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INTRODUCTION

The Berezin norm and the Berezin number of an operator have been researched for their many appli-
cations in numerical analysis, quantum physics, engineering, and other domains in the literature relat-
ed to operator theory. In order to explain the Berezin number and norm, the authors first go over
several ideas and traits of bounded linear operators on a Hilbert space.

Let £(9) denote the C *-algebra of all bounded linear operators defined on a complex Hilbert space
$ with the an inner product (.,.) and a corresponding norm |l.|l. Recall that the functional Hilbert
space $ = H(E) is a Hilbert space of complex-valued functions on a (nonempty) set Z such that the
evaluation functionals ¢, (f) = f(e),e € E, are continuous on $ and for every ¢ € E there exists a
function f, € $ suchthat f,(e) # 0 or, equivalently, thereisno g, € E suchthat f(g,) =0 forall
f € 9. The Riesz representation theorem ensures that for each ¢ € E there is a unique element x, €
9 suchthat f(e) = (f,x,) forall f € $.The collection {J{Q: o€ E} is called the reproducing kernel

Mo

of §. For o €E, let »x,:= be the normalized reproducing kernel of $. The absolute value of

[l

the positive operator is denoted by |3| = (3*3)/2.

For a bounded linear operator 3 on $, the function 3 defined on E by 3%(0): = (3#,(2),#,(2))
is the Berezin symbol of 3, which firstly have been introduced by Berezin (Berezin, 1972). In other

words, the Berezin symbol 3 is the function on £ defined by restriction of the quadratic form
(3x1,x1) with x; € $ to the subset of all normalized reproducing kernels of the unit spherein $. It

—

is clear from the Cauchy-Schwarz inequality that 3 is the bounded function on £ whose values lie in
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the numerical range of the operator 3. The Berezin set (or range) and the Berezin number (or radius)
of the operator 3 are defined by

Ber(3): = (3(): ¢ € ) and ber(3):= supl3(@),

respectively (see ( )

A relevant and important concept is a numerical radius which is the supremum of the absolute values
of all numbersin I(3JI), that is

w(3) = sup [(3x,x)|.

x€9||x|l=1

It is obvious that ber(3) < w(3) < ||3|| and Ber(3) c W(3J), where w(3) denotes the numerical
radius and (3J3) is the numerical range of the operator 3. It is well known that

Bl < we@) < i3

and

(1) ber(3) < w(3) < II3ll,
forany 3 € £(9).

In ( ), Huban et al. substantially improved the upper bound in ((1)) by showing that if
3 € £(9), then

(2) ber(3) < 1131 + 13" llber <5 (I3 llver + 1321,,)-

Another improvement for inequality (1) was provided by Huban et al. ( )as

(3)ber?(3) < %III?)I2 + 13" Ilver,

which was further improved in ( ) by Basaran and Giirdal as

(4)ber?(3) < % 312 + 13" *llber + iber(S)IIIBI + 13" llber-

The following inequalities for ber?(.) have been obtained in ( )

()3 11312 + 13" llver < ber?(3) < 5 1317 + 13" llper-

Furthermore, Huban et al. ( ) established some refinements of (2) and (5), respec-
tively, that can be presented as

(6)ber/(3) < % |||3|21's‘ + |3*|2j(1—€)”

ber

and
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(7)ber® (3) < [I€131% + (1 = OI3"1¥ llver
where 3 € 2(9),0<¢<1, andj=1.

Another important fact about the Berezin number upper bounds that are of our interest are due to
Huban et al. in (Huban et al, 2021): Let 34,3, € 2($) and r = 1, then

(8) ber”(331) <5 13112 + 1321 llper-

For an in-depth exploration of the intricacies surrounding the Berezin symbol, interested readers are
strongly encouraged to refer to (Bakherad & Carayev, 2019; Basaran et al, 2022; Chalendar et al, 2012;
Garayev & Alomari, 2021; Garayev et al, 2020; Gilintiirk & Gtirdal, 2024; Garayev et al, 2021; Stojiljkovi¢ &
Gurdal, 20244, b; Giirdal et al, 2023; Gurdal & Tapdigoglu, 2023; Tapdigoglu et al, 2021; Yamanci et al,
2020; Gurdal & Stojiljkovic, 2024a; Huban et al, 2022b; Giirdal & Stojiljkovic, 2024b) and the compre-
hensive references provided therein.

