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Abstract:
Introduction/purpose: This article introduces the concept of revised fuzzy 
cone contraction by using the concept of a traiangular conorm and Revised 
Fuzzy Cone contractive conditions.
Methods: This article established new Revised Fuzzy Cone Contraction 
(RFC-C) type unique coupled Fixed Point theorems (FP theorems) in 
revised fuzzy cone metric spaces (RFCMS) by using the triangular property 
of RFCMS.
Results: The obtained results on fixed points in revised fuzzy cone metric 
spaces generalize some known results in the litrature and present 
illustrative examples to support the main work.
Conclusion: The RFC contractive conditions generalize some important 
contraction types and examine the existence of a fixed point in revised fuzzy 
cone metric spaces. In addition, the Lebesgue integral type mapping is 
applied to get the existence result of a unique coupled fixed point in RFCMS 
to validate the main work.
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 3 Introduction
In the year 1965, Zadeh (Zadeh, 1965) introduced the concept of 

fuzzy sets which permit the gradual assessment of the membership of 
elements in a set. To use this concept in topology, Kramosil & Michalek 
(1975) introduced the class of fuzzy metric spaces [FMS], After that, 
George & Veeramani (1994) modified the concept of fuzzy metric spaces 
and defined a Hausdorff topology on this fuzzy space. After that In 2015, 
the notion of fuzzy cone metric space (FCM space) was introduced by 
Oner et al. (2015). Grabiec (1988), gave the well-known Banach 
contraction principle in the case of fuzzy metric spaces, in the sense of 
Kramosil and Michalek.

Indeed, Huang & Zhang (2007) rediscovered the idea of a Banach­
valued metric space. Indeed, many mathematicians proposed it, but it 
became popular after Huangand Zhang’s study. By adopting the theory 
that the underlying cone is normal, they demonstrated the convergence 
properties and some FP-theorems. In 2015, Oner et al. (2015) gave the 
idea of a fuzzy cone metric space (FCM-space), and they also presented 
some fundamental properties and “a single-valued Banach contraction 
theorem for FP with the assumption that all the sequences are Cauchy.” 
After that, Li et al. (2021) settled some generalized fuzzy cone contractive 
type FP-results neglecting that “all the sequences are Cauchy” in a 
complete FCM-space. And later, Jabeen et al. (2020) presented some 
common FP theorems for three self-mappings, by taking into consideration 
the idea of weakly compatible in FCM-spaces with an integral type 
application.

Chen et al. (2020), gave the idea of coupled fuzzy cone contractive- 
type mappings. They proved “some coupled FP-theorems in FCM-spaces 
with non-linear integral type application.” Latterly Rehman & Aydi (2021) 
presented the concept of rational type fuzzy cone contraction mappings in 
FCM-spaces. They used “the triangular property of fuzzy metric” as a 
fundamental tool and proved some common FP-theorems and give an 
application. Guo & Lakshmikantham (1987) proved “coupled FP results for 
the nonlinear operator with applications”. Later, Bhaskar & 
Lakshmikantham (2006) present some coupled FP-theorems in the 
context of partially ordered metric spaces, and this work is also presented 
by Lakshmikantham & Ciric (2009). The concept of a cone metric space is 
introduced by Huang & Zhang (2007) and they also proved FP results. 
Some more fixed point results in a cone metric space and Fuzzy Metric 
spaces can be found in (Jankovic et al, 2010; Javed et al, 2021;
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Kadelburg et al, 2011; Karapinar, 2010; Rezapour & Hamlbarani, 2008; 
Shamas et al, 2021) and the references therein.

Alexander Sostak (2018) additionally represented the idea of George- 
Veeramani Fuzzy Metrics Revised [RFMS], Presently, Olga Grigorenko et 
al. (2020) introduced “On t-conorm primarily based Fuzzy (Pseudo) 
metrics”. In 2023, Muraliraj et al. (2023) proved some common coupled 
FP-results for commuting mappings in FMS. Muraliraj & Thangathamizh 
(2021b) introduced the concept of a Revised fuzzy modular metric space 
[RFMMS], Moreover, Muraliraj & Thangathamizh (2023a) tend to prove 
that a Revised fuzzy cone topological space is pre-compact if and 
providing each sequence in it is a Cauchy subsequence. Further, we tend 
to show that Xt x x2 may be a complete Revised fuzzy cone topological 
space if and providing Xt and X2 are complete Revised fuzzy cone metric 
areas. Finally, it is tried that each divisible Revised fuzzy cone topological 
space is second calculable and a mathematical space of a separable 
Revised fuzzy cone topological space is separable. Some more t-conorm 
results in various metric spaces can be found in (Kider, 2020, 2021; 
Muraliraj & Thangathamizh, 2021a, 2022, 2023b; Oner & Sostak, 2020; 
Parakath Nisha Bagam et al, 2024; Muraliraj et al, 2024) and the 
references therein.

