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results in metric-like spaces, with a particular emphasis on b-metric-like spaces. The
purpose of the study was to explore the generalization of several important concepts
in fixed point theory, including partial metric spaces, metric-like spaces, and b-metric
spaces. This research aimed to contribute to the advancement of fixed-point theory in
these generalized settings. Methods: The study involved reviewing foundational and
recent research on fixed-point results in b-metric-like spaces. It focused on summariz-
ing key contributions from the early stages of the field to the present, providing an
extensive compilation of results. Additionally, the paper addressed open problems
arising from the best proximity results in orthogonal o-complete b-metric-like spaces.
Results: The results highlighted significant contributions to the theory of fixed points
in metric-like spaces, particularly in the context of b-metric-like spaces. The study
@ @ offered affirmative answers to some open problems concerning the best proximity

results in orthogonal o-complete b-metric-like spaces, further enriching the theoretical
framework. Conclusions: This paper is concluded by advancing the understanding of
clejo n] fixed point theory in generalized metric-like spaces. It provides researchers with valu-
clele SJ able insights and references, which could facilitate further exploration and develop-
ment in this field.
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INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space, and let G: X — X be a mapping. The function § is defined as a contraction
on X if there exists a constant k such that 0 < k < 1 and for all x,y € X, the following inequality
holds:

d(G(x),§(¥)) < kd(x,).

This definition essentially means that G brings points closer together, with the constant k providing a
bound on how much closer. The celebrated Banach Fixed-Point Theorem, established by Stefan Ba-
nach in 1922, asserts that any contraction mapping on a complete metric space has a unique fixed
point. This powerful result has become a cornerstone of modern analysis and has inspired numerous
extensions and generalizations, see (Abkar & Gabeleh, 2013; Chen et al., 2015; Ciri¢, 1974; Czerwik,
1993; Gregori & Sapena, 2002; Karapinar, 2014; Kirk, 2003; Mattews, 1994; Mihet, 2008; Mirkov et al.,
2021; Moussaoui et al., 2022, 2024; Pacurar & Rus, 2010; Petrusel, 2005; Radenovi¢, 2016a; Suzuki,
2008, 2009; Yang et al., 2020).

Researchers have sought to broaden Banach's theorem by considering more general classes of spaces
and mappings. The generalizations primarily follow two avenues: either modifying the underlying
metric space or replacing the traditional contraction condition with a more flexible form. Specifically,
instead of using a constant k, the contraction condition can be expressed in terms of a function ¢ that
maps (0, +) to itself, i.e., by replacing kd(x,y) with ¢(d(x,y)). These extensions have led to the
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introduction of new types of generalized metric spaces, such as partial metric spaces, metric-like
spaces, b-metric spaces, partial b-metric spaces, and b-metric-like spaces. Each of these spaces pro-
vides a different framework for studying contraction mappings, which may hold under conditions that
relax or modify traditional distance properties. Berinde and Pacurar ( ) provided a concise over-
view of the foundational progress in fixed point theory on b-metric spaces, compiled a collection of
key references, and analyzed recent advancements in the field. In 2012, Amini-Harandi (2012) devel-
oped the concept of metric-like spaces as a broadening of partial metric spaces and established foun-
dational fixed point results that unify and extend previous work. Aleksi¢ et al. ( ) simplified proofs
for key results in b-metric spaces, showing that contractive conditions ensure b-Cauchyness of Picard
sequences, improving the existing results. Monika ( ) compiles a comprehensive overview of fixed
point results in metric-like spaces. The study includes significant findings from their inception to re-
cent advancements. In 2013, Alghamdi et al. ( ) defined b-metric-like spaces, proved fixed point
theorems, and applied their results to integral equations. Chunfang Chen et al. ( ) explore fixed
point theorems in b-metric-like spaces, generalizing the existing results and applying them to an inte-
gral equation. Kastriot Zoto et al. ( ) introduced (s, p, @)-quasi-contractions and (s, p)-weak con-
tractions, establishing fixed point results in b-metric-like spaces.

These generalized structures have proven useful in various areas of mathematics, particularly in fixed-
point theory, where they provide more flexible settings for studying existence and uniqueness theo-
rems. They also find applications in the areas such as computer science, optimization, and dynamical
systems. The interplay between these important and diverse generalizations is presented as follows:

Metric Spaces b-Metric Spaces

Partial Metric Spaces —i{ Partial b-Metric Spaces

Metric-like Spaces b-Metric Like Spaces

Figure1.

Let us now review the definitions of the six distinct classes of spaces, which encompass the classic
metric space and five extended classes of generalized metric spaces.

The concept of a metric space was introduced by Maurice Fréchet ( ) in 1906 during his doctoral
work, titled Sur quelques points du calcul fonctionnel. This idea marked the beginning of the formal
study of abstract spaces equipped with a distance function, forming a foundational aspect of modern
analysis and topology.

Definition 1. Fréchet ( ) Let X be a nonempty set. A mapping d: X x X —» R™ is said to be a metric on
X if the following conditions holds forall x,y,z € X:
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(M1)d(x,y) =0ifandonlyif x =y,

(M2)d(x,y) =d(y,x),and

M3)d(x,z) <d(y,x)+d(y,2)

A pair (X, d) satisfying the above assumptions is a metric space.

The concept of a partial metric space was first introduced by Matthews ( ), as defined below.

Definition 2. A mapping p: X X X - R*, where X is a nonempty set, is called a partial metric on X if, for
any x,y,z € X, the following conditions hold:

(P x =yifandonlyif p(x,x) = p(y,y) = p(x,y),
(P2 p(x,x) < p(x,y),
(P3)p(x,y) =p(y,x),and

PHpx,z) <pxy)+r,z) —p ).

The pair (X, p) is then referred to as a partial metric space.