In this paper, motivated by previously reported results (Stojiljkovi¢ & Dragomir, 2024), this work aims

to develop new Berezin number upper bounds for reproducing kernel Hilbert space operators by in-
troducing new improvements to the well-known Cauchy-Schwarz inequality.

PRELIMINARIES

We require a few well-known lemmas in order to demonstrate our extended Berezin number inequali-
ties.

According to the traditional Schwarz inequality for positive operator, for any x;,x, € $
(9) {31, 22)1% < (3xy, 1 (32, X2)
if 3 € 2(9) is a positive operators. Kato's inequality, sometimes referred to as the combined Cauchy-

Schwarz inequality, was initially put out by Kato (Kato, 1952) in 1952 as a companion to the Schwarz
inequality ((9)). It says that

(10) {31, %212 < (13127 %0, % 01372 Vxz, x5), v € [0,1]

for any operator 3 € £(9) and any xi,x, € $. In order to generalize this result, in 1994 Furuta
(Furuta, 1994) obtained the following result:

(1) BB oy, %2017 < (13177200, 20 X132, x2),
forany x,,x, €EH and with y+n=>1.
Lemma 1. (McCarthy, 1967) Let 3 € 8($),3 = 0 and let x € § be any unit vector. Then there is
(12){3x, x)" < (3'x,x) forr =1,
(13)13(3™x, x) < (Jx, x) for0 <r < 1.
The well-known Buzano's inequality is the following outcome.

Lemma 2. Let x,y,e € H with ||e|]| = 1. Then there s
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(14) [{x, eXe, y)| < %(||x||||J/|| + (% y)D-

The following result is found in ( ) and is related to non-negative convex func-
tions.

Lemma 3. Let f be a non-negative convex function on [0, +) and 3,3, € £($) be positive operators.
Then

31+3 @B+, (32)
(15) I)f B3| < || LG

Lemma4.Letx,y € H and U € L(H).

(16) [{Ux, )| < (F2(1UDx, xXg* (1A Dy, y).

is the case where f and g are two nonnegative continuous functions on [0, +0) that fulfill f(t)g(t) =
t,t = 0.

With regard to the mapping ¢, Stojilikovi¢ and Gurdal ( ) recently acquired
the following modification.

Lemma 5. Let uy, vy, e € H,1,g > 1,p = 1,%+% = 1. LetJ beasetsuchthat (0,1) c J c R.Let @ bea

of mapping such that ¢:J — R*, such that the following holds Y.I' ¢ (a;) = 1.Then the following ine-
quality holds

|y ¢ (@ e, vlp < B e @ilmel
(17) 3k @ @olerl™
q

We give our first result, a consequence of Lemma 5 which is instrumental in the development of the
later results.

Corollary 1. Let I,q > 1 such that %+% =1 andp =1, and 9:J - R*with}, ¢ (a;) = 1,then the
following inequality holds:

A A Zn: (|3 |2potl;/:f ,J,'\t )(Pl/z(C{ )
|Z;(l=1(P (ak)(3k;fg,;fg)2|p < k=1 k ~ %o k +

+27§=1 (3512P =Dt 200) 02 (ag) +Z7§=1 @U2 () |(Brrg.20)|PY
21 q ’

(18)

N A A
Proof. If we take v, = 35.x,,u;, = 3%, and e = x, in Lemma 5 above, one obtains
k ko Mk ko [
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1D 9 @) Bitg )P
k=1

k=1 gol/z(ak)l(?)k}{gr%g)lpl_}_ k=1 02 (@) (kg #0)IP

= ] q
_ Zk=1 (131177 g, 29) 0" % (k) +Z§§:1 (135172 =Dy, 20) 0" * (i) N
- 21 21
221 (pq/z(ak)K?)k%Q'HQ)Ipq
q .

