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Abstract:
Introduction/purpose: The entire topological indices (TIent) are a class of
graph invariants depending on the degrees of vertices and edges. Some
general properties of these invariants are established.
Methods: Combinatorial graph theory is applied.
Results: A new general expression for TIent is obtained. For triangle-
free and quadrangle-free graphs, this expression can be significantly
simplified.
Conclusion: The paper contributes to the theory of vertex and edge
degree-based graph invariants.
Key words: entire topological index, vertex and edge degree-based
graph invariant, degree (of vertex), degree (of edge).

Introduction
In this paper, we are concerned with connected simple graphs. Let G

be such a graph, and let V = V(G) and E = E(G) be its vertex and edge
sets, respectively. The graph G has |V(G)| = n vertices and |E(G)| = m

edges. Two vertices u, v of the graph are said to be adjacent, denoted as
u ∼ v, if u and v are the endpoints of an edge. The respective edge will
then be denoted by uv. A vertex u and an edge e are said to be incident,
denoted as u ∼ e, if u is an endpoint of the edge e. Two edges e, f are
said to be incident, denoted as e ∼ f , if the edges e and f have a common
vertex as the endpoint.
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The degree of a vertex u ∈ V(G), denoted as du, is the number of
vertices of G that are adjacent to u. The degree of an edge e ∈ V(G),
denoted by de, is the number of edges of G that are incident to e. If the
endpoints of the edge e are the vertices u and v, then it is easy to see that
de = du + dv − 2.

A graph is said to be regular of degree r if du = r holds for all u ∈ V(G).
A regular graph of degree r with n vertices, has m = 1

2nr edges.
The distance between two vertices u, v ∈ V(G) (= length of the shortest

path connecting u and v) is denoted by d(u, v). If u and v are adjacent, then
d(u, v) = 1.

For additional details of graph theory, see (Harary, 1969; Bondy &Murty,
1976).

In contemporary graph theory, especially in network theory and chemi-
cal graph theory, a large number of invariants of the form

TI = TI(G) =
∑

x,y∈V(G)
x∼y

F (dx, dy) (1)

are being considered. They are usually referred to as “‘vertex-degree-
based topological indices”. In formula (1), the summation goes over all
pairs of adjacent vertices of the underlying graph G, i.e., over the pairs of
vertices at the unit distance, d(x, y) = 1. F stands for a real-valued func-
tion with the property F (x, y) = F (y, x) and F (x, y) ≥ 0 for all values of
the variables x and y that the vertex degrees of the graph G may assume.
Some best known and most studied invariants of this kind are the first Za-
greb index (F = x+y), the second Zagreb index (F = xy), the Randić index
(F = 1/

√
xy), the forgotten index (F = x2+y2), the atom-bond-connectivity

index (F =
√

(x+ y − 2)/(xy) ), and the Sombor index (F =
√

x2 + y2 ).
For details see (Todeschini & Consonni, 2000; Gutman, 2023).

Motivated by the success of both the mathematical theory and (mainly
chemical) applications of the vertex-degree-based indices of type (1), their
modified version

TIve = TIve(G) =
∑

x∈V(G) , e∈E(G)
x∼e

F (dx, de) (2)

was put forward, first for F = x + y and F = xy (Kulli, 2016), and re-
cently also for F =

√
x2 + y2 (Kulli, 2022; Kulli & Gutman, 2022). The

latter graph invariant is now called the KG-Sombor index, and is denoted
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by KG = KG(G) (Kulli & Gutman, 2022; Kulli et al., 2022; Kosari et al.,
2023; Madhumitha et al., 2024). In the case of the KG-Sombor index, it
has been shown (Kulli et al., 2022; Kulli & Gutman, 2022) that

KG(G) =
∑

x,y∈V(G)
x∼y

[√
d2x + (dx + dy − 2)2 +

√
d2y + (dx + dy − 2)2

]
.

It is straightforward to state the generalization of the above formula:

Theorem 1. Let G be a simple graph. Then the invariant TIve, Eq. (2), can
be expressed solely in terms of the vertex degrees of G, and satisfies the
relation

TIve(G) =
∑

x,y∈V(G)
x∼y

[
F (dx, dx + dy − 2) + F (dy, dx + dy − 2)

]
. (3)

Proof. The edge e in formula (2) has two endpoints, say x and y. Bearing
this in mind, the summation in (2), for any particular edge e, must go over
both x and y. This results in the two terms on the right-hand side of (3).
Formula (3) follows now by taking into account that de = dx+dy−2 for any
edge e = xy.

Entire topological indices
Short time after the vertex– and edge-degree-based graph invariants of

the type (2) were conceived (Kulli, 2016), the “entire” topological indices
were put forward (Alwardi et al., 2018), first for the choices F = x + y

(first Zagreb index) and F = xy (second Zagreb index). Eventually, entire
indices were considered for the forgotten index (F = x2 + y2), (Bharali
et al., 2020), the Randić index (F = 1/

√
xy), (Saleh & Cangul, 2021), and

quite recently for the Sombor index (F =
√

x2 + y2), (Movahedi & Akhbari,
2023).

The general form of these indices is

TIent = TIent(G) =
∑

x,y∈V(G)∪E(G)
x∼y

F (dx, dy) . (4)

Before stating Theorem 2, we recall some basic facts on line graphs
(Harary, 1969; Bondy & Murty, 1976).
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The line graph L(G) of the graph G is defined so that its vertex set is
E(G), and two vertices of L(G) are adjacent if the respective edges of G
are incident. Thus the line graph of the graph G has |E(G)| = m vertices
and m(L(G)) =

∑
u∈V(G)

(
du

2

)
edges.

