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Abstract:

Introduction/purpose: The entire topological indices (T'I.,) are a class of
graph invariants depending on the degrees of vertices and edges. Some
general properties of these invariants are established.

Methods: Combinatorial graph theory is applied.

Results: A new general expression for T'1.,; is obtained. For triangle-
free and quadrangle-free graphs, this expression can be significantly
simplified.

Conclusion: The paper contributes to the theory of vertex and edge
degree-based graph invariants.

Key words: entire topological index, vertex and edge degree-based
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Introduction

In this paper, we are concerned with connected simple graphs. Let G
be such a graph, and let V = V(G) and E = E(G) be its vertex and edge
sets, respectively. The graph G has |[V(G)| = n vertices and |E(G)| = m
edges. Two vertices u, v of the graph are said to be adjacent, denoted as
u ~ v, if w and v are the endpoints of an edge. The respective edge will
then be denoted by uv. A vertex u and an edge e are said to be incident,
denoted as u ~ e, if u is an endpoint of the edge e. Two edges ¢, f are
said to be incident, denoted as e ~ f, if the edges e and f have a common
vertex as the endpoint.
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The degree of a vertex v € V(G), denoted as d,, is the number of
vertices of GG that are adjacent to u. The degree of an edge ¢ € V(G),
denoted by d., is the number of edges of G that are incident to e. If the
endpoints of the edge e are the vertices u and v, then it is easy to see that
de = dy + dy — 2.

A graph is said to be regular of degree r if d,, = r holds for all u € V(G).
A regular graph of degree r with n vertices, has m = %nr edges.

The distance between two vertices u, v € V(G) (= length of the shortest
path connecting u and v) is denoted by d(u, v). If uw and v are adjacent, then

d(u,v) = 1.
For additional details of graph theory, see (Harary, 1969; Bondy & Murty,
1976).

In contemporary graph theory, especially in network theory and chemi-
cal graph theory, a large number of invariants of the form

TI=TI(G)= Y F(dsdy) (1)

z,yEV(G)
T~y

are being considered. They are usually referred to as “vertex-degree-
based topological indices”. In formula (1), the summation goes over all
pairs of adjacent vertices of the underlying graph G, i.e., over the pairs of
vertices at the unit distance, d(z,y) = 1. F stands for a real-valued func-
tion with the property F(x,y) = F(y,z) and F(z,y) > 0 for all values of
the variables = and y that the vertex degrees of the graph G may assume.
Some best known and most studied invariants of this kind are the first Za-
grebindex (F' = z+y), the second Zagreb index (F' = zy), the Randi¢ index
(F = 1/,/zy), the forgotten index (F = 2 +y?), the atom-bond-connectivity
index (F = /(z +y —2)/(zy) ), and the Sombor index (F = \/z2 + y?2).
For details see (Todeschini & Consonni, 2000; Gutman, 2023).

Motivated by the success of both the mathematical theory and (mainly
chemical) applications of the vertex-degree-based indices of type (1), their
modified version

TIve — TIUe(G) = Z F(dacyde) (2)

zeV(G), ecE(G)
Trr~~e

was put forward, first for F = = + y and F = zy (Kulli, 2016), and re-
cently also for ' = \/x2 + 2 (Kulli, 2022; Kulli & Gutman, 2022). The
latter graph invariant is now called the KG-Sombor index, and is denoted
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by KG = KG(G) (Kulli & Gutman, 2022; Kulli et al., 2022; Kosari et al.,
2023; Madhumitha et al., 2024). In the case of the KG-Sombor index, it
has been shown (Kulli et al., 2022; Kulli & Gutman, 2022) that

KGG) = 3 ng (dy+dy = 2022+ (dy + dy —2)2 |
z,yeV(G)
Ty

It is straightforward to state the generalization of the above formula:

Theorem 1. Let G be a simple graph. Then the invariant T'I,.., Eq. (2), can
be expressed solely in terms of the vertex degrees of G, and satisfies the
relation

TLe(G)= Y [F(dx,dz tdy—2)+ F(dy,ds+dy—2)| . (3)

m,@/xEAYZSG)
Proof. The edge e in formula (2) has two endpoints, say = and y. Bearing
this in mind, the summation in (2), for any particular edge e, must go over
both = and y. This results in the two terms on the right-hand side of (3).
Formula (3) follows now by taking into account that d. = d, + d,, — 2 for any
edge e = xy. O

Entire topological indices

Short time after the vertex— and edge-degree-based graph invariants of
the type (2) were conceived (Kulli, 2016), the “entire” topological indices
were put forward (Alwardi et al., 2018), first for the choices FF = = + y
(first Zagreb index) and F' = xy (second Zagreb index). Eventually, entire
indices were considered for the forgotten index (F = 22 + 42), (Bharali
et al., 2020), the Randi¢ index (¥ = 1/,/xy), (Saleh & Cangul, 2021), and
quite recently for the Sombor index (F = /22 + y2), (Movahedi & Akhbari,
2023).

