℨ1|2𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑟𝑟
2⟨|ℨ1∗|2(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑟𝑟
2

2
+
⟨|ℨ2|2𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑟𝑟
2⟨|ℨ2∗ |2(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩
𝑟𝑟
2

2

≤
⟨|ℨ1|2𝑟𝑟𝑟𝑟𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ1∗|2𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 , 𝜘𝜘

^
𝜚𝜚⟩

4
+

+
⟨|ℨ2|2𝑟𝑟𝑟𝑟𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩

4
.

 

The proof is finished with using ((16)) and AG inequality. 
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Corollary 3. Setting 𝑓𝑓(𝑡𝑡) = 𝑔𝑔(𝑡𝑡) = √𝑡𝑡 and replacing the second slot with  𝑦𝑦  and proceeding with the 

proof for the case  �(ℨ1 + ℨ2) 𝜘𝜘 𝜚𝜚, 𝜘𝜘 𝜚𝜚�  the proof still holds and then using triangle inequality we obtain 

the inequality given by Huban et al. (Huban et al, 2022a, Theorem 3.7) 

‖ℨ1 + ℨ2‖ber𝑟𝑟 ≤ 2𝑟𝑟−2(‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ2|2𝛼𝛼𝛼𝛼‖ber + ‖|ℨ∗1|2𝑟𝑟(1−𝛼𝛼) + |ℨ∗2|2𝑟𝑟(1−𝛼𝛼)‖ber). 

We now present a variation of the inequality given by Huban et al (Huban et al, 2022a). 

Theorem 4. Let us define 𝐻𝐻(ℨ1) = 𝑓𝑓2( |ℨ1|2𝛼𝛼𝛼𝛼) + 𝑔𝑔2( |ℨ1|2𝛼𝛼𝛼𝛼),𝐺𝐺(ℨ1) = 𝑓𝑓2� �ℨ∗1|2𝑟𝑟(1−𝛼𝛼)�+
𝑔𝑔2� �ℨ∗1|2𝑟𝑟(1−𝛼𝛼)� where  ℨ1 = ℨ2 + 𝑖𝑖ℨ3𝑟𝑟 ≥ 2,𝛼𝛼 ∈ [0,1],ℨ1,ℨ2,ℨ3 ∈ 𝔏𝔏(ℌ) where  ℨ2,ℨ3  are the 
Cartesian decomposition operators of ℨ1  where ℨ2,ℨ3  are selfadjoint, then one obtains 

ber𝑟𝑟(ℨ1) ≤ 2
𝑟𝑟
2−3‖𝐻𝐻(ℨ2) + 𝐺𝐺(ℨ2) +𝐻𝐻(ℨ3) + 𝐺𝐺(ℨ3)‖ber. 

Proof. 

|⟨ℨ1𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩|𝑟𝑟

2
𝑟𝑟
2

= �⟨ℨ2𝜘𝜘
^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩2 + ⟨ℨ3𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩2

2

𝑟𝑟
2

≤
⟨ℨ2𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩𝑟𝑟 + ⟨ℨ3𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩𝑟𝑟

2

≤
⟨|ℨ2|2𝛼𝛼𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ∗2|2𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩

4
+

+
⟨|ℨ3|2𝛼𝛼𝛼𝛼𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩ + ⟨|ℨ∗3|2𝑟𝑟(1−𝛼𝛼)𝜘𝜘

^
𝜚𝜚 ,𝜘𝜘

^
𝜚𝜚⟩

4

 

following a similar procedure to the one given in ((21)), we obtain the desired result. 

Theorem 5. Let ℨ1,ℨ2 ∈ 𝔏𝔏(ℌ), 𝑟𝑟 ≥ 2 and  𝛼𝛼 ∈ [0,1],  then 

(22) 
ber𝑟𝑟(ℨ1 + ℨ2) ≤ 2𝑟𝑟−3‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ1∗|2𝑟𝑟(1−𝛼𝛼) + |ℨ2|2𝛼𝛼𝛼𝛼 + |ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)‖ber +

+2𝑟𝑟−2(ber(|ℨ∗1|𝑟𝑟(1−𝛼𝛼)|ℨ1|𝛼𝛼𝛼𝛼) + ber(|ℨ∗2|𝑟𝑟(1−𝛼𝛼)|ℨ2|𝛼𝛼𝛼𝛼)).
 

