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 Background/Aim: This paper addresses the challenge of bounding zeros of quater-
nionic polynomials, a problem with applications in control theory and quantum me-
chanics, by developing new techniques that improve upon classical Frobenius-norm 
methods. Methods: We derive new upper bounds by analyzing the spectral and nu-
merical radii of companion matrices. Our approach integrates Aluthge transforms 
and partitioned matrix analysis within the quaternionic framework. Results: The 
main results are explicit, computationally efficient formulas for zero bounds that are 
proven to be sharper than existing methods. The improvement is demonstrated 
through numerical examples and comparative analysis. Conclusions: The presented 
methods provide tighter bounds for quaternionic polynomial zeros, advancing qua-
ternionic linear algebra and offering practical tools for the stability analysis of qua-
ternionic systems. 

1. Introduction 
The study of polynomial zeros is a fundamental problem 

in mathematics with deep implications for numerical analy-
sis, control theory, and quantum mechanics. While classical 
results for complex and real polynomials are well-estab-
lished, the non-commutative nature of quaternions intro-
duces unique challenges in bounding zeros of quaternionic 
polynomials. These challenges are particularly relevant in 
modern applications such as quaternion-based control sys-
tems and quantum mechanics with quaternionic operators 
[1,2]. Existing approaches to bound quaternionic polyno-
mial zeros primarily rely on Frobenius norms of companion 
matrices [3,4,5]. However, these methods often overesti-
mate eigenvalues for non-normal matrices and fail to exploit 
structural properties of quaternionic systems. Recent work 
in numerical radius techniques [6,7] and Aluthge transforms 
[8] for complex matrices suggest potential improvements, 
but their extension to quaternions remains underexplored. 
Suppose that 𝑝𝑝(𝑧𝑧) = 𝑧𝑧𝑛𝑛 + 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−1 + ⋯+ 𝑎𝑎2𝑧𝑧 + 𝑎𝑎1 is a 
quaternionic monic polynomial with 𝑛𝑛 ≥ 2 and 𝑎𝑎1 ≠ 0. Let 
𝑧𝑧1, 𝑧𝑧2, 𝑧𝑧3, … , 𝑧𝑧𝑛𝑛 be the zeros of 𝑝𝑝, arranged such that |𝑧𝑧1| ≥
|𝑧𝑧2| ≥ ⋯ ≥ |𝑧𝑧𝑛𝑛|. The Frobenius Companion matrix 𝐶𝐶𝑝𝑝 of 𝑝𝑝 
is defined as 

𝐶𝐶𝑝𝑝 =

⎣
⎢
⎢
⎢
⎢
⎡
−𝑎𝑎𝑛𝑛 −𝑎𝑎𝑛𝑛−1 −𝑎𝑎𝑛𝑛−2 … −𝑎𝑎2 −𝑎𝑎1

1 0 0 … 0 0
0 1 0 … 0 0
0 0 1 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 1 0 ⎦

⎥
⎥
⎥
⎥
⎤
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It is well known that the characteristic polynomial of 𝐶𝐶𝑝𝑝 
is 𝑝𝑝 itself. Thus, the zeros of 𝑝𝑝 are exactly the eigenvalues 
of 𝐶𝐶𝑝𝑝. Note that: 

𝐶𝐶𝑝𝑝2 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑏𝑏𝑛𝑛 𝑏𝑏𝑛𝑛−1 𝑏𝑏𝑛𝑛−2 … 𝑏𝑏2 𝑏𝑏1
−𝑎𝑎𝑛𝑛 −𝑎𝑎𝑛𝑛−1 −𝑎𝑎𝑛𝑛−2 … −𝑎𝑎2 −𝑎𝑎1

1 0 0 … 0 0
0 1 0 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 1 0 ⎦

⎥
⎥
⎥
⎥
⎤

 

where𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 for 𝑗𝑗 = 1,2, … ,𝑛𝑛, with 𝑎𝑎0 = 0. Let 
𝑝𝑝1(𝑧𝑧) = (𝑧𝑧 − 𝑎𝑎𝑛𝑛)𝑝𝑝(𝑧𝑧) = 𝑧𝑧𝑛𝑛+1 − 𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛−1 − 𝑏𝑏𝑛𝑛−1𝑧𝑧𝑛𝑛−2 −
⋯− 𝑏𝑏2𝑧𝑧 − 𝑏𝑏1. Then 𝑧𝑧1, 𝑧𝑧2, 𝑧𝑧3, … , 𝑧𝑧𝑛𝑛 and 𝑎𝑎𝑛𝑛 are the zeros of 
𝑝𝑝1. The corresponding Frobenius companion matrix 𝐶𝐶𝑝𝑝1 of 
𝑝𝑝1 is given by: 

𝐶𝐶𝑝𝑝1 =

⎣
⎢
⎢
⎢
⎢
⎡
0 𝑏𝑏𝑛𝑛 𝑏𝑏𝑛𝑛−1 𝑏𝑏𝑛𝑛−2 … 𝑏𝑏2 𝑏𝑏1
1 0 0 0 … 0 0
0 1 0 0 … 0 0
0 0 1 0 … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 … 1 0 ⎦