Recently, Amini-Harandi ( ) see also ( ) proposed the concept of a met-
ric-like space, which serves as a notable generalization of both partial metric spaces and dislocated
metric spaces Aage & Salunke ( ); Sarma & Kumari (2012); Zoto & Hoxha (2012). This new frame-

work extends the traditional notions of distance between elements in a space by relaxing some of the
standard conditions of metric spaces. In particular, metric-like spaces allow for the possibility of non-
zero values of a(x,x), unlike standard metric spaces where a(x,x) is always zero. This flexibility
makes metric-like spaces a powerful tool for studying various types of convergence and continuity in
more generalized settings.

Definition 3. A function : X X X > R*, where X is a nonempty set, is called a metric-like function on X if
it satisfies the following conditions forall x,y,z € X:

(01) o(x,y) = 0impliesx =y,
(0) o(x,y) = a(y,x) (symmetry), and
(03) 0(x,2z) < 0(x,y) + a(y, z) (triangle inequality).

The pair (X, g) is referred to as a metric-like space. A metric-like on X fulfills all the standard properties of
a metric, with the exception that o(x, x) can take a positive value for x € X. Every metric-like function o
on X defines a topology T, on X, with the base given by the family of open ag-balls:

By(x,&) ={y e X:|lo(x,y) —a(x,x)| < e}, forallx € Xand e > 0.

A sequence {x,} in the metric-like space (X, a) converges to x € X if and only if liT 0(xXy, x) = o(x, x).
n—-+oo

Let (X, o) and (Y, T) be metric-like spaces, and let G: X — Y be a continuous mapping. Then,
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lim x, = x implies lim G(x,;) = G(x).
n—-+oo n—+oo

A sequence{x, };;_, C X is called a-Cauchy if the limit lirr}r 0 (xXm, xp,) exists and is finite. The metric-
m,n—+co

like space(X, o) is complete if every a-Cauchy sequence {x, };:—,% converges to some x € X such that

lim o(x,,x) =0(x,x) = lim o(xy, x,)-
n-+oo m,n—+oco

It is worth noting that every partial metric space is an example of a metric-like space.
Example 1. Consider the set X = {0,1}, and let the function g: X x X - R* be defined as:

(2 ifx=y=0,
a(x,y)—{l if x # y.

In this case, the pair (X, o) forms a metric-like space. However, since 0(0,0) % ¢(0,1), we conclude
that (X, o) is not a partial metric space.

The notion of b-metric space was first introduced by Czerwik in his seminal work Czerwik ( ). This
concept generalizes the traditional idea of a metric space by relaxing the triangle inequality. Specifi-

cally, in a b-metric space, the standard triangle inequality is modified by a constant factor s > 1.

Definition 4. A b-metric on a nonempty set X is a function b: X X X — [0, +00) such that forall x,y,z € X
and a constant K = 1, the following three conditions hold true:

(b1) b(x,y) =0ifandonlyifx =y,

(b2) b(x,y) = b(y,x),and

(b3) b(x,y) < s(b(x,z) + b(z,y)).

The pair (X, b) is referred to as a b-metric space.

Definition 5. Alghamdi et al. (2013) A b-metric-like on a nonempty set X is a function D: X X X — [0, +o0)
such that for all x,y,z € X and a constant s > 1, the following three conditions hold true:

(D) D(x,y) = 0impliesx =y,

(D2)D(x,y) = D(y, x),and

(D3)D(x,y) <s(D(x,z) + D(z,y)).

The pair (X, D) is referred to as a b-metric-like space.

Example 2. Alghamdi et al. (2013); Chen et al. (2015)

1) Consider the set X = [0, +0) and define a function D: X X X — [0,+0) by D(x,y) = (x + y)%. The
pair (X,D) forms a b-metric-like space with a constant s = 2. However, (X,D) is neither a b-metric

space nor a metric-like space. To verify, for any x, y, z € X, we observe:

D,V =(x+y)?<(x+z+z+y)>?=(x+2?2+Z+y)*>+2(x+2)(z+y),
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and since
x+2)?+@Z+y)2+2(x+2)(z+y) <2[(x +2)* + (z + y)?],
it follows that
D(x,y) < 2(D(x,z) + D(z,¥)),
thus satisfying condition (D3). Additionally, conditions (D1) and (D2) are also satisfied.
2) Let X = [0,+0), and define the function D: X X X — [0,+) by D(x,y) = [max{x, y}]%. In this
case, the pair (X, D) forms a b-metric-like space with the constant s = 2. However, it is evident that

(X, D) does not qualify as either a b-metric space or a metric-like space.

3) Consider the set X = {0,1,2} and define the function D: X X X — [0, +0) by:

2, ifx=y=0,
D(x,y) =11
xy) {E’ otherwise.

The pair (X, D) forms a b-metric-like space with the constant s = 2.

4) Let C,(X) = {G: X — R:sup|G(x)| < +o}. Define the function D: X X X - R* by:
XEX

D(G,H) = i/iggug(xn + [H @))3, for all G, 7 € Cy(X).

The function D satisfies the properties of a b-metric-like with the constant s = /4, making (X, D, ¥4)
a b-metric-like space.