This paper presents some unique coupled FP findings in RFCMS by 
taking the idea of Guo & Lakshmikantham (1987) and Chen et al. (2020). 
Furthermore, we have also presented an application of the two Lebesgue 
Integral Equations (LIE) for a common solution to uphold our work. This 
paper is organized as follows: Section 2 consists of preliminaries. Section 
3 establishes some unique coupled FP-results in RFCMS with illustrative 
examples. Section 4 presents an application of Lebesgue integral mapping 
to get the existence result of unique coupled FP in RFCMS to hold up the 
main work. In Section 5, we discuss the conclusion of our work presenting 
the objectives and hypotheses of the research or intervention.

Priliemeries
Some fundamental definitions and lemmas are given in this section. 

Definition 1 (George & Veeramani, 1994).
An operation O : [0 , l ] 2 -» [0 , 1 ] is called a continuous t-conorm if
(i) Ois associative, commutative, and continuous
(ii) 0 0 <h = <?i and q1O q 2 < q3 O q 4, whenever qt < q3 and 
<?2 ^  <?4 . V qlt q2, q3l q4 G [0, 1]
(iii) The maximum; qt O q2 = max {qlt q2}
(iv) The product; q1O q 2 = qt + q2 -  qt q2
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 3 (vi) The Lukasiewicz; q1 O  q2 = min {q1 + q2 , 1}.
Definition 2 (Huang & Zhang, 2007).
Let E be a real Banach space and 9 be the zero element of E, and p is a subset 
of E. Then, p is called a cone if,
(i) p is closed and nonempty, and p =£ {#}
(ii) a 1, a 2 E R, a 1, a 2 > 0 and V a, b E p, then a t a  + a 2b E p
(iii) both a  E p  and —a  E pand then a  =  i9

A partial ordering on a given cone p c  E is defined by a  < b ^  b — a  e p .  
a  < b stands for a  < b and a  =£ b, while a  «  b stands for b — a  E int{p}. In 

this paper, all cones have nonempty interior.
Definition 3 (Sostak, 2018).
Let U be a set and Q-. [0,1] 2 -» [0,1] is a continuous t-conorm. A RFMS, on 
the set U is a pair (7V0,0 )  or simply N0, where the mapping N0-.U2 -» [0, 1] 
satisfying the following conditions,
(F T  1) N0(bl ,b2,t) < 1 and N0(bl ,b2,t) = 0 <ti> b3 = b2 
( F T 2 ) N 0(b1,b 2, 0 = N 0(b2,b 1,t)
(F T  3) NqQj ^ b2,t)  O NQ(b2,b 3,s)  > NQ(b1,b 3, t  + s)
(FT 4) N0(b1,b2, —): (0 ,o o ) -» o, 1) is right continuous v  b1,b2,b3 e\)  
andt,s > 0. Then, (7V0,0 )  is said to be a RFM on 9Jt.
Definition 4 (Muraliraj & Thangathamizh, 2023).
A 3-tuple (U,N0,O)  is said to be RFCMS if p is a cone of E, U is an arbitrary 
set, O is a continuous t-conorm and (iV0,O)be a RFCM on U 2 x  int (p) 
satisfying the following conditions; v  ^ ,¿ 2 ,6 3  e U and t ,s  e int(p).
i. N0(b1, b2, t) < 1 and N0(b1, b2, t) = 0 <=> b3 = b2
ii. N0(bl t b2,t)  = N 0(b2,b l t t)
iii. N0(blt b2, t)  o  N0(b2,b3,s ) > N^ib^b^t  + s)
iv. NoO^, ¿2, - ) :  int (p) -» [0 ,1 ] is continuous.
Definition 5 (Muraliraj & Thangathamizh, 2023)
Let (U,N0,0 )  is a RFCMS, 3 ^  E U and {bj} be any sequence in U.
(i) {bj} converges to b3 if for any c e (0, l ) , t  »0, and such that
N0(bj,b1,t') < c, fo rj >  )t . This can be written as limbj = 0 , or bj -> b3 as / -»

(ii) (bj) is Cauchy if for any c e (0, l ) , t  » 9  and a jx e iV such that
N0(bj,b1, t )  < c for j , k  > y,.
(iii) (U,N0,0 )  is complete if every Cauchy sequence is convergent in U
(iv) [bj] is RFC contractive if 3 a (0 ,l) so that

fo rt » 9 ,  j > 1 . (1)