⎥
⎥
⎥
⎥
⎤

 

We have, 
𝐶𝐶𝑝𝑝3

=   

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑐𝑐𝑛𝑛 𝑐𝑐𝑛𝑛−1 𝑐𝑐𝑛𝑛−2 … 𝑐𝑐4 𝑐𝑐3 𝑐𝑐2 𝑐𝑐1
𝑏𝑏𝑛𝑛 𝑏𝑏𝑛𝑛−1 𝑏𝑏𝑛𝑛−2 … 𝑏𝑏4 𝑏𝑏3 𝑏𝑏2 𝑏𝑏1
−𝑎𝑎𝑛𝑛 −𝑎𝑎𝑛𝑛−1 −𝑎𝑎𝑛𝑛−2 … −𝑎𝑎4 −𝑎𝑎3 −𝑎𝑎2 −𝑎𝑎1

1 0 0 … 0 0 0 0
0 1 0 … 0 0 0 0
0 0 1 … 0 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 … 1 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤
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where 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 and 𝑐𝑐𝑗𝑗 = −𝑎𝑎𝑛𝑛𝑏𝑏𝑗𝑗 + 𝑎𝑎𝑛𝑛−1𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−2 
for 𝑗𝑗 = 1,2, … ,𝑛𝑛, with 𝑎𝑎0 = 𝑎𝑎−1 = 0. Let 𝑝𝑝2(𝑧𝑧) = (𝑧𝑧2 −
𝑎𝑎𝑛𝑛𝑧𝑧 + 𝑎𝑎𝑛𝑛2 − 𝑎𝑎𝑛𝑛−1)𝑝𝑝(𝑧𝑧) = 𝑧𝑧𝑛𝑛+2 − 𝑐𝑐𝑛𝑛𝑧𝑧𝑛𝑛−1 − ⋯− 𝑐𝑐2𝑧𝑧 − 𝑐𝑐1,  

The corresponding Frobenius companion matrix 𝐶𝐶𝑝𝑝2 of 
𝑝𝑝2 is given by: 

𝐶𝐶𝑝𝑝2 =

⎣
⎢
⎢
⎢
⎢
⎡
0 0 𝑐𝑐𝑛𝑛 𝑐𝑐𝑛𝑛−1 𝑐𝑐𝑛𝑛−2 … 𝑐𝑐2 𝑐𝑐1
1 0 0 0 0 … 0 0
0 1 0 0 0 … 0 0
0 0 1 0 0 … 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 0 … 1 0 0 ⎦

⎥
⎥
⎥
⎥
⎤

 

We have, 
   𝐶𝐶𝑝𝑝4

=   

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑑𝑑𝑛𝑛 𝑑𝑑𝑛𝑛−1 … 𝑑𝑑5 𝑑𝑑4 𝑑𝑑3 𝑑𝑑2 𝑑𝑑1
𝑐𝑐𝑛𝑛 𝑐𝑐𝑛𝑛−1 … 𝑐𝑐5 𝑐𝑐4 𝑐𝑐3 𝑐𝑐2 𝑐𝑐1
𝑏𝑏𝑛𝑛 𝑏𝑏𝑛𝑛−1 … 𝑏𝑏5 𝑏𝑏4 𝑏𝑏3 𝑏𝑏2 𝑏𝑏1
−𝑎𝑎𝑛𝑛 −𝑎𝑎𝑛𝑛−1 … −𝑎𝑎5 −𝑎𝑎4 −𝑎𝑎3 −𝑎𝑎2 −𝑎𝑎1

1 0 … 0 0 0 0 0
0 1 … 0 0 0 0 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 … 1 0 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
where 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1, 𝑐𝑐𝑗𝑗 = −𝑎𝑎𝑛𝑛𝑏𝑏𝑗𝑗 + 𝑎𝑎𝑛𝑛−1𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−2, and 
𝑑𝑑𝑗𝑗 = −𝑎𝑎𝑛𝑛𝑐𝑐𝑗𝑗 − 𝑎𝑎𝑛𝑛−1𝑏𝑏𝑗𝑗−1 + 𝑎𝑎𝑛𝑛−2𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−3 for 𝑗𝑗 = 1,2, … ,𝑛𝑛, 
with 𝑎𝑎0 = 𝑎𝑎−1 = 𝑎𝑎−2 = 0, 𝑎𝑎1 = 0, 𝑎𝑎2 = 0. Let 𝑝𝑝3(𝑧𝑧) =
(𝑧𝑧3 − 𝑎𝑎𝑛𝑛𝑧𝑧2 + (𝑎𝑎𝑛𝑛2 −𝑎𝑎𝑛𝑛−1)𝑧𝑧 − 𝑎𝑎𝑛𝑛3 + 2𝑎𝑎𝑛𝑛𝑎𝑎𝑛𝑛−1 − 𝑎𝑎𝑛𝑛−2)𝑝𝑝(𝑧𝑧). 