The general form of these indices is

Tl =Tl (G) = > Flda,dy). (4)

z,yEV(G)UE(G)
r~y

Before stating Theorem 2, we recall some basic facts on line graphs
(Harary, 1969; Bondy & Murty, 1976).
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The line graph L(G) of the graph G is defined so that its vertex set is
E(G), and two vertices of L(G) are adjacent if the respective edges of G
are incident. Thus the line graph of the graph G has |E(G)| = m vertices

and m(L(G)) = X ,cv(e (%) edges.

Theorem 2. Let G be a simple graph and let L(G) be its line graph. Then
the invariant T1.,;, Eq. (4), can be expressed solely in terms of the vertex
degrees of G and L(G), and satisfies the relation

Tlow = TLu(G) = Y [F(dx, dy) + F(dy, dy + dy — 2) +

z,yEV(G)
T~y

+ F(dy,dx+dy—2)]+ S F(dnd,). (5)

z,y€V(L(G))
T~y

Proof. Itis evident that the summation on the right-hand side of (4) can be
divided into three parts, namely for

(@) zeV(G)andy e V(G)

(b) =z € V(G)andy e E(G) or vice versa;

() ze€E(G)andy < E(G)

In view of Eq. (1), the component of T'I.,,; pertaining to (a) is equal to
TI,i.e.,
> Fldy,dy) (6)

z,y€V(G)
T~y

whereas by Egs. (2) and (3), the component pertaining to (b) is equal to
TI,., i.e.,

3 [F(dx, dy + dy — 2) + F(dy, dy + dy — 2)] . (7)

z,yEV(G)
T~y

The component of T'I,.,,;, corresponding to the choice of pairs of incident
edges, namely (c), is equal to the T'7-index of the line graph of the graph
G:

Y. Fldsdy) (8)
w=y€x\lf\(/ZL/(G))

Combining (6)—(8), we arrive at

Tlont(G) = TI(G) + TL.(G) + TI(L(G))
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from which Eq. (5) directly follows. O

Special cases of expressions (6) and (8) were recognized by the authors
of the earlier papers on entire topological indices (Alwardi et al., 2018; Bhar-
ali et al., 2020; Saleh & Cangul, 2021; Movahedi & Akhbari, 2023), but no
one of them was aware of formula (7).

Theorem 2, and in particular formula (7), are stated here for the first
time.

Corollary 1. If G is a regular graph of the degree r, with n vertices and m
edges, then

Tlent(G) = %m“ [F(r,r) +2F(r,2r —2) + (r — 1) F(2r — 2,2r — 2)] .

Proof. In formula (5), all vertex degrees of GG are equal to r, whereas all
vertex degrees of L(G) are equal to 2r — 2. The first summation in (5)
goes over m = %nr terms, whereas the second summation goes over
m(L(G)) = gnr(r — 1) terms. O

In the case of triangle-free and quadrangle-free graphs (such are the
trees, hexagonal systems, fullerene graphs, nanotubes, etc.), formula (5)
can be simplified. Namely, the entire topological indices T'I.,,; of triangle-
free and quadrangle-free graphs can be expressed in terms of vertex de-
grees of the underlying graph G, without any reference to its line graph
L(G).

Corollary 2. If G is a triangle-free and quadrangle-free graph, then Eq. (9)
holds:

Tl = TLu(G) = Y [F(dx, dy) + F(dy, dy +dy — 2) +

z,y€EV(G)
T~y
+ F(dy,dy +d, — 2)} +

+ > F(du+dy—2,dy + dy — 2) 9)

u,veEV((G))
d(u,v)=2

where w is the (unique) vertex lying between the vertices u and v.
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Proof. If the graph G does not contain triangles and quadrangles, then two
vertices at distance 2, say « and v, have a unique vertex between them,
say w. Then ww and vw form a pair of incident edges, resulting in

Y F(dedy)= Y F(du+dy—2,dy+dw—2). (10)

z,yEV(L(G)) u,veV((G))
vy d(u,v)=2
Substituting (10) back into (5) yields (9). O
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O Tononornyeckux MHOEeKCaX, 3aBUCALLNX OT cTeneHemn BEpPLUNH
n pebep

UeaH N'yTMaH

KparyeBaLkuii yHUBEPCUTET, €CTECTBEHHO-MaTEMaTUYECKUI
dakyneterT, I. Kparyesau, Pecnybnvka Cepbus

PYBPUKA TPHTWU: 27.29.19 KpaeBble 3agaun v 3agayn Ha
CcobBCTBEHHLIE 3HAYEHNs aAns
06bIKHOBEHHbIX AnddepeHLmanbHbIX
YPaBHEHUA U CUCTEM YpaBHEHUN

BWA CTATbW: opurnHanbHas Hay4Has cTaTtbs

Pesrome:

BsedeHue/uenb: Bce mononoeudyeckue uHlekcs! (T'1.,;) npeod-
cmaersrom cobol Kracc uHeapuaHmos 2pagha, 3a8ucsauiux om
cmeneHel pacriofioxXeHUs eepliuH U pebep. YcmaHo8MeHb!
Hekomopsble obujue ceolicmea amux UH8apuaHmMos.