Lemma 6
Let (U,N0,0 ) is  a RFCMS and a sequence

bj - » ^ e U <=> /V0(£i;-, t)  -» 0 as y -» oo for each t  »  9.
Definition 7
Let (U,N0l0 ) is  a RFCMS. The RFCM N0 is triangular if
N0(b1,b3,t') < N0(b1,b2, t ) + N0(b2, b3, t), V b1,b2,b3 £U, t >> 9, (2)
Definition 8
Let ([/,ZV0 ,0 )is  a RFCMS and A-.U^U. Then, A is called RFC 
contractive if there is a e (0,1) so that
N0(Ab1,Ab2, t ) < a ( N 0(b1,b2,t) ') ,Vb1,b2 £U  and t » 9 ,  (3)
Definition 9
Let (Aj,X2) G U 2. Then, it is said to be coupled FP of a mapping A: U 2 -» U if

A(b2, b3) = b2,

A(b3, b2) = b3. (4)

As a follow-up to our original work, we now prove a few special pair 
FP theorems in RFCMS with examples. Additionally, we offer a Lebesgue 
integral contractive type application.

Main results
Now, the first main result is presented.

Theorem 10.
Let A : U 2 -» U is a mapping on complete RFCMS (U,N0lO ) in which N0 
is triangular and satisfies the following inequality
N0(A (a ,b lA t f ,O .0  < l(N0(a ,^ t ) )+ m (M (A (a ,b ) ,A ^ ,O ,t ) )  (5)
where

M(A(a, b)M Aft n  Pi -  i  Noia.Ma.b),! M , A Q , O , 0 - [ +JVo(aMKi0i
N0(a,A(a, b), t) + N0(^,A(^,Q, t) ]

.0  + N0(^,A(ja,b),t) J 
V a,b,^,( G U, t > 9, l G 0,1), and m > 0 with (Z + 4m) < 1.
Then, 4 has a unique coupled FP in U.
Proof:
Any a0, b0 g U\ we define sequences {a;} and {fy} in U such that
A{aj ,b j )  = aj+i, A(bj,a.j) = bj+i, for j  > 0. (7)
From (5) for t > 9, one gets
Nt)(aJ ,aJ + i , t )  = N0{A{aj_1,bj_1),A{aj ,b j ) ,t )
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 3 < l  aj '  0 )  +  m  ( M { A { aj - 1- bj ) ’ 0 ) -
where

\  \  j  1 j  U  \  j  j )  )  y  + N 0(a.j_1, A (cL j ,b j) , t )

=  (No  (a;-i>  aj ,  t), N 0 (a.j, aj + 1 , t), N 0 (^aj _ 1, a;+1, t ) )

( 9 )

(8)

< 2 aj> 0  +  ^ (a ,- , 0/+i. 0 )
From (8 ) and (9), for t »  d,
N0(a j ,  aj+ 1 , t) <  l + 2m ( N 0( aj - i ’ aj,  t) + JV0( f l y  . f ly  +  1 . 0 )  (1°)
After simplification, one obtains

0 (cLj, Oy + 1, t)  <  2 (^ 0( 0 ,--!, Oy, t ) )  for t »  #,

where 2  = f  i+2rra ) < 1 .
Similarly,
N0(aj_1,a j,t) < 2 îV0(a/_2,a/_ i , t ) j  for t  »

(11)

(12)

From (11) and (12), by induction, for t »  tf,

/V(|(fly, Oy ■+-! 1 t )  <  2  (^ 0( 0/ - ! ,  dj, t ) )  <  22 Ay, t ) )

< • • • < 22 (iV0 (cio, ciy, t) ) —> 0, as 7 —>00. (13)
The above shows that {a,} be a RFC-C; therefore,
limN0(a:,ai+1, t ) = 0, for t »  d. (14)7 —00 \ j j
Now for i > 7 and for t »  ¡9, then
tv0(o/ + fly+1 , t )  < (tv0(ay + ay+1, t) + N0(a]+1 +  aj+2, t ) + ••• + + a;, t)))

^  (A /q (& o H" c i i , t )  )  H~ + 1 (A /q (& o H~ , t )  )  H- • • • +  1 (A /q ( ciq H- ci^ , t )  )

— (2J +  +  ••• +  2J ((A/0(a 0 +  alf t ))   ̂ as y —* 00 #

= 7 T l( ( iVo(ao + ai . t ) ) )  as 7 -> 00. (15)
Hence, the sequence {a;} is Cauchy. Now for the sequence {bj} and from 
(5), for t »  d, there is
N0(bj,bj+1, t)  = N o tA tb j^ .b j-J .A tb j.a j)^ )