= 𝑧𝑧𝑛𝑛+3 − 𝑑𝑑𝑛𝑛𝑧𝑧𝑛𝑛−1 − ⋯− 𝑑𝑑2𝑧𝑧 − 𝑑𝑑1 
The corresponding Frobenius companion matrix 𝐶𝐶𝑝𝑝3 of 𝑝𝑝3 is 
given by 
𝐶𝐶𝑝𝑝3

=   

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑐𝑐𝑛𝑛 𝑐𝑐𝑛𝑛−1 𝑐𝑐𝑛𝑛−2 … 𝑐𝑐4 𝑐𝑐3 𝑐𝑐2 𝑐𝑐1
𝑏𝑏𝑛𝑛 𝑏𝑏𝑛𝑛−1 𝑏𝑏𝑛𝑛−2 … 𝑏𝑏4 𝑏𝑏3 𝑏𝑏2 𝑏𝑏1
−𝑎𝑎𝑛𝑛 −𝑎𝑎𝑛𝑛−1 −𝑎𝑎𝑛𝑛−2 … −𝑎𝑎4 −𝑎𝑎3 −𝑎𝑎2 −𝑎𝑎1

1 0 0 … 0 0 0 0
0 1 0 … 0 0 0 0
0 0 1 … 0 0 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 … 1 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

In fact, for 𝑘𝑘 < 𝑛𝑛, the entries of the first row of 𝐶𝐶𝑘𝑘 are 
the negative of the coefficients of the polynomial obtained 
by multiplying 𝑝𝑝 by a polynomial of degree 𝑘𝑘 − 1. We leave 
the details to the interested reader. It should be mentioned 
here that the zeros of 𝑝𝑝 are contained in the zeros of 𝑝𝑝1 , 𝑝𝑝2, 
and 𝑝𝑝3. So, any upper bound for the zeros of 𝑝𝑝1, 𝑝𝑝2, or 𝑝𝑝3 can 
be considered as an upper bound for the zeros of 𝑝𝑝. We in-
troduce the first stability-certified bounds for quaternionic 
discrete-time systems. 

In this paper, we bridge this gap by deriving tighter, com-
putationally efficient bounds for quaternionic polynomial 
zeros through: 
1. Spectral and numerical radii of companion matrices 

(Theorems 1, 3.10), yielding sharper bounds than Fro-
benius norms (Table 2). 

2. Aluthge-transform-based techniques (Lemma 3), the 
first such application to quaternionic eigenvalue locali-
zation. 

3. Explicit formulas for stability-certified root bounds 
(Corollaries 2, 4), validated numerically (Section Nu-
merical Examples). 

Our work advances the theoretical framework of 
quaternionic linear algebra while offering practical tools for 

stability analysis of quaternionic discrete-time systems (Sec-
tion 4) and eigenvalue problems in quantum mechanics [1]. 

Table 1: Key advantages over prior work 

Aspect Prior Work 
[3] Our Contribution 

Bounds Frobenius-
norm-based 

Spectral/numeri-
cal radii + Aluthge 
transforms 

Tightness 
Loose for 
non-normal 
matrices 

Improvement 

Computa-
tional Cost 

High (matrix 
construc-
tions) 

Low (explicit for-
mulas) 

Applications Limited theo-
retical focus 

Direct links to sta-
bility (Section Ap-
plications) 

 
The paper is organized as follows: Section Definitions 

and Preliminaries reviews quaternionic matrix 
preliminaries. Sections Main Results present the main 
theoretical results.Lastly, we placed Sections applications 
and numerical validation.. 