Remark 1. Taking supremum over all ¢ € &, one obtains

n
supl " ¢ (@Bt #o) 1P
QEE =1

1 A A
S 31UP ) @@ HABP + 3PP )t 30) +
ee= =

n_ a/2(q ,A{,A{ pq
tsu k=1 @ (k)|(3kg g)| -

Q€EE q

Setting 3, ¢, =0 for k € {2,3...,n},q = = 2, we obtain the following inequality which sharpens
the one given by Huban et al. ( )(7))

1131*%P + |3*|*PA~D e, ber?P(3)
4 Tt

31 + 13170~ | per.

ber??(3) <

<

N =

In particular, we obtain a refinement by setting a = % of inequality ((7)) for s = %

Proof. Using ((&)) on the third term, we obtain the desired inequality.

Theorem 1. Let p>1,1,q>1,and H be such that H() = f2( |3;|*") + g*( |3:P'*) +

£2( |3; P10 + g2( |3;|PH0-9), then the following inequality holds:
ber? (%; ¢ (a;)3:)
A A p_l A A rq
(19) Ssup{Zi lﬂl/z(ai)ll(?)i%g.%g)lz +Zi (pq/z(ai)q|<3i”gr7'fg)|2}
QEE

<Il 2 50 @) + - @l +

pl rq
= ¥12(1—a) |9 . |2« Z *12(1—a) 1.2
% (/2 2 (81 l 137 | arz gy 207 * U3 : 132,

i=1

Proof. Start from the left-hand side
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1D 0 @) (Btg )PP
<D 9 @)(Bitg 1)1
i=1
It A A l “ A A
<O 9 P@IBre NV 9V (@) (B )
i=1 i=1

n l/2 ol pl n q/2 ol B4
i=1 ¢ (ai)|<3i}fg'%g)|2+ i=1 PV (ap)(3irg, %) 2

<
! q

We focus now on the first part, second one is done analogous. First use Kato's inequality

A A p_l
|<3i”gr”g)| 2
B A A pl oA 201 A pl
=4 % _ =4
< (131125, #g) % (1, |37 1P~ D) 2

1 2a., pt * 2(1—a)A pt 2a., * 2(1—a)A pt

=5 U3 %QII4|||3-I %gll4+|(l3-| o |3il Hol#)
1 pl
< 7 {3 %g,%gﬂ + (137140~ “)%g Jfg>4)+—l(l3 20793 IZ“%Q.%Q>I4

pl

=7 W3 Ipl“%Q.%g)HIB |Pta- “)%g,%g)) +—I(I3 2393, IZ“%Q,%Q)I‘*

[uny

=3 ((fZ(IBiI”“l)%g.%g> + (gZ(IBiI”l“)%g.%g)) +
1 AA Aoa
+§((fZ(IS?I”l(l_“))%g,%d (G2 UBF PP~ D)atg,2,)) +

1 A A p_l
+513: 2079|3112 ,, 1) %

The other part is obtained in an analogous way, adding them and taking a supremum over g € £ we
obtain the desired inequality.

In particulular, by setting Z3, = 0,f(t) = g(t) =Vt, for k € {2,3...,n},qg =1 =2, we obtain the
refinement of ((6)), namely

1.
ber?(3) < |||3|2p“+|3*|2p(1‘“)llber+§ber2(l3 [2A=9131%)

13127 + 13" P~
< ” 2 ”ber-

B

In the following we give a variation of the inequality given by Erkan and Giirdal (
Theorem 4).