< l^N o ip j^ .b j . t j )  + m(M{A{bj_1,aj_1),{bj,aj ) , t j ) ,  (16)
where

K \1 i j V i ,  j J  J \ +N0(bJ_1, A(bj,cij),t) )
uj - 1>

= (N ^ b j .^ b j . t )  + N0{bj,bj+1,t)  + N ^ b j . ^ b j+ ^ t j )
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= 2 (N0(bj_i, bj, t) + N0(bj, bj+1, t))
Now, from (16) and (17), for t »  fi,
N0{bj, bj+1, t) < l bj, t ) )  + 2m (N^bj^, bjt t) + N0(bj, bj+1, t ) )
one gets, after simplification,
N0(bj, bJ+1, t) < X (Noibj-t, bj, t)) , for t »  d, 

where X = (i+2m) < 1.
( 1 - 2  m )

Similarly,
N0{bj_1, bj, t ) < X  (N0(bj_2, bj~±, t)) , for t »  i9.
Now, from (19) and (20) and by induction, for t »  tf,

(17)

(18)

(19)

(20)

N o ( W i  , t )  <  A ( JV0 ( v , , bJ5f ) )  <  l 2 ( JV0 (b,._2, b,._,, f ) )

< - < V ( N 0(b0,b1, t) )  (21)
It shows that the sequence {bj} is a RFC-C; therefore,
limN0(bj,bj+1, t)  = 0, for t »  d. (22)
j  —> CO v  ̂ '
Now, for i > j  and for t »  d, there is
N0(bj, bj+1, t ) < (N0(bj, bj+1, t ) )  + (N0(bj+1, bj+2, t ) )  + -  + X2{N0(bi_1, bt, t))

< XJ(N0(b0,b1,t')) + ^ +1 (tV0 (6 0, 6 i , t ) )  + •••+ l ;_ 1 (iV0 (/70,/71, t))
= (^ ' + 4;+ 1  + -  + ^ -i)(7V 0 (Z70, ¿i, 0 ) as y ».
= ^  (bl0(b0, b±, 0 )  as ;  -» °°. (23)

Hence, the sequence {ft; } is Cauchy. Since A is complete and {a,}, {bj} are 
Cauchy sequences in A, so 3 a, b e A such that a; -» a and ft,- - »¿as  
y oo or this can be written as l i m j a } = a and bj = b.
Therefore,

N0(a.j,a,t) = 0, N0(bj,b,t) = 0, for t »  d. (24)
Hence,
l i m j a, +1 = limj^„ A{a.j,bj) — A{limj^„ a . j , l i mj b j }  => A(a,b) — a. (25) 
Similarly,
l i m j b j+1 = l im j^A^b j.a j)  = A ^ l im j^  b j. l i r r i j^  a,-) => A (ft, a) = ft.(26)
Regarding its uniqueness, suppose (a^ft-t) and (ft1; %) are another 
coupled FP pairs in U2 such that A ia ^ b J  = a± and A ib ^ a J  = bt . Now, 
from (5), for t »  d, there exists
N0(a, a1: t) = N0(A(a, b^.A^a^ bj), t)

< l(N0(a,a1,t'))+m(M(A(a,b'),(ai ,bi ),t')), (27)
where
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 3 M(A(a,b), (au  b , ), t) ( N0{a,A(ja,b),t) + N o ^ . A ^ . b ^ . O  \ 
K+Noia.Aia.!, b-J, t) + Ng^^.A^a, b), t)J

= (N0( a ,a , t ) +  N0(a1, a 1, t ) +  N0( a ,a v t) +  N0(a1,a,t')')
= 2{N0{ a , a 1,t ) )  .

Now, from (27) and for t »  i9,
N0(a, a1:t) < Z(iV0 (a, t))  + 2m(iV0 (a, a1: t))  = (l + 2m)(N0(a,a1, 

= (l + 2m) < (Z + 2m)2(N0(a,a1,t)')
< ■■■ < (Z + 2m)i(N0(a,al t t))  -» 0, as y -» 00,

0 )

(29)

(28)

where (/ + 2 m) < 1 .
Hence, there exists ZV0(a, t) = 0 for a = % and t »  i9.
Similarly, again from (4), t »  d, there is
N0{b,b1,t) = N0(A(b,a),A(b1,a1),t)