2. Definitons and Preliminaries 
Notation 
Throughout the paper, ℝ and ℂ denote the fields of real 

and complex numbers, respectively. The set of real quater-
nions is defined by 

ℍ = {𝑞𝑞 = 𝑎𝑎0 + 𝑎𝑎1𝐢𝐢 + 𝑎𝑎2𝐣𝐣 + 𝑎𝑎3𝐤𝐤: 𝑎𝑎0, 𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3 ∈ ℝ}, 
with 𝐢𝐢2 = 𝐣𝐣2 = 𝐤𝐤2 = 𝐢𝐢𝐢𝐢𝐢𝐢 = −1. The conjugate of 𝑞𝑞 ∈ ℍ is 
𝑞𝑞‾ = 𝑎𝑎0 − 𝑎𝑎1𝐢𝐢 − 𝑎𝑎2𝐣𝐣 − 𝑎𝑎3𝐤𝐤 and the modulus of 𝑞𝑞 is |𝑞𝑞| =
�𝑎𝑎02 + 𝑎𝑎12 + 𝑎𝑎22 + 𝑎𝑎32.ℑ(𝑎𝑎) denotes the imaginary part of 
𝑎𝑎 ∈ ℂ. The real part of a quaternion 𝑞𝑞 = 𝑎𝑎0 + 𝑎𝑎1𝐢𝐢 + 𝑎𝑎2𝐣𝐣 +
𝑎𝑎3𝐤𝐤 is defined as ℜ(𝑞𝑞) = 𝑎𝑎0. The collection of all 𝑛𝑛-column 
vectors with elements in ℍ is denoted by ℍ𝑛𝑛. For 𝑥𝑥 ∈ 𝒦𝒦𝑛𝑛 , 
where 𝒦𝒦 ∈ {ℝ,ℂ,ℍ}, the transpose of 𝑥𝑥 is 𝑥𝑥𝑇𝑇. If 𝑥𝑥 =
[𝑥𝑥1, … , 𝑥𝑥𝑛𝑛]𝑇𝑇, the conjugate of 𝑥𝑥 is defined as 𝑥𝑥‾ =
[𝑥𝑥1, … , 𝑥𝑥𝑛𝑛]𝑇𝑇 and the conjugate transpose of 𝑥𝑥 is defined as 
𝑥𝑥𝐻𝐻 = [𝑥𝑥1, … , 𝑥𝑥𝑛𝑛]. For 𝑥𝑥,𝑦𝑦 ∈ ℍ𝑛𝑛, the inner product is de-
fined as ⟨𝑥𝑥,𝑦𝑦⟩ = 𝑦𝑦𝐻𝐻𝑥𝑥 and the norm of 𝑥𝑥 is defined as 
‖𝑥𝑥‖2 = �⟨𝑥𝑥, 𝑥𝑥⟩. The sets of 𝑚𝑚 × 𝑛𝑛 real, complex, and qua-
ternionic matrices are denoted by 𝑀𝑀𝑚𝑚×𝑛𝑛(ℝ),𝑀𝑀𝑚𝑚×𝑛𝑛(ℂ), and 
𝑀𝑀𝑚𝑚×𝑛𝑛(ℍ), respectively. When 𝑚𝑚 = 𝑛𝑛, these sets are de-
noted by 𝑀𝑀𝑛𝑛(𝒦𝒦),𝒦𝒦 ∈ {ℝ,ℂ,ℍ}. For 𝐴𝐴 ∈ 𝑀𝑀𝑚𝑚×𝑛𝑛(𝒦𝒦), the 
conjugate, transpose, and conjugate transpose of 𝐴𝐴 are de-
fined as 𝐴𝐴‾ = �𝑎𝑎𝑖𝑖𝑖𝑖�,𝐴𝐴𝑇𝑇 = �𝑎𝑎𝑗𝑗𝑗𝑗� ∈ 𝑀𝑀𝑛𝑛×𝑚𝑚(𝒦𝒦), and 𝐴𝐴𝐻𝐻 =
(𝐴𝐴‾)𝑇𝑇 ∈ 𝑀𝑀𝑛𝑛×𝑚𝑚(𝒦𝒦), respectively. For 𝑧𝑧 ∈ ℍ𝑛𝑛, the vector 𝑝𝑝-
norm on ℍ𝑛𝑛 is defined by ‖𝑧𝑧‖𝑝𝑝 = (∑  𝑛𝑛

𝑖𝑖=1  |𝑧𝑧𝑖𝑖|𝑝𝑝)1/𝑝𝑝, where 
1 ≤ 𝑝𝑝 < ∞ and ‖𝑧𝑧‖∞: = max

1≤𝑖𝑖≤𝑛𝑛
 {|𝑧𝑧𝑖𝑖|}. We define the 2 -norm 

on 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ) by 

‖𝐴𝐴‖2 = sup
𝑥𝑥≠0

 �
‖𝐴𝐴𝐴𝐴‖2
‖𝑥𝑥‖2

: 𝑥𝑥 ∈ ℍ𝑛𝑛� = ‖𝐴𝐴𝐻𝐻‖2 
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A matrix 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ) is said to be Hermitian if 𝐴𝐴𝐻𝐻 = 𝐴𝐴, nor-
mal if 𝐴𝐴𝐻𝐻𝐴𝐴 = 𝐴𝐴𝐴𝐴𝐻𝐻, and invertible (nonsingular) if AB =
BA = I for some 𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛(ℍ), where I is the identity matrix. 

Definition 1 
Let 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ). Then the left, right, and the standard 

right eigenvalues, respectively, are given by 
Λ𝑙𝑙(𝐴𝐴)= {𝜆𝜆 ∈ ℍ:𝐴𝐴𝐴𝐴 = 𝜆𝜆𝜆𝜆 for some non-zero 𝑦𝑦 ∈ ℍ𝑛𝑛},
Λ𝑟𝑟(𝐴𝐴)= {𝜆𝜆 ∈ ℍ:𝐴𝐴𝐴𝐴 = 𝑦𝑦𝑦𝑦 for some non-zero 𝑦𝑦 ∈ ℍ𝑛𝑛}, and

Λ𝑠𝑠(𝐴𝐴)= �𝜆𝜆 ∈ ℂ:𝐴𝐴𝐴𝐴 = 𝑦𝑦𝑦𝑦 for some non-zero 𝑦𝑦 ∈ ℍ𝑛𝑛,
ℑ(𝜆𝜆) ≥ 0 � .

 

Then the right spectral radius of a matrix A is defined 
by 

𝑟𝑟(𝐴𝐴) = max{|𝜆𝜆|: 𝜆𝜆 ∈ Λ𝑟𝑟(𝐴𝐴)}. 
Definition 2 
The right numerical radius 𝜔𝜔(𝐴𝐴) is defined as 

𝜔𝜔(𝐴𝐴) = sup{|⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩|: 𝑣𝑣 ∈ ℍ𝑛𝑛 , ‖𝑣𝑣‖ = 1} 
where ⟨⋅,⋅⟩ is the quaternionic inner product. 

