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Abstract:

Introduction/purpose: The temperature of a vertex of a graph of the order n
is defined as d/(n-d), where d is the vertex degree. The temperature variant
of the Sombor index is investigated and several of its properties established.

Methods: Combinatorial graph theory is applied.

Results: Extremal values and bounds for the temperature Sombor index are
obtained.

Conclusion: The paper contributes to the theory of Sombor-index-like graph
invariants.

Keywords: temperature (of vertex), temperature vertex-degree-based
graph invariant, Sombor index, temperature Sombor index.

Introduction

In this paper, we examine a class of vertex-degree-based (VDB)
graph invariants. Let G be a simple graph with n vertices and m edges. Let
V(G) and E(G) be its vertex and edge sets, respectively. Then |V (G) |= n

and | E(G) |= M . The edge of the graph G, connecting the vertices u and

v, will be denoted by uv. The degree d, of the vertex u is the number of its
first neighbors.
The graph in which any two vertices are adjacent is said to be

complete and is denoted by K, . It has m=n(n-1)/2 edges. Its complement,

denoted by Kn , is the edgeless graph, with m=0.
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For additional details of graph theory, see (Harary, 1969; Bondy &
Murty, 1976).
In the recent mathematical and chemical literature, a large number of
graph invariants of the form
TI=TI(G)= > f(d,.d,) 1)
uveE(G)
are studied, where f is a pertinently chosen function with the property
f(x,y)=f(y,x); for details, see (Gutman, 2023) and the references cited
therein. The quantities defined via Eq. (1) are usually referred to as vertex-
degree-based (VDB) graph invariants. Of these, one of the oldest is the
first Zagreb index (Gutman & Trinajsti¢, 1972; Gutman & Das, 2004):
M,=M,(G)= Y (d,+d,)
uveE(G)
whereas one of the most recent ones is the Sombor index (Gutman, 2021,
Liu et al, 2022):

SO=S0G)= > d?+d?.
uveE(G)

According to Fajtlowicz (Fajtlowicz, 1988), the temperature of the
vertex u of a graph with n vertices is defined as

d
t, =—
" n-d, (2)

where one should recall that in the case of n-vertex graphs, 0<d, <n-1.
Directly from this definition, it follows that

2m
—< > t,<2m,
n WG
The equality on the left-hand side holds if G = K_, whereas the right-
hand side equality holds if either G= K, or G=K_ .

In Eq. (1), by replacing the vertex degrees with vertex temperatures,
one obtains the respective temperature VDB graph invatiants, namely:
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M-TE)- ¥ 1),

uveE(G)

Such are the temperature first Zagreb index

™, =TM,(G)= > (t,+t,) 3)

uveE(G)

and the temperature Sombor index

TSO=TSO(G)= > 4t’+t7.

u
uveE(G)

Several other temperature VDB graph invariants were studied in the
literature (Narayankar et al, 2018; Kahsay et al, 2018; Kulli, 2019a; Kulli,
2019b; Kulli, 2021).

The temperature Sombor index was first considered by Kulli (Kulli,
2022). In this paper, we establish a few more of its properties.

Preparation: temperature first Zagreb index

Bearing in mind that for all vertices of any n-vertex graph, d, <n-1,
directly from Eg. (2), we obtain:
d
__n _
tu - d _Z(_uj .
(=R
n
Substituting this into Eq. (3) yields

1 NI w I k1
=TM = Y0 Y —(df+df )= =5 > 4| @
n weE(G) k=L N =\ N7 w&ve)
where we used the identity (Gutman, 2015)
> [gw+gWl= >, d,g@)

uveE(G) ueVv(G)
which holds for any quantity g determined by the vertex u. Note that TM;
had to be be divided by n® because the maximum possible value of

> df s n(n-1)* = n**2,

ueVv (G)
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In connection with formula (4), one should note that for k=1 and k=2,

the term Z duk+1 is equal to the well-known and much studied VDB
ueV (G)
invariants — the first Zagreb index M; and the so-called forgotten index F
(Furtula & Gutman, 2015), respectively. The same term for k=3 and k=4
coincides with the VBD invariants Y and S, recently introduced in (Alameri
et al, 2020) and (Nagarajan et al, 2021), respectively.
1