< l(^N0{b,b1, t))  + m{M(A(b, a), (b±, a±), t)), (30)
where

\  +7V0 (b, j4(b-L, % ), t) +  N0(b1,A(b, a), t ) J
=  (N0 (b ,b , t ) +  N0 (b1,b1, t )  + N 0 (b,b1, t ) +  N0 (b1, b , t ) )
= 2 (WoC M l O)

Now, from (30) and for t »  tf,
(31)

N0(b,ba1,t)  < l(̂ N0(b,ba1,t)^ + 2m(N0(b ,b 1,t)') = (l + 2m)(N0(b ,b1,t)')
= Q + 2m) < (l + 2m)2(N0{b,b1,t)^
< ■■■ < (Z + 2m)i(N0(b,b1,t)') -» 0, as y -» 00. (32)

Hence, there exists 7V0 (i», t) = 0 /o r  6 = ^  and t »

Corollary 11
Let A : U 2 -> U be a mapping on complete RFCMS (U,N0,O) in which N0 
is triangular and satisfies

N0(A(a,b),A($,O.t) < (33)f Z(tV0 ( a ,f , t } )  )
(+m[/V0 (a, A(a, b), t) + N0tf ,A tf ,  O -0 ] j  

v  a,b,%,( E U,t > e, l e  0,1), and m > 0 with (Z + 2m) < 1. Then, A has a 
unique coupled FP in U.
Corollary 12
Let A : U 2 -» U be a mapping on complete RFCMS (U,N0lQ ) in which N0 
is triangular and satisfies

N0(A(a ,b ),A^,O ,t)  <
{  l(N0( a , f , t ) )  ]
[+m[N0 (a, A(f, 0 . 0  + N0( f  ,A (a , b), t)] J

(34)
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A = (0 ,oo), O is a t-conorm, and A : U 2 x (0, °°) -» [0,1] is defined as

l
o

a

+ N) 3 3̂ A CD 3

'SY
{

•sy
.(

05 3 CQ C_ 05
 

—
s

05 CL (/> 05

CD i • c; bo 1 c= O’ CD

a

^
 Q

)
c/> CD

 
a)

C/) 
"Q

2 
cE

S
 

o
5

 =
S

 
o 

=
 3

"<
 T

3

■Dv O

CD 1 
•

IV
CD 1 

•
CD

0
-

^-
y

CD

Z
J

c-t
-

c-t
-

X
3

~n O
1 

I
=

r
O

+
■n O

0
)

+
0

)
'S

\y
'S

Y(
5

:
NJ

5
:

P
'-̂Y

y
^Y

y
0

"
-

0

b
A

J"
N

b

—
h-̂

c-t
-

—
3

H
v-

---
---

-.
---

---
---

y
3

=
r

o
'

=
r

=
r

CD 3

=
r

o
’

3
-

^C
D

[S
' O- N) K)

;l
-

CD 05 (n

CD 3 05 C/> C 3 _Q C CD
NJ u NJ N5

< CD 05

¡b> fT ¡b> .rv
y

S
'

o
 

o 3 Q
_ 

,•+
I 

=■
 

- o 3 cn

0 3 01 IV 55 o CD

O O c "O CD Q
. ~0 O 05 Q
. O"

CD O CD 3 o 05
 —\ CD C/> 05 CD CL

¡b> fT ¡b> v’Y
y IV CD

a o- m

c; s:
-a

o
' 

O
-

b
 m

—̂
 C

/J 
03 K

** 
o o 

; 
3 ■a

- 
CD < 

1
1 

CD

J 
^

3 
T

| o

< 
<: p

IV CD 3

G
2:

 cn
 

t 
05

a- p"

O
 

M
1 

•
11

M
 

sG
1 O) "O

O)
a"

'F
3

‘ 
'

0)
CD

1
O)

0
Qi

p
'

CD
cn 'C

“
W

y r+
• •

 
O

^
^

CL
<

CD
CD

—H
—

5
3" CD

CO 0
0

CO
CO CD

05 05 3 CQ C_ 0) —
5

05
 

GO

o o 3 o 05 =3 CL c: bo x 0 1 o CL CD —
h

=3
"

CD CL 05 cn

o 05 =3 CL IV o + NJ A CD 3 05 cn 0)

Th
an

ga
th

am
iz

h,
 R

. e
t a

l, 
N

ew
 a

pp
ro

ac
h 

of
 L

eb
es

gu
e 

in
te

gr
al

 in
 r

ev
is

ed
 fu

zz
y 

co
ne

 m
et

ric
 s

pa
ce

s 
vi

a 
un

iq
ue

 c
ou

pl
ed

 fi
xe

d 
po

in
t t

he
or

em
s,

 p
p.