Definition 3 
For a matrix 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ) with polar decomposition 𝐴𝐴 =

𝑈𝑈|𝐴𝐴|, the Aluthge transform [8] 𝐴𝐴(𝑡𝑡) is defined as 
𝐴𝐴(𝑡𝑡) = |𝐴𝐴|𝑡𝑡𝑈𝑈|𝐴𝐴|1−𝑡𝑡 ,  where 0 < 𝑡𝑡 < 1. 

Definition 4 
A matrix 𝑈𝑈 ∈ 𝑀𝑀𝑛𝑛(ℍ) is called a partial isometry if it 

satisfies 
𝑈𝑈𝑈𝑈𝐻𝐻𝑈𝑈 = 𝑈𝑈, 

where 𝑈𝑈𝐻𝐻 is the conjugate transpose (Hermitian adjoint) of 
𝑈𝑈. Equivalently 
i) 𝑈𝑈 acts as an isometry on its initial space range (𝑈𝑈𝐻𝐻), i.e., 
‖𝑈𝑈𝑈𝑈‖ = ‖𝑥𝑥‖ for all 𝑥𝑥 ∈ range(𝑈𝑈𝐻𝐻). 
ii) The restriction 𝑈𝑈|range�𝑈𝑈𝐻𝐻�: range(𝑈𝑈𝐻𝐻) → range(𝑈𝑈) is a 
linear isometry. 
iii) The matrix 𝑈𝑈𝐻𝐻𝑈𝑈 is an orthogonal projection onto range 
(𝑈𝑈𝐻𝐻). 

Definition 5 
[9] Haagerup-de la Harpe Inequality for a nilpotent ma-

trix 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ), the numerical radius satisfies 
𝑤𝑤(𝐴𝐴) ≤ ‖𝐴𝐴‖cos �

𝜋𝜋
𝑛𝑛 + 1

�, 
where ‖𝐴𝐴‖ is the spectral norm of 𝐴𝐴. 

Definition 6 
For a matrix 𝐴𝐴 ∈ 𝑀𝑀𝑚𝑚×𝑛𝑛(ℍ), the Frobenius norm is de-

fined as 

‖𝐴𝐴‖𝐹𝐹 = ��  
𝑚𝑚

𝑖𝑖=1

 �  
𝑛𝑛

𝑗𝑗=1

 �𝑎𝑎𝑖𝑖𝑖𝑖�
2. 

Definition 7 
For 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ), the polar decomposition is A = U|𝐴𝐴|, 

where 𝑈𝑈 is a partial isometry and |𝐴𝐴| = (𝐴𝐴∗𝐴𝐴)1/2 is the ab-
solute value of 𝐴𝐴. 

Definition 8 
For a quaternionic matrix 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ), we define, the 

real part: Re(𝐴𝐴) = 𝐴𝐴+𝐴𝐴∗

2
 and the imaginary part: Im(𝐴𝐴) =

𝐴𝐴−𝐴𝐴∗

2
. 

3. Main Results 
The following lemma establishes fundamental inequali-

ties relating the right spectral radius, numerical radius, and 
spectral norm for quaternionic matrices, showing their hier-
archical dominance: spectral radius ≤ numerical radius ≤ 
spectral norm. 

Lemma 1 
For any quaternionic matrix 𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(ℍ), the following 

inequalities hold: 
𝑟𝑟(𝐴𝐴) ≤ 𝑤𝑤(𝐴𝐴) ≤ ‖𝐴𝐴‖2 

where: 
(i) 𝑟𝑟(𝐴𝐴) : Right spectral radius ( max|𝜆𝜆(𝐴𝐴)| ), 

(ii) 𝑤𝑤(𝐴𝐴) : Right numerical radius � sup
‖𝑣𝑣‖=1

 |⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩|�, 

(iii) ‖𝐴𝐴‖2 : Spectral norm � sup
‖𝑣𝑣‖=1

 ‖𝐴𝐴𝐴𝐴‖�. 

Proof 
Let 𝜆𝜆 be a right eigenvalue of 𝐴𝐴 with corresponding ei-

genvector 𝑣𝑣(‖𝑣𝑣‖ = 1), satisfying 𝐴𝐴𝐴𝐴 = 𝑣𝑣𝑣𝑣. Then 
⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩= ⟨𝑣𝑣𝑣𝑣, 𝑣𝑣⟩

= 𝜆𝜆⟨𝑣𝑣, 𝑣𝑣⟩  (using right-linearity) 
= 𝜆𝜆‖𝑣𝑣‖2 = 𝜆𝜆

 

Thus, by definition of numerical radius, |𝜆𝜆| =
|⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩| ≤ 𝑤𝑤(𝐴𝐴). Since this holds for all eigenvalues, tak-
ing the maximum gives 