Theorem 2. Let r 2 1,(1 € [0v1]1311 32!33! 34— S 8(‘6) and H(31) = fZ( |31|4ra) + gz( |31|4ra) +
fz( |31|4r(1—a)) + gz( |31|4-r(1—a)) then

(20) ber"(313; + 3334) < 27 *|H(32) + H(31) + H(34) + H(33)llber-

Proof. We proceed
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(3132 + 3334)4 2"
ZT
1818270, 0)| + 133310, 7).
2
< I(S;SZMQ'HQ)F + |(3§34%Q'HQ>Ir
- 2

<|32|4ra%9'}{g> + (|32|4r(1—a)}{9’}{9 + <|31|4ar}fg'%g> +

< (

|

<

+<|31|4r(1—a)}{9’%g> + (|34|4ra%9r%9) +

(134" Yoy, 25 + (1351 g, 2) + (133147 Ve, ).
Proceeding to use ((16)) and AG inequality, we obtain the desired inequality.

Corollary 2. Setting f(t) = g(t) =+Vtand a = % we obtain a variation of the inequality given by Erkan
and Girdal ( )

ber” (3132 + 3334) < 27213217 + 131" + 1341 + 1311 Ilver-

Theorem3.Letr > 1,a € [0,1],31, 3, € £(H) and f, g nonnegative such that f(t)g(t) =t also let

H(31) = f2(I31177) + g% (311" + f2(B11PT D) + g* (1311777 9)

then

(21) ber™ (31 + 32) < 2" °|IH(31) + H(32) lver-

Proof.

(31 + 3270, 2"
21‘
(3179, #o)| + |<32%g,%g>l)r
2
(Slxg'Hg)lr + |(32%9,%9)|r
2
A A T A A T A A T A A r
- (1311734, 20)2(1311*1~ V10, #,)2 N (1321720, 20) 2135170~ Yty 2,)2
- 2 2
< (Igllzra}{gr%g) + <|3;|2r(1—a)%9’%9) +
- 4
N (1321772, 2t0) + (133177~ D3tg, 20)
4 .

<(

< |

The proof is finished with using ((16)) and AG inequality.
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Corollary 3. Setting f(t) = g(t) = vt and replacing the second slot with y and proceeding with the

proof for the case <(31 +32) %o n Q> the proof still holds and then using triangle inequality we obtain
the inequality given by Huban et al. ( , Theorem 3.7)

1131 + Ballber < 2723112 + 13212 llber + 11371177379 + 137,127 " |per).

We now present a variation of the inequality given by Huban et al ( ).

Theorem 4. Let us define H(31) = f2( 13:1**") + g*( 1311*),6(31) = f2( |31 *9) +
gz( 3*1|2T(1—05)) Where ‘31 = 32 + i‘33r 2 21 a € [011]1311321 33 € 8(‘6) Where 32:33 are the
Cartesian decomposition operators of 3; where 3,, 35 are selfadjoint, then one obtains

ber”(31) < 22 |IH(32) + G(32) + H(35) + G(33) lper-

Proof.

(3170, 20"
T
22
— 7(32”97 J'fQ)Z + (33”@!”@)2
2

_ (B2 #o)" + (Baig )
- 2
(I32 |2ar}{g’ %Q) + <|3*2 |2r(1—a)}{g’ %Q)
< +
4
N (1351720, 20) + (13751770 D10, 1)
4

following a similar procedure to the one given in ((21)), we obtain the desired result.
Theorem 5. Let 34,3, € £($),7 = 2and «a € [0,1], then

ber(31+32) < 2731311 + 131D + 1322 + 13312 lper +

(22) +272(ber(13", [0 [3, %) + ber(13", -9 3,17")).

Proof. Following a similar principle to the one given in with an exception of using Buzano's ine-

quality, we obtain the desired inequality; one must only realise that in order to use the Mc-Carthy ine-
quality there must be r > 2.