 10
29

-1
04

5

unique coupled FP in U. 
Example 13



0V
O

JN
O

T
E

H
N

IÓ
K

I 
G

LA
S

N
IK

 / 
M

IL
IT

A
R

Y
 T

E
C

H
N

IC
A

L 
C

O
U

R
IE

R
, 

20
24

, V
ol

. 7
2,

 I
ss

ue
 3 iV0(a, b, t) =  TT̂ TCTT- ^ ( a- ¿0 = Ia ¿I,

v  a ,b  e Uand t > 0. Then, it is easy to verify that N0 is triangular and 
(U,N0l0 ) is  a complete RFCM-space. We define

b E [0,1]

(41)

M g ,!* ) =  j
ft

2a+2b-3 , i f  a, b E [1, °°).
(42)

Now from (39), for t > 0, one obtains, for t > 0,

(  ÁN0(A(a,b ) ,A t f ,O ,t )  = [ l r  12 ,
y+ -  (iV0(a, i4(a, b), t) +  JV0(<f, 7l(^, <"), t ) )y

-^(iV 0 (a, t ) )

It is easy to verify that conditions of Theorem 13 are satisfied with
l =  m = -  and n = 0 .

8
Then, A has unique coupled FP for a  = 2 and b = 2.
A(a, b) = 71(3,3) = 2 (3)+ 2 (3)~ 2 = 2 =* 71(3,3) = 3.

(43)

(44)

Application
In this section, we present an application of Lebesgue integral (LI) 

mapping to support our main work. In 2002, Branciari (Branciari, 2002) 
proved the following result on a complete metric space for a unique FP.
Theorem 17
Let (U.d.) be a complete metric space, a  e (0,1), and A: U -» U a 
mapping such that v  a ,b  e U ,
J[Aa,Ab) d(a,b)

|  < p(s^ ds< a  |  ( p ^ d s (45)

where cp\ (0 ,oo) -» (0 ,oo) is a Lebesgue integrable mapping which is 
summable (i.e., with finite integral on each compact subset of (0 ,oo) and 
for each r  > 0 ,
d(a,h)

J ( p ^ d s . (46)
0

Then, A has a unique FP u e U such that for any a e U, limAJa = u. Now,
i —°°

we are in the position to use the above concept and to prove a unique 
coupled FP-theorem in FCM-spaces.

J

1038



Theorem 18
Let A : U 2 -» U be a mapping on complete RFCMS (U,N0,0 )  in which N0 
is triangular and satisfies the inequality

s)ds < / +m^(p{s}ds
0 0 0

M(A(a,b'),A(£,0.t)  = {
N0(a,A(a,b),t) + N0(£,A(];,Q,i) } 

+N0(a, Atf, 0 .0  + N0tf,A(a, b), t)J
(47)

v  a,b,^,^ g U, t > 9, l g 0,1), and m > 0 with (l + Am) < 1 and where 
cp\ 0 ,oo) -» o,oo) ¡s a Lebesgue integrable mapping which is summable 
(i.e., with finite integral on each compact subset of 0 ,oo) and for each
T > 0,
d(ct,b)

J (p(s)ds (48)
o

Then, A has a unique coupled FP in U.

Conclusion
This article introduced the idea of coupled FP-results in RFCMS and 

used "the triangular property of RFCMS" to demonstrate certain special 
coupled FPT under the revised contractive type requirements. Some 
examples are provided that supported our conclusions as well. 
Furthermore, a Lebesgue integral mapping application is provided to 
enhance our primary findings. With the aid of this novel idea, it is possible 
to demonstrate more modified and universal contractive type coupled FP 
results with various integral contractive type of conditions and applications 
throughout the whole RFCMS.
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Nuevo enfoque de la integral de Llebesgue en espacios métricos de 
conos difusos revisados mediante teoremas de punto fijo acoplados 
únicos

Ravichandhiran Thangathamizh3, Angamuthu Muralirajb,
Periyasamy ShanmugaveF
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CAMPO: matemáticas
TIPO DE ARTÍCULO: artículo científico original 

Resumen:
Introducción/objetivo: Este artículo presenta el concepto de contracción 
revisada del cono difuso utilizando el concepto de conorma triangular y las 
condiciones contractivas revisadas del cono difuso.
Métodos: Este artículo estableció nuevos teoremas de punto fijo acoplados 
únicos (teoremas FP) del tipo de contracción difusa revisada (RFC-C) en 
espacios métricos de cono difuso revisados (RFCMS) mediante el uso de 
la propiedad triangular de RFCMS.
Resultados: Los resultados obtenidos en puntos fijos en espacios métricos 
de cono difuso revisados generalizan algunos resultados conocidos en la 
literatura y presentan ejemplos ilustrativos para respaldar el trabajo 
principal.
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Conclusión: Las condiciones contractivas de RFC generalizan algunos 
tipos de contracción importantes y examinan la existencia de un punto fijo 
en espacios métricos de cono difuso revisados. Además, se aplica el 
mapeo de tipo integral de Lebesgue para obtener el resultado de existencia 
de un punto fijo acoplado único en RFCMS para validar el trabajo principal.
Palabras claves: métrica difusa revisada, cono difuso revisado, punto 
fijo.