𝑟𝑟(𝐴𝐴) = max|𝜆𝜆(𝐴𝐴)| ≤ 𝑤𝑤(𝐴𝐴). 
For any unit vector 𝑣𝑣 ∈ ℍ𝑛𝑛 
|⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩|≤ ‖𝐴𝐴𝐴𝐴‖‖𝑣𝑣‖  (Cauchy-Schwarz inequality) 

= ‖𝐴𝐴𝐴𝐴‖  (since ‖𝑣𝑣‖ = 1)
≤ ‖𝐴𝐴‖2 (by definition of spectral norm) 

 

Taking supremum over all unit vectors 𝑣𝑣 
𝑤𝑤(𝐴𝐴) = sup

‖𝑣𝑣‖=1
 |⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩| ≤ sup

‖𝑣𝑣‖=1
 ‖𝐴𝐴𝐴𝐴‖ = ‖𝐴𝐴‖2.◻ 

The upcoming lemma establishes norm-based inequali-
ties for partitioned quaternionic matrices, showing that the 
spectral radius, numerical radius, and spectral norm of a 
block matrix are bounded by those of its norm-induced sca-
lar matrix counterpart. 

3.1. Spectral Radius Bounds 
We now establish an upper bound for the zeros of the 

quaternionic polynomial 𝑝𝑝1 by analyzing the spectral prop-
erties of its companion matrix 𝐶𝐶𝑝𝑝1. The bound depends on 
the coefficients 𝑏𝑏𝑗𝑗 and reflects the structure of the parti-
tioned matrix. 

Theorem 1 
If 𝑧𝑧 is any zero of 𝑝𝑝1(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�max{1, |𝑏𝑏𝑛𝑛|} + 1 + √𝛼𝛼�, 

where α = (max{1, |𝑏𝑏𝑛𝑛|} − 1)2 + 4�∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2
 

Proof 
The zeros of 𝑝𝑝1(𝑧𝑧) are the right eigenvalues of 𝐶𝐶𝑝𝑝1, i.e., 

𝐶𝐶𝑝𝑝1v = v𝜆𝜆 for some non-zero quaternionic vector v. Parti-
tion 𝐶𝐶𝑝𝑝1 into blocks 

𝐶𝐶𝑝𝑝1 = �𝐴𝐴 𝐵𝐵
𝐶𝐶 𝐷𝐷� , 𝐶̃𝐶𝑝𝑝1 = �‖𝐴𝐴‖2 ‖𝐵𝐵‖2

‖𝐶𝐶‖2 ‖𝐷𝐷‖2
�, 
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where 
𝐴𝐴 = �0 𝑏𝑏𝑛𝑛

1 0 � ,𝐵𝐵 = �𝑏𝑏𝑛𝑛−1 ⋯ 𝑏𝑏1
0 ⋯ 0 �

𝐶𝐶 = �

0 1
0 0
⋮ ⋮
0 0

� ,𝐷𝐷 = �

0 ⋯ 0
1 ⋱ ⋮
⋮ ⋱ ⋮
0 ⋯ 1

� .
 

The norms are 

‖𝐴𝐴‖2 = max{1, |𝑏𝑏𝑛𝑛|}, ‖𝐵𝐵‖2 = ��  
𝑛𝑛−1

𝑗𝑗=1

 �𝑏𝑏𝑗𝑗�
2, ‖𝐶𝐶‖2 = ‖𝐷𝐷‖2

= 1. 
By 𝑟𝑟�𝐶𝐶𝑝𝑝1� ≤ 𝑟𝑟�𝐶̃𝐶𝑝𝑝1�. The spectral radius of 𝐶𝐶𝑃𝑃1˜  is the 

largest eigenvalue of the 2 × 2 matrix 

𝐶̃𝐶𝑃𝑃1 =

⎣
⎢
⎢
⎢
⎡
max{1, |𝑏𝑏𝑛𝑛|} ��  

𝑛𝑛−1

𝑗𝑗=1

 �𝑏𝑏𝑗𝑗�
2

1 1 ⎦
⎥
⎥
⎥
⎤
 

The eigenvalues of 𝐶̃𝐶𝑃𝑃1 are given by 

𝜆𝜆 =
‖𝐴𝐴‖2 + ‖𝐷𝐷‖2 ± �(‖𝐴𝐴‖2 − ‖𝐷𝐷‖2)2 + 4‖𝐵𝐵‖2‖𝐶𝐶‖2

2
 

Substituting the norms 

𝜆𝜆 =

max{1, |𝑏𝑏𝑛𝑛|} + 1 ± �
(max{1, |𝑏𝑏𝑛𝑛|} − 1)2

+4�∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2

2
 

The spectral radius 𝑟𝑟�𝐶𝐶𝑃𝑃1˜ � is the larger eigenvalue 
𝑟𝑟�𝐶𝐶𝑃𝑃1˜ � = 1

2
�max{1, |𝑏𝑏𝑛𝑛|} + 1 + √α�, 

where α = (max{1, |𝑏𝑏𝑛𝑛|} − 1)2 + 4�∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2
. 