1
Therefore, TM1 zHMH_FF' which is an approximation that

would satisfy all practical applications of the temperature first Zagreb
index. A somewhat better, yet more perplexed approximation would be

1 1 1 1
TMlzﬁMl-i_FF-i_FY +FS

On the temperature Sombor index

It is evident from Eg. (2) that the temperature of a vertex is a
monotonously increasing function of the respective vertex degree.
Therefore, by deleting an adge € € E(G) from the graph G, some of its

vertex temperatures must decrease, and no vertex temperature will
increase. This implies,

TSO(G —¢e) < TSO(G) . (5)
From relation (5), we immediately conclude the following:

(1) The complete graph and its complement have the maximum and
minimum temperature Sombor indices, i.e.,

- 1
0=TSO(K,) <TSO(G) <TSO(K, ) = ﬁn(n ~1)?.
(2) The connected graph with the minimum value of TSO must be a
tree.
(3) Based on a general result for VDB graph invariants (Cruz & Rada,
2019), the trees with the maximum and minimum temperature
Sombor indices are the star and the path, respectively.

In what follows, we use the well-known inequality

510




%(a+b)s\/a2+b2 <a+b

valid for 8,0 >0 with the left-hand side equality if a=b, and the right-hand
side inequality in the irrelevant case a=b=0. Applying it to TSO, we get

% 3 (1, +t)<TSOG)< ¥ (t, +t,)

uveE(G) uveE(G)

1
NA

With the left-hand side equality if and only if the graph G is regular,
i.e., if all its vertices have mutually equal degrees.

TM,(G) <TSO(G) <TM,(G)

Bearing in mind Eq. (4), we get

Tkil 3 Z d k+1J<—TSO(G) Z(nms; Z d k+1] (6)

ueV (G) uev(G)

From (6), we immediately obtain the following lower bounds for TSO.

TSO(G) > [(1 M, (G)+ F(G)) @)

or, better, but more complicated,
TSO(G) = J‘( M, (G)+ F(G)+ Y(G)+—S(G)j

The equality in (7) and (8) holds if G=K_ .

In order to get an upper bound for TSO, we modify the right-hand side
of (6) as

TSO(G) <%|\/|1(<3)+n—12 F(G)+in—1k(n _qyke
k=3
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from which it follows

TSO(G) < 1 M,(G) + = F(G)+ (n—-1)? (1—1——” —21)
n n n n
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3ameTka 0 TemnepatypHom uHgekce ropoga Combop

UeaH lN'yTmaH

KparyeBauknii yHMBepCUTET, €CTECTBEHHO-MATEMaTUYECKUA PaKyNbTeT,
r. Kparyesau, Pecnybnnka Cepbus

PYBPUKA TPHTW: 27.29.19 KpaeBble 3agayun 1 3agadm Ha cobCcTBEHHbIe
3Ha4eHUst Ans 06bIKHOBEHHBLIX
anddepeHumanbHbIX ypaBHEHUI U CUCTEM
ypaBHEHUIN

BWO CTATbW: opurmHansHasa Hay4Has ctaTbs
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Pe3some:

Beederue/uenb: Temnepamypa eepwuHbl epagha rmnopsdka n
onpedensemcs kak d/(n-d), 8 komopom d npedcmasnssem cmeneHb
8epuwiuHsbl. iccnedosaH memnepamypHbIl eapuaHm uHdekca Combopa
u doka3zaHbl HEKOMOpbIe €20 ceolicmea.

Memodbr: B 0aHHOU cmambe npumeHsiemcsi KoMbuHamopHasi meopusi
epaghos.

Pesynbmamel: B pe3ynbmame uccriedogaHusi Obiiu  r0Sy4YeHb!
npedesnbHble 3Ha4YeHUs] memriepamypHoeo uHOekca Combopa u e2o
8epxHUE U HUXHUE ripederibl.

Bbigodbi:  [JaHHoe uccnedosaHusi 6Hocum eknad 8 meopuro
uHeapuaHmos epaghose combopckozo muna.