HoBbiíi no flxo fl k MHTerpajiy J1e6era b nepecMOTpem-ibix HeneTKMX 
KOHycoo6pa3Hbix MeipuMecKMX npocTpaHCTBax c noMombK) efli/iHoi/i 
CBB3aHHOM HenOflBÍDKHOl/í TOMKM

PaeiMaHdupaH TaHraTaMM>Ka, AHaaMymy Mypannpafl>Ks, 
ilepuncaMU UlaHMyraBnn8
a TexHonom4ecKMíí MHCTMTyT fljKennuapa (aBTOHOMHbiíí),

MaTeMaTMHecKMM (fcaKynbTeT, KaHHmrypaM, TaMunHafl, Pecny6nw<a Mhamb, 
KoppecnoHfleHT

6 yHMBepcmeT BapaTMflacaH, Konneflw flxaHanaKLUMM b YpyM y, 
MaTeMaTM^ecKMíí (fcaKynbTeT m HayHHO-MccneflOBaTenbCKMíí pem p,
TpnHM, TaMMJiHafl, Pecny6nm<a Mhpy\n

B yHMBepcmeT llepuap, CaneMCKMíí Konneflw MCKyccTB m ecTecTBeHHbix HayK 
(aBTOHOMHbiíí), MaTeMaTMHeCKMÍÍ (fcaKynbTeT,
HaMaKKan, TaMMHHafl, Pecny6nm<a Mhpy\n

PYBPMKA rPHTM: 27.25.17 MeTpHHecKaa Teopna cjoyHKHMM,
27.39.15 JlMHeííHbie npocTpaHCTBa, CHa6>KeHHbie

Tononorneíí, nopaflKOM m flpymMM CTpyKTypaMM 
BMfl CTATbM: opwr-iHaribHaa HayHHaa CTaTba

Pe3ioMe:
BeedeHue/u,enb: B daHHOü cmambe npedcmaeneHa KOHU,enu,un 
nepecMompeHHoao coKpam,eHUH HenemKoao KOHyca c 
ucnorib3oeaHueM KOHU,enu,uu mpeyaonbHUKa u nepecMompeHHbix 
ycnoeuü coKpameHUH HenemKoao KOHyca.
Memodbi: B cmambe npedcmaeneHbi Hoebie nepecMompeHHbie 
meopeMbi oó eduHoü cen3aHH0Ü Henodeu>KHOü moHKe c munoM 
cxamuH HenemKoao KOHyca (RFC-C) (meopeMbi FP) e 
nepecMompeHHbix MempunecKux npocmpaHcmeax HenemKoao KOHyca 
(RFCMS), ucnofib3yn ceoücmeo mpeyaonbHocmu RFCMS. 
Pe3ynbmambi: rionyyeHHbie pe3ynbmambi no Henodeu>KHbiM moHKaM 
e nepecMompeHHbix HenemKux KOHycoo6pa3Hbix MempunecKux 
npocmpaHcmeax o6o6m,aiom HeKomopbie u3eecmHbie pe3ynbmambi e 
numepamype u npedcmaenniom unniocmpamueHbie npuMepbi e 
noddepxKy ocHoeHoü paóombi.
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 3 Bbieodbi: Ycnoeun oxamun RFC o6o6ui,ax>m HeKomopbie ea>XHbie munbi 
oxamun u uccnedyiom cymecmeoeaHue HenodeurxHou monxu e 
nepecMompeHHbix Henemxux KOHycoo6pa3Hbix Mempunecxux 
npocmpaHcmeax. noMUMO moao, omodparxeHue UHmeapanbHoao muna 
Jledeaa npuMeHnemcn dnn nofiyneHun pe3ynbmama cymecmeoeaHun 
eduHou c6H3dHHOu cpuxcupoeaHHOu monxu e RFCMS dnn 
nodmeepxdeHun ochobhou padombi.

Kfixcneebie cnoea: nepecMompeHHan Henemxan Mempuxa,
nepecMompeHHbiu Henemxuu KOHyc, HenodeurxHan monxa.