Since |𝑧𝑧| ≤ 𝑟𝑟�𝐶𝐶𝑝𝑝1� ≤ 𝑟𝑟�𝐶𝐶𝑝𝑝1˜ �, the bound follows 

|𝑧𝑧| ≤
1
2
�max{1, |𝑏𝑏𝑛𝑛|} + 1 + √α�. 

From which the result follows by Lemma1. 
Following corollary gives bounds on zeros of the qua-

ternionic polynomial 𝑝𝑝2(𝑧𝑧). 
Corollary 1 
If 𝑧𝑧 is any zero of 𝑝𝑝2(𝑧𝑧), then 

|𝑧𝑧| ≤ 1 + ��  
𝑛𝑛

𝑗𝑗=1

  �𝑐𝑐𝑗𝑗�
2�

1/4

. 

3.2. Numerical Radius Techniques 
The following lemma establishes the exact numerical 

radius of the quaternionic matrix 𝐿𝐿𝑛𝑛, showing it equals 
cos (𝜋𝜋/(𝑛𝑛 + 1)), analogous to the complex case but gener-
alized for quaternions. 

Lemma 2 
Let 𝐿𝐿𝑛𝑛 be the 𝑛𝑛 × 𝑛𝑛 quaternionic matrix given by 

𝐿𝐿𝑛𝑛 =

⎣
⎢
⎢
⎢
⎡
0 0 … 0 0
1 0 … 0 0
0 1 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 … 1 0⎦

⎥
⎥
⎥
⎤
, 

 

where the entries 0 and 1 are quaternions (with 1 being the 
multiplicative identity and 0 the additive identity in the 
quaternion algebra). Then the numerical radius 𝑤𝑤(𝐿𝐿𝑛𝑛) of 
𝐿𝐿𝑛𝑛 is 

𝑤𝑤(𝐿𝐿𝑛𝑛) = cos �
𝜋𝜋

𝑛𝑛 + 1
� 

Proof  
The numerical radius 𝑤𝑤(𝐴𝐴) of a quaternionic matrix 𝐴𝐴 

is defined as 
𝑤𝑤(𝐴𝐴) = sup

‖𝑥𝑥‖=1
 |⟨𝐴𝐴𝐴𝐴, 𝑥𝑥⟩|, 

where ⟨⋅,⋅⟩ is the standard inner product for quaternionic 
vectors, and ‖𝑥𝑥‖ = �⟨𝑥𝑥, 𝑥𝑥⟩. 

The matrix 𝐿𝐿𝑛𝑛 is with quaternionic entries. Its action on 
a quaternionic vector 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛)𝑇𝑇 is 

𝐿𝐿𝑛𝑛𝑥𝑥 = (0, 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛−1)𝑇𝑇  
For ‖𝑥𝑥‖ = 1, we compute 

⟨𝐿𝐿𝑛𝑛𝑥𝑥, 𝑥𝑥⟩ = � 
𝑛𝑛

𝑖𝑖=1

(𝐿𝐿𝑛𝑛𝑥𝑥)𝑖𝑖𝑥𝑥𝑖𝑖 = � 
𝑛𝑛

𝑖𝑖=2

𝑥𝑥𝑖𝑖−1𝑥𝑥𝑖𝑖 

This is a quaternionic scalar. To maximize |⟨𝐿𝐿𝑛𝑛𝑥𝑥,𝑥𝑥⟩|, 
we observe 

|⟨𝐿𝐿𝑛𝑛𝑥𝑥, 𝑥𝑥⟩| ≤�  
𝑛𝑛

𝑖𝑖=2

|𝑥𝑥𝑖𝑖−1||𝑥𝑥𝑖𝑖|. 

The result extends to quaternions because the numerical 
radius is invariant under unitary transformations [5], where 
it is known that 

𝑤𝑤(𝐿𝐿𝑛𝑛) = cos �
𝜋𝜋

𝑛𝑛 + 1
�. 

The following lemma establishes a key relationship be-
tween the numerical radius of a quaternionic matrix and the 
spectral norm of its real part under complex rotation, 
providing a useful characterization for bounding eigenval-
ues. 

The following lemma establishes an upper bound for 
the spectral radius of the sum of two quaternionic matrices 
using their Aluthge transforms and norms of their products. 

Lemma 3 
Let 𝐴𝐴,𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛(ℍ). For 0 < 𝑡𝑡 < 1, the spectral radius of 

𝐴𝐴 + 𝐵𝐵 satisfies: 
𝑟𝑟(𝐴𝐴 + 𝐵𝐵) ≤ 𝑟𝑟(𝑇𝑇), 

where: 
i) 𝐴𝐴(𝑡𝑡) = |𝐴𝐴|𝑡𝑡𝑈𝑈|𝐴𝐴|1−𝑡𝑡 is the Aluthge transform of 𝐴𝐴, 
ii) 𝐵𝐵∗(𝑡𝑡) = |𝐵𝐵∗|𝑡𝑡𝑉𝑉|𝐵𝐵∗|1−𝑡𝑡 is the transform of 𝐵𝐵∗, 
iii) 𝑈𝑈,𝑉𝑉 are partial isometries from the polar decomposi-
tions 𝐴𝐴 = 𝑈𝑈|𝐴𝐴|,𝐵𝐵 = 𝑉𝑉|𝐵𝐵|. 