Theorem 2. Let G be a simple graph and let L(G) be its line graph. Then
the invariant TIent, Eq. (4), can be expressed solely in terms of the vertex
degrees of G and L(G), and satisfies the relation

TIent = TIent(G) =
∑

x,y∈V(G)
x∼y

[
F (dx, dy) + F (dx, dx + dy − 2) +

+ F (dy, dx + dy − 2)
]
+

∑
x,y∈V(L(G))

x∼y

F (dx, dy) . (5)

Proof. It is evident that the summation on the right-hand side of (4) can be
divided into three parts, namely for

(a) x ∈ V(G) and y ∈ V(G)

(b) x ∈ V(G) and y ∈ E(G) or vice versa;
(c) x ∈ E(G) and y ∈ E(G)

In view of Eq. (1), the component of TIent pertaining to (a) is equal to
TI, i.e., ∑

x,y∈V(G)
x∼y

F (dx, dy) (6)

whereas by Eqs. (2) and (3), the component pertaining to (b) is equal to
TIve, i.e., ∑

x,y∈V(G)
x∼y

[
F (dx, dx + dy − 2) + F (dy, dx + dy − 2)

]
. (7)

The component of TIent, corresponding to the choice of pairs of incident
edges, namely (c), is equal to the TI-index of the line graph of the graph
G: ∑

x,y∈V(L(G))
x∼y

F (dx, dy) (8)

Combining (6)–(8), we arrive at

TIent(G) = TI(G) + TIve(G) + TI(L(G))
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from which Eq. (5) directly follows.

Special cases of expressions (6) and (8) were recognized by the authors
of the earlier papers on entire topological indices (Alwardi et al., 2018; Bhar-
ali et al., 2020; Saleh & Cangul, 2021; Movahedi & Akhbari, 2023), but no
one of them was aware of formula (7).

Theorem 2, and in particular formula (7), are stated here for the first
time.

Corollary 1. If G is a regular graph of the degree r, with n vertices and m

edges, then

TIent(G) =
1

2
nr

[
F (r, r) + 2F (r, 2r − 2) + (r − 1)F (2r − 2, 2r − 2)

]
.

Proof. In formula (5), all vertex degrees of G are equal to r, whereas all
vertex degrees of L(G) are equal to 2r − 2. The first summation in (5)
goes over m = 1

2nr terms, whereas the second summation goes over
m(L(G)) = 1

2nr(r − 1) terms.

In the case of triangle-free and quadrangle-free graphs (such are the
trees, hexagonal systems, fullerene graphs, nanotubes, etc.), formula (5)
can be simplified. Namely, the entire topological indices TIent of triangle-
free and quadrangle-free graphs can be expressed in terms of vertex de-
grees of the underlying graph G, without any reference to its line graph
L(G).

Corollary 2. If G is a triangle-free and quadrangle-free graph, then Eq. (9)
holds:

TIent = TIent(G) =
∑

x,y∈V(G)
x∼y

[
F (dx, dy) + F (dx, dx + dy − 2) +

+ F (dy, dx + dy − 2)
]
+

+
∑

u,v∈V((G))

d(u,v)=2

F (du + dw − 2, dv + dw − 2) (9)

where w is the (unique) vertex lying between the vertices u and v.
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Proof. If the graph G does not contain triangles and quadrangles, then two
vertices at distance 2, say u and v, have a unique vertex between them,
say w. Then uw and vw form a pair of incident edges, resulting in∑

x,y∈V(L(G))
x∼y

F (dx, dy) =
∑

u,v∈V((G))

d(u,v)=2

F (du + dw − 2, dv + dw − 2) . (10)

Substituting (10) back into (5) yields (9).
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О топологических индексах, зависящих от степеней вершин
и ребер
Иван Гутман

Крагуевацкий университет, естественно-математический
факультет, г. Крагуевац, Республика Сербия

РУБРИКА ГРНТИ: 27.29.19 Краевые задачи и задачи на
собственные значения для
обыкновенных дифференциальных
уравнений и систем уравнений

ВИД СТАТЬИ: оригинальная научная статья

Резюме:
Введение/цель: Все топологические индексы (TIent) пред-
ставляют собой класс инвариантов графа, зависящих от
степеней расположения вершин и ребер. Установлены
некоторые общие свойства этих инвариантов.
Методы: В данной статье применяется комбинаторная
теория графов.
Результаты: Получено новое обобщенное выражение для
TIent. Для графов без треугольников и четырехугольников
это выражение может быть значительно упрощено.
Выводы: Данная статья вносит вклад в теорию инвариан-
тов графов, зависящих от степеней вершин и ребер.

Ключевые слова: полный топологический индекс, инвари-
анты графов, зависящих от степеней вершин и ребер,
степень (вершины), степень (ребра).
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О тополошким индексима који зависе од степена чворова и
грана
Иван Гутман

Универзитет у Крагујевцу, Природно-математички факултет,
Крагујевац, Република Србија

ОБЛАСТ: математика
КАТЕГОРИЈА (ТИП) ЧЛАНКА: оригинални научни рад

Сажетак:
Увод/циљ: Потпуни тополошки индекси (TIent) образују
класу графовских инваријанти који зависе од степена чво-
рова и степена грана. Установљене су неке опште особи-
не ових инваријанти.
Методе: Примењивани су поступци комбинаторне теори-
је графова.
Резултати: Нађена је нова општа формула за TIent. За
графове без троуглова и четвороуглова ова формула се
значајно поједностављује.
Закључак: Рад доприноси теорији графовских инваријанти
који зависе од степена чворова и степена грана.

Кључне речи: потпуни тополошки индекси, графовске ин-
варијанте које зависе од степена чворова и грана, степен
(чвора), степен (гране).
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