Hobm npi/icTyn J1e6eroBOM m-rrerpany y npepafjeHUM c|3a3i/i KOHycHMM 
MeTpuMKMM npocTopmvia noMofiy TeopeMa jeflMHCTBeHe cnpemyTe 
HenoKpeTHe Tanxe
PaeunaHdupaH TaHraTaMMW3 * * 6 *, AnaaMymy Mypanupag®, 
riepujacaMU HlaHMyraBun8
a MHCTMTyT 3a  TexHonomjy IJ e n n a p , Oflerbehte 3a MaTeMaTMKy,

KaH4nnypaM, TaMnn Hafly, Peny6nnKa MHfluja, 
ayTop 3a npermcxy

6 yHMBep3meT EapaTMflacaH, YpyHy flaHanaKLUMM Koney,
Oflerbehte MaTeMaTMKe 3a no cneflunnoM C K e m MCTpa>KMBaHKe CTyflMje, 
T u p y ^ n p a n a n n , TaM M H H afly , P e n y 6 n n K a  M Hfluja  

B yH M B e p 3 m e T  lle p M a p , K o n ey  yMeTHOCTM m Hayxe C en B a M  (ayTOHOMHM), 
K aTeflpa MaTeMaTMKe, H aM aK an , TaM M n H a fly , Peny6nM K a MHflMja

OEJ1ACT: MaTeMaTMKa
KATETOPMJA (TMI1) HJ1AHKA: opMTMHanHM HayHHM pa fl 

Carxemax:
yeod/u,urb: Oeaj pad yeodu nojaM npepafjeHe cpa3He KOHycHe 
KOHmpaKU,uje noMofiy xoHU,enma mpoyaaoHe KOHopMe u npepafjeHoa 
cpa3Hoa KOHycHoa KOHmpaKmueHoa ycnoea.

Memode: npedcmaerbeHe cy Hoee meopeMe jeduHcmeeHe cnpeaHyme 
HenoKpemHe manxe muna RFC-C (revised fuzzy cone contraction -  
npepefjeHe cpa3u KOHycHe xoHmpaxu,uje) y  npepafjeHUM cpa3u KOHycHUM 
MempunxuM npocmopuMa (RFCMS -  revised fuzzy cone metric spaces) 
KopuLuHerbeM ceojcmea mpoyana Koje nocedyjy RFCMS.
Pe3ynmamu: flodu jeriu  pe3ynmamu Ha HenoKpemHUM maHKaivia y  
npepafjeHUM cpa3u KOHycHUM MempunxuM npocmopuMa aeHepanu3yjy 
Hexe no3Hame pe3ynmame U3 numepamype u npedcmaerbajy 
ufiycmpamueHe npuMepe koj'u nodprxaeajy ocHoey oeoa pada.

3axrbynax: KoHmpaxmueHU ycnoeu RFC aeHepanu3yjy Hexe ea>XHe 
munoee xoHmpaxu,uja u ucnumyjy nocmojarbe HenoxpemHe manxe y  
npepafjeHUM cpa3u xoHycHUM MempunxuM npocmopuMa. ripuMerbeHO je  u 
npecnuxaeahbe muna Jledeaoeoa UHmeapana 3a dodujarbe pe3ynmama



jeduHcmeeHe cnpeahiyme HenoKpemHe ma^Ke y  RFCMS 3a eanudau,ujy 
oeoe pada.

Krby^He pevu: npepafjehia cpa3u MempuKa, npepafjeH cpa3u KOHyc, 
HenoKpemHa mam<a.

Paper received on: 20.01.2024.
Manuscript corrections submitted on: 22.09.2024. 
Paper accepted for publishing on: 23.09.2024.

©  2024 The Authors. Published by Vojnotehnicki glasnik / Military Technical Courier 
(www.vtg.mod.gov.rs, BTr.MO.ynp.cp6). This article is an open access article distributed under the 
terms and conditions of the Creative Commons Attribution license 
(http://creativecommons.Org/licenses/by/3.0/rs/).

1045

Th
an

ga
th

am
iz

h,
 R

. e
t a

l, 
N

ew
 a

pp
ro

ac
h 

of
 L

eb
es

gu
e 

in
te

gr
al

 in
 r

ev
is

ed
 fu

zz
y 

co
ne

 m
et

ric
 s

pa
ce

s 
vi

a 
un

iq
ue

 c
ou

pl
ed

 fi
xe

d 
po

in
t t

he
or

em
s,

 p
p.

10
29

-1
04

5

http://www.vtg.mod.gov.rs
http://creativecommons.org/licenses/by/3.0/rs/