To verify this, observe that for any two nonnegative real numbers e and c, the following inequalities
hold:

(e +¢)® < 4(e® + c®andVe + ¢ < Ve + V.
As aresult, it can be deduced that:
D(G,H) < V4 (D(G, L) + D(L,H)) forall G, 3, L € Cy(X).
Definition 6. Alghamdi et al. (2013) Let (X, D) be a b-metric-like space, x € X and r > 0. The set
B(x,7) ={y € X:|D(x,y) — D(x,x)| <1}
is referred to as an open ball in the b-metric-like space (X, D, s), where x is the center and r > 0 repre-

sents the radius. Let {x,} be a sequence of points in X. The sequence {x,} is said to converge to a point
x € X if and only if lir+n D(x,x,) = D(x,x), and in this case, we denote this as x, = x asn - +00. A
n—-+oo

sequence {x,} is called Cauchy if and only if lin’JLr D(xy, x,) exists and is finite. Furthermore, the b-
m,n—+co

metric-like space (X, D) is said to be complete if and only if every Cauchy sequence {x,} in X converges to
some x € X, satisfying:
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lim D(x,, xym) =D(x,x) = llm D(xn,x)

mmn—+oo

In 1962, Edelstein ( ) introduced a notable modification of the Banach contraction principle. Sub-
sequently, in 2009, Suzuki ( ) expanded and refined the contributions of Banach and Edelstein, as
highlighted in related works Salimi & Karapinar ( ); Suzuki ( )- In recent years, the study of
cyclic contractions and cyclic contractive mappmgs has gained significant traction in various mathe-
matical investigations ( ; ;

). Building on these advancements Alghamdi et al. (2013) establlshed fixed point theorems
for cycllc Edelstein-Suzuki contractions, thereby generalizing the results of Edelstein ( ), Suzuki
( ), and Kirk et al. ( ), Fréchet ( ) within the framework of b-metric-like spaces.

Theorem 1. Alghamdi et al. ( ) Let (X, D, 5) be a complete b -metric-like space, and let {A;}}~; denote
a family of nonempty closed subsets of X, where Y = U:.LA]-. Suppose G:Y — Y is a mapping that satis-
fies the condition

G(4)) € Aj1,j = 1.2,...,mywith Apyy = Ay

Furthermore, assume that for all x € A;andy € A; 4, the following inequality holds:

1
%D(x, Gx) < D(x,y) implies

(s+1)
D(Gx,Gy) = a——D(x,y) + F[D(x, §x) + D, Gy)] +

D(x,Gy) + D(y, Gx) D(x,x) +D(y,y)
4 [ 3s ] +o [ 4s

Where o, 3,7y, 0 2 0anda++y +6 < ﬁ Under these conditions, the mapping G has a fixed point

in (7, 4;.

Taking ——= a(SH)

=f= Y- f—s = R, in Theorem 1 leads to the derivation of the following corollary.
Corollary 1. Alghamdi et al. (2013) Let (X, D, s)be a complete -metric-like space, and let {A;}]~ 1be a family
of nonempty closed subsets of Xwith Y = U Aj.Let G:Y — Y be a map satisfying G(A;) € Aj41,j =
1,2,...,mwhere A1 = A{.Assume that

1
Z—SD(x, Gx) <D(x,y)

implies D(Gx,Gy) < R[D(x,y) + D(x,Gx) + D(y,Gy) +
D(x,G9y) + D(¥,Gx) + D(x,x) + D(y,¥)],

1

forallx € Ajandy € A;,1,where0 < R < GiDUsIDTs

Then G has a fixed point in ﬂ;’;lA]

In their work Chen et al. ( ), a set @ is defined as the collection of functions ¢: [0, +o0) — [0, +c0)
that satisfy two conditions: continuity and non-decreasing nature, along with ¢(t) = 0 if and only if
t = 0. They then proceed to present the main results of the study.

Theorem 2. [Chen et al. ( )] Consider (X,D)as a complete b-metric-like space with a constant s >
1,and let G: X — X be a map that satisfies the inequality
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D(x,
D(Gx 6y < 2 ()

forallx,y € X, where ¢ € ®. Then, G has a unique fixed point.

In Theorem 2, they showed that by choosing ¢(t) = é— At with0 < A < % the following corollary can
be derived.

Corollary 2. Chen et al. ( ) Let (X, D) be a complete b-metric-like space with constant s = 1, and let
G: X = X be a mapping such that for all x,y € X, the inequality

1
D(Gx,Gy) < AD(x,y)where0 < 1 < 5

holds. Then, G has a unique fixed point in X.

They pointed out that by choosing s =1 in Theorem 2, one can derive Theorem 2.7 from Amini-
Harandi ( )- As an application of their result, the authors studied the existence of a solution to the
integral equation

T
x(t) =J;) K(t,r,x(r))dr, 1)

where K:[0,T] X [0,T] X R — R. They proved the existence of a solution by considering X = C[0,T],
the space of continuous real functions on [0,T], equipped with a b-metric-like structure defined by
D(u,v) = trg%oaaTc](|u(t)| + |v(t)])P, with p > 1. The authors show that (X,D) is a complete b-metric-

like space with s =2P7!, and the existence of a fixed point for the mapping f(x(t)) =
fOT K(t,r,x(r)) dr ensures the existence of a solution to the equation.

Theorem 3. Chen et al. ( ) Let K:[0,T] x [0,T] X R = R be continuous. Assume there exists a con-
tinuous &:[0,T] X [0, T] = Rsuch that forall t,r € [0,T]:

1
K@t x(r D]+ 1K (&7, y()] < PEE ) (x| + [y ()D,

With0 < A < % and

T
sup f E,r)dr <1.
tefo,T] Jo

Then the integral equation (1) has a unique solution x € X.

In order to present a new contractive condition, Jain et al. ( ) introduced the following new class
of functions Z,, for any m € N as the set of functions &:[0, +00)™ — [0, +0) that satisfy the condi-
tions:

o (&) &(ty, ty, o\ ty) <max{ty, ty, ..., ty}if (t1, ty, ..., t) # (0,0, ...,0);

o (E2)If {ti(n)}neN, for 1 < i < m, are sequences in [0, +o)such that lim supt
n—-+o

M — t; < oo for
alli =1,...,m, then

lim infEE™, 5, e < E(ty, b9, o, t).

n-+oo
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Jain et al. ( ) proved the following result in a b-metric-like space.