Knroyesble criosa: memnepamypa (8eplwuHbi), memnepamypHbIl
UHeapuaHm epacha, OCHOBaHHbIU Ha cmeneHu 6epuwuHbl, UHOEKC
Combopa, memnepamypHbil uHdekc Combopa.

Beneluka o TemnepaTypckoM COMBGOPCKOM MHAEKCY

UeaH N'yTmaH

YHusepautet y Kparyjesuy, MNpupogHo-matematuydku pakynTer,
Kparyjesau, Penybnuka Cp6buja

OBJIACT: maTtemaTtumka
KATETOPUJA (TUM) YJTAHKA: opyruHanHm Hay4Hu pag

Caxemak:

Yeod/yure: Temnepamypa 4yeopa y epapy peda n dehuHucaHa je Kao
d/(n-d), 2de je d cmeneH 4yeopa. VicmpaxueaHa je memnepamypcka
s8apujaHma combopckoe uHOekca u doKka3aHe Cy HEKEe HeHEe OCObUHE.

Memode: Npumer-eHa je KOMbUHamMopHa meopuja epaghosa.

Pesynmamu: OdpeleHe cy ekcmpeMHe epedHocmu 3a memrepamypcKu
combopcKU UHOEKC, U HaheHe O0H-e U 20pHe epaHuue.

Bakrbyyak: Pad OQonpuHocmu meopuju  2pagho8CKUX UHBapujaHMU
combopckoe muria.
KbyuyHe peyqu: memnepamypa (4eopa), epaghoscka UHeapujaHma
3asucHa 00 cmerieHa 4Yeoposa, coMbopcKU UHOEKC, memrepamypcKu
combopcKu UHOEKC.
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KOMMEHTAPUW/ PEOKONNEINN: AsTop pAaHHOi cTaTbu MBaH yTmaH siBnsieTcs
OENCTBYIOLLMM YNEHOM peaKonnerum xxypHana «BoeHHo-TexHUYecknii BECTHUK» . [ToaTomy
penkonnernss nposerna 6Gonee oTKkpbiToe W 6Gonee cTporoe [OBOWHOE crenoe
peLeH3upoBaHune. Peakonnerns npunoxuna AONOMHUTENbHbIE YCUNWSA ANs TOro YToObl
COXpPaHUTb LENOCTHOCTb PELIEH3UPOBaHNst M CBECTU K MUHUMYMY MpPeaB3ATOCTb,
BCNeacTBME Yero BTOPOW pedakTop-COTPYOHWK YNpaBrsia NpoueccoM peLieH3VpoBaHus
He3aBMCUMO OT pepakTopa-aBTopa, Takum 06pa3oMm npouecc peueH3npoBaHus 6bin
abconioTHO npo3padvHbiM.  Pepgkonnervs BoO  m3bexaHne KOHMIUKTA WHTEpPEecoB
nosaboTnnacb 0 TOM, YTOObl PELIEH3EHT HE y3Har KTO SIBNSIETCS aBTOPOM CTaTb.

PEOAKLUNJCKN KOMEHTAP: Aytop oBor unaHka MBaH [yTmaH je akTyenHu 4naH
Ypehusaukor ogbopa BojHomexHu4ykoe eanacHuka. 36or Tora je ypeOHWLUTBO CrpoBENo
TpaHCNapeHTHUjU U PUropo3HUjU ABOCTPYKOCHENU Mpouec peueHsuje. YNnoxuno je
OOAATHW Hanop Aa OApXW MHTErpuTeT peLeH3nje U HeoBjeKTUBHOCT CBeAe Ha HajMary
MoOryhy Mepy Tako LWITO je ApyrM YpedHuK capafHuK BOAMO Mpoueaypy peueHsuje
He3aBWCHO of ypeAHuKa ayTopa, Npu Yyemy je Taj npouec 61Mo anconyTHO TpaHCNapeHTaH.
YpeoHuwTBO je NocebHO BOAMIO payyHa Aa PeLeH3eHT He Mpeno3sHa Ko je Hanucao pag u
Aa He gohe [o koHdUKTa MHTepeca.
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