Corollary 4. Previously obtained inequality refines the inequality given by Huban et al. in (
), namely Theorem 3.6 (eq. 3.6) for r = 2.it can be seen by using on both Berezin radius
terms, from which we obtain
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ber™(3: +82) < 271311 + (371277 418,12 + |35 2D e, +
272 (ber(137, 7079 134]7) + ber(137, 7 "913,1))
< 2B P 4 13 PO |3 27 + 3512707 e +
F27 (BT 137170 er + 1321 + 13512707 er)
< 22301+ 131 per + 113212 + 18517 per.

If we were to use the triangle inequality on eq. (3.6) (Huban et al, 20222) we would obtain the right hand
side of the above chain of inequalities, which shows that our inequality is sharper than it.

Further, setting 3, = 3, we obtain (6) on the right-hand side which shows that our inequality (22) is a
refinement of (6) forr = 2.
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Desigualdades de Berezin para sumas de operadores 'y
desigualdades clasicas relativas al radio de Berezin

Resumen:

Introduccién/objetivo: En este articulo, el objetivo del autor es buscar obtener nuevas
desigualdades del tipo Berezin. Métodos: Los métodos utilizados son estdndar para la
teoria de operadores. Resultados: Varias desigualdades del tipo dado por Huban et al. y
Erkan han sido obtenidas. Conclusidon: Ademas de obtener en particular diversas de-
sigualdades de la forma dada por Huban et al. y Erkan, los autores agudizaron las de-
sigualdades relacionadas con la norma Berezin.

Palabras claves: norma de Berezin, nimero de Berezin, desigualdades
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Berezin inequalities for sums of operators and classical inequalities concerning the...

HepaBeHcTBa bepe3unHa a4a1a cymm onepaTtopos U
K/1aCcCUYeCKne HepaBeHCTBa OTHOCUTE/IbHO paamnyca
bepe3unHa

Pesome:

BBegeHue/uenb: Llebto gaHHOM CTaTbW ABAAETCA MOUCK HOBBIX HEPaBEHCTB Tuna bepesu-
Ha. MeToapl: B nccregoBaHmMm nCno/ab3oBaMCh CTaHAAPTHbIE METOAbI A4/17 TeEOpUK onepa-
TOpOB. PesyanaTbx: Bbian no/sy4eHbl paB/lIA‘-IHbIe HepaBeHCTBa TUNa HepaBeHCTB, I'IleBe-
AeHHbIX XybaHoM v ap. U DpKaHoM. BblBOgbl: B gOMo/HEHME K MO/y4eHHbIM HepaBeH-
CTBaM TUMa HEPABEHCTB, NMPUBEAEHHbIX Xy6aHOM U Ap. ¥ DPKaHOM, aBTOPbl YTOYHUAU
HepaBeHCTBa, CBA3aHHble C HOpMOM BepesuHa.

Kawuessie c1oea: Hopma bepesuHa, 4ncno bepesnHa, HepaBeHCTBa

Bepe3snHOBe HejegHAKOCTU 3a 36Mp onepaTtopa 1 KAacudHe
HejeAHaKOCTU Koje ce ogHoce Ha bepe3nHoBy HOpMY

CaxkeTak:

YBoa/uum: Linb OBOr paga jecte aa ce vM3Beay HOBe HejegHaKOCTU bepesnHoBor Tuma.
MeTtoge: MpumMerbeHe Cy CTaHAapgHe MmeTogze 3a Teopujy onepatopa. Pesyatatu: [lobuje-
He Cy pa3He HejeAHAKOCTM TUMa Koje cy usHean XybaH u ap. v EpkaH. 3akmyyak: Mopeg
Aobujarba pasHUX HejegHaKOCTU 06/1MKa Koje cy usHenn XybaH v ap. v EpkaH, aytopu cy
NMOOLITPU/IM HejeHAKOCTH Be3aHe 3a bepe3nHoB pagujyc.

K/byuHe peun: bepe3nHoBa Hopma, Bepe3unHoB 6poj, HejegHakoCTH
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