Theorem 4. Let (X,D,s = 1)be a complete b-metric-like space, and let G: X — X be a mapping such that
there exists ¢ € £, and

D(x,Gy) + D(Gx,y) — D(y, y))

1
D(Gx,Gy) < <§ (D), D(x,62), D, 69, g

forallx,y € X withD(x,Gy) + D(Gx,y) = D(y,y).Then, G has a unique fixed point.
Nawab Hussain et al. ( ) extended the fixed point theory to partially ordered b-metric-like spaces.

Let (X, X) be a partially ordered set, and (X, D) a b-metric-like space, which we refer to as a partially
ordered b-metric-like space.

Theorem 5. (Nawab Hussain et al. ( )) Consider a nondecreasing map G: X — X such that for all
x,y € Xwithx <y,

D(G(),G) < aM(x,y),

1
Where o € [O’F) and

M(x,y) = max{D(x,y), D(x,§(x)), Dy, G()), D(x, G(¥)), D(¥, G(x))}-

Under these conditions, the fixed point set F(§) is nonempty if there exists x, € (LF)g, where (LF)g =
{x € X:x < G(x)}, and one of the following holds: (a) G is continuous, or (b) (X, <, D) satisfies the se-
quential limit comparison property. Additionally, G has a unique fixed point if and only if every pair of
fixed points is comparable.

Nawab Hussain et al. ( ) studied fixed point results for nondecreasing mappings in the framework
of partially ordered b-metric-like spaces. Prior to presenting their main theorem, they introduced the
concept of the sequential limit comparison property:

An ordered b-metric-like space (X, X,D) is said to satisfy the sequential limit comparison property if,
for any nondecreasing (or nonincreasing) sequence {x,, },eninX, the convergence x,, —» x implies x,, <
x(orx < x,,) foralln € N.

Their main result is stated as follows:

Theorem 6. Hussain et al. ( ) Let (X, <X, D) be a partially ordered complete b-metric-like space with a
coefficient s > 1. If a nondecreasing map G: X — X satisfies

sD(G(x),G()) < M(x,y) — e(m(x,y)), (2)
forall x,y € X with x < y, where
D(x, + D(y,
3¢z, 5) = DGO+ D666

m(x,y) = min{D(x,§(¥)), D(y,G(x))},
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and ¢: [0, +00) — [0, +00) is a continuous and nondecreasing function such that ¢(t) > 0 for all t > 0
and ¢(0) = 0, then the fixed point set F(G) is nonempty, provided there exists x, € (LF)g and one of
the following conditions holds:

(i) G is continuous.
(ii) (X, 2, D) satisfies the sequential limit comparison property.
Furthermore, G has a unique fixed point if and only if the fixed points of G are comparable.

In their work, Zoto et al. ( ) introduced the concept of generalized (s, p, @)-contractions and ob-
tained fixed point theorems for this class of contractions in the framework of b-metric-like spaces.
Specifically, they define a self-mapping G: X — X on a complete b-metric-like space (X,D) with pa-
rameter s > 1 as an (s, @)-Banach contraction if it satisfies the condition

sD(Gx,Gy) < aD(x,y)

forsomea € [0,1) and allx,y € X.

Based on Ciri¢‘s quasi-contractions, Zoto et al. ( ) introduced the concept of generalized
(¥, s, p, @)-contractions in b-metric-like spaces. Let ¥ and @ denote the families of altering distance
functions satisfying the following conditions, respectively:

Y: [0, +0o0) = [0, +00) is an increasing and continuous function, and W(t) = 0 ifand only if t = 0.
®:[0,400) = [0, +0) is a lower semicontinuous function, and ®(t) = 0 ifand only if t = 0.
Using these families, they defined (1, s, p, a)-Cirié-type quasi-contractions as follows:

Definition 7. Zoto et al. ( ) Let (X, D) be a b-metric-like space with the parameter s = 1. Consider { €
Y, and let a and p be constants such that 0 < a <1 and p = 2. A mapping G: X — X is called a
(¥, s, p, a) — Ciri¢-type quasi-contraction if, for all x, y € X, the following inequality holds:

P*P(D(Gx, Gy)) < ap(max{D(x,y), D(x,Gx), D(¥,G¥), D(x,G¥), D, GX)}).

Remark 1. The authors also illustrated that these generalized contractions extend and unify several
well-known results in the fixed point theory of metric-like spaces.

1. By taking Y(t) = %t (or the identity mapping ¥(t) = t), the notion of a (1, s, p, @)-Ciri¢-type
quasi-contraction reduces to an (s, p, @)-quasi-contraction.

2. Fory(t) = %t and p = 2, the definition simplifies to the (s, a)-quasi-contraction presented in
Ciri¢ (1974).

3. Setting s = 1 corresponds to the special case of metric-like spaces.

Theorem 7. [Kastriot Zoto al. ( )] Let (X, D) be a complete b-metric-like space with the parameter
s=1,and let f:X — X be a given self-mapping. If f is a (1, s, p, a)-quasi-contraction, then f has a
unique fixed point.

The following corollary, derived by Zoto et al. ( ), provides a version of the Hardy-Rogers result in
Gordji & Rogers (1973).
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Corollary 3. Let (X,D) be a complete b-metric-like space with the parameter s > 1. If G: X = X is a self-
mapping and there exist p = 2 and constants a; = 0,i = 1, ...,5, such that a; + a, + az + a4, + a5 <1
and

sPD(Gx,Gy) < a1 D(x,y) + a2 D(x, Gx) + azD(y, Gy) + a4D(x, Gy) + asD(y, Gx),
forall x,y € X, then G has a unique fixed point in X.

In addition to the results already discussed, Zoto et al. also derived several corollaries as immediate
consequences of Theorem 7. These corollaries deal with self-maps that satisfy contractive conditions
expressed through rational expressions, utilizing the functions i) € ¥ and ¢ € ®.