MemoObi: B daHHOU cmambe ripumeHsiemcsi KombuHamopHasi
meopus epaghos.

Pesynbmamel: [NonyyeHo HO8oe 060bWEHHOE 8bipakeHue Ors
Tl [nsa epaghos 6e3 mpey2orbHUKO8 U HembIpexy20/1bHUKO8
3mo eblpaxkeHue Moxem 6bimb 3Ha4UMEsIbHO YIPOU,EHO.

Bbig00bI: [JaHHasi cmambsi 6HOCUM 8K1ad 8 MeOoPUIo UH8apuaH-
moe e2paghos, 3asucsawux om cmeneHel 8epwuH U pebep.

Kntouesnie crioga: nosnHbIl mononoaudeckuli UHOeKe, UH8apu-
aHmbI 2paghos, 3asucsUIUX Om cmeneHell eepuwuH u pebep,
cmerieHb (8epuwuHbl), cmereHb (pebpa).
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O TOMOMOLWKUM MHAEKCMMA KOju 3aBUCe Of CTeneHa YBopoBa U
rpaHa

UeaH N'yTmaH

YHusepauTteT y Kparyjesuy, [pupogHo-matemaTuykm dakynTer,
KparyjeBau, Penybnuka Cpbuja

OBJIACT: matemaTtuka
KATEFOPWJA (TUM) YNAHKA: opyrmHanHim Hay4yHu pag

Caxxemak:

Yeod/uurb: TMomnyHu mononowku uHdekcu (T'1.,;) obpasyjy
Knacy epagho8CKUX UHBapujaHmu Koju 3aguce 00 cmereHa 4eo-
poea u cmeneHa epaHa. YcmaHo8/bLeHe Ccy HeKe onuime ocobu-
He o8uUX UHBapujaHMU.

Memode: lNpumerusaHu cy nocmynuyu KOMbUHamMopHe Meopu-
Je epagposa.

Pesynmamu: Hahena je Hosa onwma ¢hopmyna 3a T1.,;. 3a
epaghose 6e3 mpoyeriosa U Yemeopoyasioea oea ¢hopmyrna ce
3HayajHo nojedHocmassbyje.

Bakrbyuak: Pad donpuHocu meopuju epagh08CKUX UHBapuUjaHmMu
Koju 3asuce 00 cmereHa 48oposa U cmereHa epaHa.

KrbyyHe pequ: momiyHU momnosowku UHoekcu, epaghoecke UH-
eapujaHme Koje 3asuce 00 cmerieHa 4eopoea U epaHa, cmerneH
(4yeopa), cmernieH (epaHe).
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KOMMEHTAPUW PEOKONNEMMAW: AsTop AaHHOM cTaTbi WMBaH lyTmMaH saBnsieTca
OEVCTBYIOLLMM  YFIEHOM  pefkonferMn xypHana «BOeHHO-TEXHUYECKUA BECTHUKY.
Mostomy pegkonnernss nposerna 6Gonee oTkpblToe U Gonee cTporoe ABOWHOE criernoe
peueH3npoBaHme. Pepkonnernss npunoxuna [AOMNOMHUTENbHbIE YCUMWSA AN TOro
YTOObI COXPaHUTb LIENOCTHOCTb PELEH3MPOBaHNSt U CBECTU K MUHUMYMY MPeAB3ATOCTb,
BCNEACTBME Yero BTOPOW pPenaKToOp-COTPYAHMK YNpaBnsn NpoLEecCOM peLeH3VpoBaHUA
He3aBMCMMO OT peaakTopa-aBTopa, Takum o6pas3om npouecc peueH3npoBaHust Obin
abconioTHO  NPO3payHbLIM. Penkonnermss Bo un30exaHue KOH(NMKTa WHTEPECOB
no3aboTunacb O TOM, YTOObl PELIEH3EHT He y3Han KTO ABNAETCA aBTOPOM CTaTbMu.
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PEOAKUNJCKU KOMEHTAP: Aytop oBor unaHka WMBaH [yTmMaH je akTyenHu 4naH
Ypehuaukor ogbopa BojHoTexHWMYKor rmacHuka. 36o0r Tora je ypeaHWLITBO CMpOBENO
TpPaHCNapeHTHWjW N PUrOPO3HUj ABOCTPYKO Crenm NpoLeC peLieH3mnje. YNoXuno je AoaatHn
Hanop Aa o4pXu UHTErpUTET peLieH3uje 1 HeobjekTUBHOCT CBee Ha HajMaky Moryhy mepy
TaKo LUTO je APy ypeaHWK capagHuK BOAMO NpoLeaypy peLeH3mnje He3aBUCHO o ypeaHuKa
ayTopa, npv Yemy je Taj npouec 61Mo anconyTHO TpaHCNapeHTaH. YpeoHULWTBO je NocebHo
BOAMIO payyHa a peLeH3eHT He Npeno3Ha Ko je Hanucao paj v Aa He fohe 4o KoHdNMKTa
MHTEepeca.
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