Proof. Following a similar principle to the one given in (21) with an exception of using Buzano's ine-
quality, we obtain the desired inequality; one must only realise that in order to use the Mc-Carthy ine-
quality there must be  𝑟𝑟 ≥ 2. 

Corollary 4. Previously obtained inequality (22) refines the inequality given by Huban et al. in (Huban et 
al, 2022a), namely Theorem 3.6 (eq. 3.6) for 𝑟𝑟 ≥ 2. it can be seen by using (6) on both Berezin radius 
terms, from which we obtain 
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ber𝑟𝑟(ℨ1 + ℨ2) ≤ 2𝑟𝑟−3‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ1∗|2𝑟𝑟(1−𝛼𝛼) + |ℨ2|2𝛼𝛼𝛼𝛼 + |ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)‖ber +
+2𝑟𝑟−2(ber(|ℨ∗1|𝑟𝑟(1−𝛼𝛼)|ℨ1|𝛼𝛼𝛼𝛼) + ber(|ℨ∗2|𝑟𝑟(1−𝛼𝛼)|ℨ2|𝛼𝛼𝛼𝛼))

≤ 2𝑟𝑟−3‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ1∗|2𝑟𝑟(1−𝛼𝛼) + |ℨ2|2𝛼𝛼𝛼𝛼 + |ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)‖ber +
+2𝑟𝑟−3(‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ1∗|2𝑟𝑟(1−𝛼𝛼)‖ber + ‖|ℨ2|2𝛼𝛼𝛼𝛼 + |ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)‖ber)
≤ 2𝑟𝑟−2‖|ℨ1|2𝛼𝛼𝛼𝛼 + |ℨ1∗|2𝑟𝑟(1−𝛼𝛼)‖ber + ‖|ℨ2|2𝛼𝛼𝛼𝛼 + |ℨ2∗ |2𝑟𝑟(1−𝛼𝛼)‖ber.

 

If we were to use the triangle inequality on eq. (3.6) (Huban et al, 2022a) we would obtain the right hand 
side of the above chain of inequalities, which shows that our inequality is sharper than it. 

Further, setting ℨ1 = ℨ2  we obtain (6) on the right-hand side which shows that our inequality (22) is a 
refinement of (6) for 𝑟𝑟 ≥ 2. 
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Desigualdades de Berezin para sumas de operadores y 
desigualdades clásicas relativas al radio de Berezin 

 

 

 

Resumen:  
Introducción/objetivo: En este artículo, el objetivo del autor es buscar obtener nuevas 
desigualdades del tipo Berezin. Métodos: Los métodos utilizados son estándar para la 
teoría de operadores. Resultados: Varias desigualdades del tipo dado por Huban et al. y 
Erkan han sido obtenidas. Conclusión: Además de obtener en particular diversas de-
sigualdades de la forma dada por Huban et al. y Erkan, los autores agudizaron las de-
sigualdades relacionadas con la norma Berezin. 
 
Palabras claves: norma de Berezin, número de Berezin, desigualdades 
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Неравенства Березина для сумм операторов и 
классические неравенства относительно радиуса 

Березина 

 

 

 

Резюме:  
Введение/цель: Целью данной статьи является поиск новых неравенств типа Берези-
на. Методы: В исследовании использовались стандартные методы для теории опера-
торов. Результаты: Были получены различные неравенства типа неравенств, приве-
денных Хубаном и др. и Эрканом. Выводы: В дополнение к полученным неравен-
ствам типа неравенств, приведенных Хубаном и др. и Эрканом, авторы уточнили 
неравенства, связанные с нормой Березина. 
 
Ключевые слова: норма Березина, число Березина, неравенства 

 

 

 

 

 

Березинове неједнакости за збир оператора и класичне 
неједнакости које се односе на Березинову норму 

 

 

 

Сажетак:  
Увод/циљ: Циљ овог рада јесте да се изведу нове неједнакости Березиновог типа. 
Методе: Примењене су стандардне методе за теорију оператора. Резултати: Добије-
не су разне неједнакости типа које су изнели Хубан и др. и Еркан. Закључак: Поред 
добијања разних неједнакости облика које су изнели Хубан и др. и Еркан, аутори су 
пооштрили неједнакости везане за Березинов радијус. 
 
Кључне речи: Березинова норма, Березинов број, неједнакости 
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