Corollary 4. Let (X,D) be a complete b-metric-like space with parameter s > 1, and let G: X — X be a
self-map. If there exist ) € ¥,0 < a < %, and p = 2, such that the condition

YPM(x,y))

Y(2spD(Gx,6YD) < @ Ty

is satisfied for all x, y € X, where M (x,y) is defined as in (2), then G has a unique fixed point in X.

Fabiano et al. ( ) studied cyclic (s, g)-Dass-Gupta-Jaggi type contractions in b-metric-like spaces,
proving that a Picard sequence is Cauchy in this setting, thus extending and refining the existing re-
sults. They further established the equivalence between the cyclic results of Kirk et al. and the stand-
ard fixed point results for such contractions.

Before stating the main result, let us recall the notions of n-admissibility and n-continuity. A mapping
G: X — X is called n-admissible if n(x,y) = 1 implies n(G(x),G(y)) = 1 for all x,y € X. Moreover, § is
said to be n-continuous on a b-metric-like space (X,D) if, for any sequence {z,} in X satisfying

liT zp, = zand n(z,, zp4+1) = 1 forall n, it follows that lir+n G(z,) = G(2).
n—-+oo n—-+oo

Theorem 8. Fabiano et al. ( ) Let (X,D) be a D-complete b-metric-like space, and let n: X x X —
[0,+00) and G: X — X be the given mappings. Suppose that for all x,y € X with n(x,Gx)n(y,Gy) =1
implies

259D(Gx, Gy) < ¢(N(x,¥))

where q > 1,¢:[0,+0) = [0,4) is a is non-decreasing and continuous function satisfying
lim ¢™(t) = 0,and

n—-+oo

D(x,y)D(y,
N(x,y) =max{D(x,y),D(y.gx)' §X+y2))(x(’3’gf)3’)

D, Gy)[1+D(x,Gx)] D(x,Gy) + D, Qx)}
1+D(x,y) 4s '

Assume that the mapping G: X — X satisfies the following conditions:

1. G isn-admissible.
2. There exists zy € X such that n(z,G(z,)) = 1.
Either G is n-continuous, or for any sequence {z,}in X such that for alln = 0,71(z,, Z,+1) = land

liT z, = z,we haven(z,G(z)) = 1.
n—-+0o

Then G has a fixed point z € X. Furthermore, if:
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4. Forallz € F(G) ={a € X:G(a) = a},we haven(z,z) = 1,then G has a unique fixed point in X.

An example is given below to support Theorem &.

Example 3. Fabiano et al. ( ) Consider X = [0,1] equipped with the b-metric-like function D(x, y) =
(x + y)? for all x,y € X, with the parameters s =2 and g > 1. Let G: X » X and : X X X > [0, +0)
be defined as follows:

X (1, ifx=y=0,
gx = 6’ nxy) = {0, otherwise.

Additionally, let ¢: [0, +) — [0,+0) be given by ¢(t) = t2. For the pair (x,y) = (0,0), we observe
that n(x, Gx)n(y,Gy) =1 holds only when x =y = 0. Now, for this specific pair, we calculate
2s9D(G(0),G(0)) = 0, while the expression for ¢ yields

D(0,0) - D(0,60) )

¢(max{2>(0,0),2)(0,90), T B0.G0)

D(0,G0)[1 + D(0,G0)] - D(0,G0) - D(0, GO)
1+ D(0,0) ’ 4.2 })

D(0,0) - D(0, GO)

Ll {9(0,0), D(0, G0),

2 1+D(0,60) '
1 0-0 0-(1+0) 0+0
—zma"{o'o'uo' 1+0 8 }
—1><O—O
=>x0=0.

Thus, this example demonstrates the applicability of Theorem 8; in particular, it confirms that z = 0 is
the unique fixed point of §.

Mirkov et al. ( ) proposed a simplified and concise proof of Banach’s contraction principle using
Palais’s method within the generalized framework of b-metric-like spaces. Their result extends exist-
ing findings in the literature by demonstrating that the Lipschitz constant in Banach’s contraction
principle can belong to the entire interval [0,1) across six types of spaces: metric spaces, b-metric

spaces, partial metric spaces, partial b-metric spaces, metric-like spaces, and the broader b-metric-like
spaces.

First, using Palais’s method, they obtained the following result.

Lemma 1 (Mirkov et al. (2021)) Let (X,D)be a b-metric-like space with s > 1 and {x,}be a sequence |
X such that

D(xm' xn) < kD(xm—lw xn—l):
forallm,n € N, where k € [0,1).Then the following inequality holds:
D (X, Xp) < s(K™+Kk™)D(x, X))/ (1—k"05),

Where ny € N such that k™s < 1.
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Theorem 9. Mirkov et al. (2021) Consider a complete b-metric-like space (X, D)with s = 1.If a mapping
G: X — X satisfies the condition

D(G(x),§(¥) < kD(x,),

forallx,y € X, where k € [0,1), then G admits a unique fixed point in X.

In recent years, extensive research has been conducted on the generalization of Geraghty contrac-
tions contractions Karapinar et al. (2015); Aydi et al. (2017). In 2017, Fulga et al. (2017) introduced the
notion of ¢z-Geraghty contractions and established a corresponding fixed point theorem in complete
metric spaces. Subsequently, this concept was explored in metric-like spaces Aydi et al. ( ), leading
to the following result:

Theorem 10. Aydi et al. (2017) Let (X,0)be a complete metric-like space, and let G: X — X be a self-
mapping. Suppose there exists § € B such that

a(Gx,Gy) < B(F(x, y)F(x,¥),Vx,y € X,

where

Fx,y) =0(x,y) +|o(x,6x) — a(y,Gy)I.
Then, G has a unique fixed point.

Note that; B consists of all functions §8: [0, +o0) — [0,1) such that:

lim B(t,) = 1implies lim t, = 0.
n-+oo n-+oo

Dakun Yu et al. ( ) initiated the concept of (T, g)g-contractions of Geraghty type and studied
common fixed point theorems for these contractions in b-metric-like spaces. We recall that, according
to Abbas et al. ( ), the following definition is given: Let X be a nonempty set, and let f and g be
self-mappings on X The set of common points of f and g is defined as C(f,g) = {x € X: fx = gx}.
The pair (f, g) is said to be weakly compatible if fgx = gfxforall x € C(f, g). Moreover, if there ex-
ists x € X such that fx = gx = w, then xis called a coincidence point of xf and g and w is referred to
as a point of coincidence of f and g.

Definition 8. Yu et al. ( ) Let (X,D) be a b-metric-like space with the coefficient s > 1, and let
T,g: X = X be two mappings. The pair (T, g) is said to be a (T, g)g-contraction of Geraghty type if there
exists § € B such that

D(Tx,Ty) < B(Fy(x, y))Fy(x,y)
forallx,y € X, where F;(x,y) = S% [D(gx, 9y) + |D(gx, Tx) — D(gy, Ty)l].

Theorem 11. Yu et al. ( ) Let (X,D) be a b-metric-like space with the coefficient s = 1, and let
T,g:X x X — X be two mappings such that T(X) € g(X) and g(X) is complete. If the pair (T, g) is a
(T, g)-contraction of Geraghty type, then T and g have a unique point of coincidence. Furthermore, if T
and g are weakly compatible, then they have a unique common fixed point.

By specializing Theorem 11 to the case g = Iy (the identity mapping), they obtained the following
result.
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Corollary 5. Yu et al. ( ) Let (X, D) be a complete b-metric-like space with the coefficient s > 1, and
let T: X — X be a mapping. If there exists f € B such that

D(Tx,Ty) < B(F(x,y))F(x,y)
forallx,y € X, where F(x,y) = siz [D(x,y) + |D(x, Tx) — D(y, Ty)l], then T has a unique fixed point.

As an application of the previous corollary, Dakun Yu et al. ( ) investigated the integral equation
(E):x(t) = fol K(t,r,x(r))dr, where K:[0,1] X [0,1] X R = R. They considered the function space
X = C[0,1] with the b-metric-like: D(u, v) = tem[gulc](|u(t)| + |v(t)])P,p = 1, which forms a complete b-

metric-like space with s = 2P~1. By defining f(x)(t) = fol K(t,r,x(r)) dr, they established the exist-
ence of a solution as a direct consequence of the corollary.

Theorem 12. Yu et al. ( ) Let K:[0,1] X [0,1] X R — R be continuous. Suppose there exists a contin-
uous function £:[0,1] x [0,1] = [0, +0) such that

|K(t, 7, x()] < (& r)|x()].

If there exists B € B satisfying

1 Pl 1 1
sup | &6 < | s (5 Qe = Yl + li = Fxle =y = £ D)

tef0,1]
then (E) has a unigue solution x € X.

Best proximity theory provides a framework for approximating solutions in situations where exact
fixed points do not exist. Suppose U and V are two closed, nonempty subsets of a space X such that
UNV =0, andlet G:U — V be a mapping. Since the equation G(x) = x has no solution, one instead
seeks a point x € U that is closest to G(x) € V. This point is known as a best proximity point of G.

The study of best proximity points initially focused on classical metric spaces before being extended
to more generalized settings (see, for instance, Gardasevic et al. ( ); Fallahi & Eivani ( ); Abkar
& Gabeleh (2013); Aydi et al. ( ); Choudhury et al. (2015); Mongkolkeha et al. (2013)). A notable
development in this area was introduced by Gordji & Habibi (2017); Gordji et al. (2017), who explored
the role of orthogonal sets and introduced essential concepts such as O-sequences, O-Cauchy se-
quences, O-continuity, O-contractions, O-preserving properties, and the P-property. Their work estab-
lished best proximity point results under more generalized contractive conditions. Subsequent re-
search has built upon these ideas, particularly in the context of orthogonality Fallahi & Eivani ( );
Mongkolkeha et al. (2013); Sawangsup & Sintunavara ( ); Garakoti et al. ( ); Yang et al. ( ),
leading to significant progress in this field.

Gardasevic et al. ( ) addressed the open question raised in Gardasevic et al. ( ) by introduc-
ing the assumption that the set X is L-transitive. Before delving into their result, we will first recall
some definitions pertinent to the context of orthogonal metrics and best proximity theorems.

Definition 9. Gordji et al. ( ) Let X be a nonempty set and Lc X x X be a binary relation. If there ex-
ists an element x, € X such that for all y € X, either y 1 x, or x, L y, then the pair (X, L) is called an
orthogonal set (or O-set), and x, is referred to as the orthogonal element.
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If X is equipped with a metric d then the pair (X, 1,d) is referred to as an orthogonal metric space.
Orthogonal partial metric spaces, orthogonal b-metric spaces, and other generalized orthogonal
spaces are similarly defined. For additional examples of these concepts, refer to Fallahi & Eivani
(2022); Gardasevic et al. (2023); Gordji & Habibi (2017); Gordji et al. (2017); Javed (et al.); Yamaod &
Sintunavarat (2018).

The next example provides insight into the practical use of an orthogonal set.
Example 4. Gordji et al. (2017) Let X be the set of all people in the world. We define x L y if x can give

blood to y. According to the following table, if x, is a person with blood type 07, then there exists
xo L y forall y € X. This means that (X, L) is an O ~-set, and x; is not unique.

Blood type Can donate to Can receive from
A+ A+ AB+ A+ A- O+ O-
O+ O+ A+ B+ AB+ O+ 00—

B+ B+ AB+ B+ B— O+ 00—
AB+ AB+ EVETYONE

A— A+ A— AB+ AB- A— O-

()— EVETYONE ()—

B— B+ B— AB+ AB- B—- 0O-

AB— AB+ AB- AB—- B—- 0O— A-

Figure 2.

Definition 10. Gordiji et al. (2017) A sequence {x,, } ey is called an orthogonal sequence (or O-sequence) if
for alln € N, the following condition holds: x,, L x,.107X41 L Xp.

Definition 11. Gordji & Habibi (2017) A function G:X — X is said to be orthogonal-preserving (or L-
preserving) if for all x,y € X such that x L y, it follows that Gx L Gy.

Definition 12. Gardasevic et al. (in press) An orthogonal set X is said to be Ll-transitive if the following
condition holds: for all x,y,z€ X, if (y Lxorx Ly) and (y L zorz L y), then it follows that (x L
zorz L x).

Definition 13. Gordiji & Habibi (2017) Let (X, 1, d) be an orthogonal metric space, which means (X, L) is an
O-set and (X, d) is a metric space. A function G: X — X is called orthogonal continuous (or L-continuous)
at a point x € X if, for every O-sequence {x,}ney in X satisfying x,, = x as n = +oo, it follows that
G(x,) = G(x)asn - +oo,

Note that, every continuous mapping is a l-continuous mapping; however, the converse does not
necessarily hold. An example illustrating this can be found in Gordji & Habibi (2017).

Definition 14. Gordji et al. (2017) Let (X, L,D) be an orthogonal metric space, and let A € [0,1). A func-

tion G: X — X is called an orthogonal contraction (or L-contraction) with the Lipschitz constant A if, for
allx,y € X satisfying x L y, the following inequality holds:

D(Gx,Gy) < AD(x, y).
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Remark 2. Gord;ji et al. ( ) Every contraction mapping is a L-contraction mapping, but the converse
is not true. For an example, see Gord;ji et al. (2017).

Let (X, d) be a metric space, and let U,V < X be two nonempty subsets. The distance between U and
V is defined as

DU, V) =inf{d(u,v) lue U,v eV}
A pointu € U is called a best proximity point of a non-self mapping G: U — V if it satisfies
d(u,Gu) =D(U,V).
For arbitrary sets U,V < X such that U,V # @, we define
Uy={ueUld(uv)=D(U,V)forsomev €V},
Vo={veVId(u,v)=D(U,V)forsomeu € U}.

Let (X, d) be a metric space, and let U,V c X be nonempty subsets such that U, # @. The pair (U, V)

is said to have the P-property if and only if
d(ul,vl) =D(U,V) . . _
{d(uz,vz) — D(U,V) implies d(uq,u;) = d(vq,v3,),

foralluy,u, € Uyand vy, v, € V.

Considering that d(x,Gx) = D(U,V) for all x € U, it follows that the global minimum of the function
x = d(x,Gx) is attained at a best proximity point. Furthermore, it is straightforward to observe that a
best proximity point coincides with a fixed point when the mapping § is a self-mapping.

Theorem 13. Gardasevic et al. ( ) Let (X, 1, D, s)be an orthogonal 0 — D-complete b-metric-like
space, and let (U, V) be a pair of two non-empty closed subsets of X with an empty intersection, satisfy-
ing the P-property. Assume that X is L-transitive. Let G: U — V be a L-continuous, L-preserving, and 1-
contractive mapping with the Lipschitz constant k € (0,1). Suppose that G satisfies the following condi-
tions:

) GUyp) < Vy;

(ii)There exist x4, x, € Uy such that xq L x; and D(x,,Gx) = D(U,V), where D(U,V) = inf{D(x,y) |
xeU,yeV}

Then G has a unique best proximity point x' € U, i.e., D(x',Gx") = D(U, V).
In papers [36] and [37], the issues of best proximity results in orthogonal o-complete b-metric-like
spaces were considered. For proving the results in these works, a sequence {x,}, wheren =0,1,2, ..,
is constructed such that the following relation holds:

D(xp, Xns1) < AD(xp_q, xy)forn = 1,2, ...
where A belongs to the interval [0,1/5) with s > 1. Based on this relation, it is routinely proved that

the constructed sequence {x,} is Cauchy. The open problem raised in these papers was whether the
obtained results are still valid if 4 belongs to the interval [0,1).
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By utilizing the following result, we provide an affirmative answer to the question posed in the paper.
Gardasevic et al. ( , )-

Lemma 2. Let (X, D,s > 1) be a b-metric-like space, and let {x,,} be a sequence in X satisfying the follow-
ing condition: There exists A € [0,1) such that

D(xp, Xps1) < AD(xp_q, x,),foralln € N.
Then, the sequence {x,} is Cauchy.

Proof. If x,, = x,,_4 for some n € N, the proof is complete. Otherwise, assume that x,, # x,,_; for all
n € N. We consider two cases:

Case1: 1 € [0,%).
Case2:1 €[5, 1).

The proof for the first case follows similarly to the arguments presented in Gardasevi¢ et al. ( ,
). Now, consider the second case. Since A" — 0 as n — +oo, there exists k € N such that ¥ < %
Define the mapping G on the sequence {x,},n € N, by

G(xy) = xp4q,foralln =0,1,2, ...
It follows that G*(x,,) = x4, foralln € Nand
D(G 21, G xn) < A¥D(xn_1, %)

Proceeding analogously as in Gardasevi¢ et al. ( ) ) for the first case, we establish that the
sequence {xj.,} is Cauchy. Specifically, if n < m, it is shown that

D(Xgin Xxam) — O0asn,m — oo,

Since {x,,} = {x¢, X1, -, Xxk—1} U {X1, X1, --» Xg4n» - » it fOllows that the sequence {x,},n=10,1,2, ..,
is Cauchy.
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b-metric like spaces

Espacios b-métricos: Una revisidon de conceptosy
aplicaciones

Resumen:

Este articulo ofrece una revisién exhaustiva de los resultados de puntos fijos en espacios
métricos-like, con un enfoque particular en los espacios b-métrico-like. La nocién de
espacios bmétrico- like generaliza varios conceptos importantes, incluidos los espacios
métricos parciales, los espacios métricos-like y los espacios b-métricos. El articulo destaca
contribuciones significativas desde las primeras etapas de la investigacion hasta el pre-
sente, ofreciendo una compilacién extensa de resultados fundamentales y recientes.
Finalmente, proporcionamos respuestas afirmativas a algunos problemas abiertos deri-
vados de los resultados de proximidad éptima en espacios b-métrico-like ortogonales o-
completos, avanzando ain mds en la comprensién de la teoria de puntos fijos en estos
entornos generalizados. Esta revisién tiene como objetivo proporcionar a los investiga-
dores valiosas ideas y referencias, facilitando la exploracién y el desarrollo futuros en el
estudio de los espacios métricos-like y sus generalizaciones.

Palabras clave: Espacios b-métrico-like, Espacios métricos, Espacios métricos parciales,
Espacios b-métricos, Espacios métricos-like, Teoria de puntos fijos

O630p KOHLUEnuMn 1 NPUI0XKEHUN MPOCTPAHCTB b-meTpuk

Pestome:

3TOW CTaTbe npeAcTaB/eH No4pobHbI 0630p pe3y/IbTaToB CyLL,eCTBOBaHUA PUKCMPOBAH-
HbIX TOYeK B MPOCTPAHCTBaX, MOAOOHbIX METPUYECKUM, C 0COObIM aKLLeHTOM Ha b- meTpu-
Yyeckue npoCTpaHCTBa. oHATME b-meTpuyecknx npocTpaHCTB 0606l aeT HEeCKO/bKO
Ba)KHbIX KOHLIEMUMMI, BKAOYAA YacTUYHble MeTpUYeCKne MPOCTPaAHCTBa, MeTpUYecKue
NMPOCTPAHCTBA U b-meTpuyeckue npocTpaHcTBa. CTaTbA OCBELLAET 3HAYMTE/IbHbIE A0CTU-
KeHuA B 3TOM 06/1acT, Ha4YMHaAA C PaHHUX UCCAeAOBaHUA U A0 HACTOALLEro BPEMEHH,
npeasarad o6WMPHYD KOMMUAAUMIO PyHAAMEHTa/IbHbIX U COBPEMEHHbIX pe3y/IbTaToB.
Kpome Toro, B cTaTbe Aat0TCA MO/IOXKUTE/IbHbIE OTBETbl HA HEKOTOPbIE OTKPbITbIE BOMPO-
Cbl, CBA3AHHbIE C /IYYLWIMMU pe3y/bTaTamu 6/1M30CTU B OPTOrOHA/IbHBIX O-3aMKHYTbIX b-
MeTPUYECKMUX NMPOCTPAHCTBAX, YTO CMOCODBCTBYET Aa/bHEWLLEMY Pa3BUTUIO TEOPUU PUK-
CMPOBAHHBIX TOYeK B 3TUX 0606l eHHbIX CTPYKTypax. Lleab 3Toro o63opa — npegocta-
BUTb MCC/I€A0BATENAM LieHHble UAeUN U CCbI/IKK, CMOCODBCTBYA Aa/sibHENLLEMY U3YHEHUIO U
Pa3BUTUIO TEOPUM MPOCTPAHCTB, MOAOOHBIX METPUYECKUM, U UX 06006LL,eHMIA.

KatoueBsie ¢10Ba: b-meTpuyeckne npocTpaHCTBa, METPUYECKUe MPOCTPAHCTBA, YacThy-
Hble MeTpUYeCcKue NpOCTPaHCTBa, b-meTpuyeckue NpocTpaHCTBa, NPOCTPaHCTBA, Nog06-
Hble MeTPU4ECKUM, TEOPUA GUKCUPOBAHHBIX TOYEK
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b-MeTpu1jckM NpocTopu - Nper/ses KoHuenata U NpuMeHa

CaxeTak:

Y oBOM pagy npeAcTaB/beH je cBeobyxBaTaH nper/es pesynTtata GUKCHUX Tavaka y npo-
CTOpUMA C/IMYHUM METPUYKMM, Ca MOCeBHMM aKLEeHTOM Ha b-meTpuuke npocTope. Mojam
b-meTpuuKux npocTopa 06yxBaTa HEKO/IMKO BaXKHUX KOHLenaTa, yk/bydyjyhu napuujasHe
MeTpUYKe NpocTope, MeTpU4Ke NpocTope U b-meTpuyke npoctope. Pag nctuye 3HavajHe
AOMNPUHOCE Of, PaHMX UCTPaXkMBama A0 gaHac, Hyaehu o6uMHy Komnuaauujy eyHaameH-
Ta/IHUX U CaBpeMeHUX pesyaTata. KoHayHo, AajemMo Mo3WTUBHE OArOBOpE Ha HeKe OTBO-
peHe npobsieme Koju npoususiase U3 Hajbo/bux pesyntata 6/13MHe y OPTOroHasHUM O-
KOMIM/1eTHUM b-MeTpUYKMM NPOCTOpMMa, Yume aasbe yHanpehyjemo pasymeBarse Teopuje
dUKCHUX TayaKa y OBUMM reHepasn3oBaHWM OKpykewnma. OBaj nperses MMa 3a Umab Aa
UCTPaXXMBa4YMMa MpYKU gparoleHe yBuge u pedepeHue, onakwasajyhu gabe UCTpaxKu-
Bare W pasBoj y Npoy4aBary NPOCTOpPa C/IMHHUX METPUHKUM U HUXOBUM FreHepasi3aum-
jama.

K/byuHe peun: b-MeTpUYKM NpOCTOpU, METPUYKM MPOCTOPU, NapuujaiHu METPUYKK MpPo-
cTopw, b-meTpryKKM NpocTOpU, NPOCTOPU C/IMYHU METPUYKMM, TEOpUja PUKCHUX TavaKa