Proof 
The Aluthge transform 𝐴𝐴(𝑡𝑡) preserves spectral proper-

ties in ℍ. The numerical radius 𝑤𝑤(𝐴𝐴) is defined as: 
𝑤𝑤(𝐴𝐴) = sup

‖𝑣𝑣‖=1
 |⟨𝐴𝐴𝐴𝐴, 𝑣𝑣⟩|. 

Consider 
𝑇𝑇 = � 𝐴𝐴 𝐴𝐴𝐴𝐴

𝐵𝐵𝐵𝐵 𝐵𝐵 �. 
Then 𝑟𝑟(𝐴𝐴 + 𝐵𝐵) ≤ 𝑟𝑟(𝑇𝑇). 

Change 𝑇𝑇 to 𝑇̃𝑇 = �
𝑤𝑤(𝐴𝐴(𝑡𝑡)) ‖𝐴𝐴𝐴𝐴‖2

𝑡𝑡
2‖𝐵𝐵𝐵𝐵‖2

1−𝑡𝑡
2

‖𝐴𝐴𝐴𝐴‖2
𝑡𝑡
2‖𝐵𝐵𝐵𝐵‖2

1−𝑡𝑡
2 𝑤𝑤(𝐵𝐵∗(𝑡𝑡))

�. 

Then 𝑟𝑟(𝑇𝑇) ≤ 𝑟𝑟(𝑇̃𝑇). The eigenvalues of 𝑇̃𝑇 are 
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𝜆𝜆 = 𝑤𝑤(𝐴𝐴(𝑡𝑡)) + 𝑤𝑤(𝐵𝐵∗(𝑡𝑡))

±��𝑤𝑤�𝐴𝐴(𝑡𝑡)� − 𝑤𝑤�𝐵𝐵∗(𝑡𝑡)��
2

+4‖𝐴𝐴𝐵𝐵‖2𝑡𝑡‖𝐵𝐵𝐵𝐵‖21−𝑡𝑡
/2.

 

Thus, 𝑟𝑟(𝑇̃𝑇) = Positive of 𝜆𝜆. Combining all inequalities, 
we get 

𝑟𝑟(𝐴𝐴 + 𝐵𝐵) ≤ 𝑟𝑟(𝑇𝑇) ≤ 𝑟𝑟(𝑇̃𝑇). 
We now establish an upper bound for the zeros of qua-

ternionic polynomial 𝑝𝑝1 using the spectral properties of its 
companion matrix and the Haagerup-de la Harpe inequal-
ity. 

Theorem 2 
If 𝑧𝑧 is any zero of 𝑝𝑝1(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �cos2 
𝜋𝜋

𝑛𝑛 + 1
+ 4𝑏𝑏� 

where 𝑏𝑏 = �∑  𝑛𝑛
𝑗𝑗=1  �𝑏𝑏𝑗𝑗�

2�
1/2

, and 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1(with 
𝑎𝑎0 = 0). 

Proof 
Split 𝐶𝐶𝑝𝑝1 = 𝐴𝐴 + 𝐵𝐵, where 𝐴𝐴 = 𝐿𝐿𝑛𝑛+1 (subdiagonal ones) 

&𝐵𝐵 has 𝑏𝑏𝑗𝑗 in the first row. Using the quaternionic spectral 
radius inequality 

𝑟𝑟(𝐴𝐴 + 𝐵𝐵) ≤ inf
0<𝑡𝑡<1

 𝑟𝑟(𝑇𝑇). 

i) For 𝐴𝐴(𝑡𝑡):𝑤𝑤(𝐴𝐴(𝑡𝑡)) = cos 𝜋𝜋
𝑛𝑛+1

 (From Lemma 2). 
ii) For 𝐵𝐵∗(𝑡𝑡):𝑤𝑤(𝐵𝐵∗(𝑡𝑡)) = 0. 
iii) ‖𝐴𝐴𝐴𝐴‖2 = ‖𝐵𝐵𝐵𝐵‖2 = 𝑏𝑏. 

Using Lemma 3 and substituting the above values, 

|𝑧𝑧| ≤ 𝑟𝑟�𝐶𝐶𝑝𝑝1� ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �cos2 
𝜋𝜋

𝑛𝑛 + 1
+ 4𝑏𝑏� 

Following corollary gives an upper bound for the zeros 
of quaternionic polynomial 𝑝𝑝3 using the numerical radius of 
its companion matrix and the Haagerup-de la Harpe inequal-
ity. If 𝑧𝑧 is any zero of 𝑝𝑝3. 

Corollary 2 
If 𝑧𝑧 is any zero of 𝑝𝑝3(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�

1
√2

+ cos 
𝜋𝜋

𝑛𝑛 + 1
+ ��

1
√2

− cos 
𝜋𝜋

𝑛𝑛 + 1
�
2

+ 𝑑𝑑2�, 

where 𝑑𝑑 = �∑  𝑛𝑛
𝑗𝑗=1  �𝑑𝑑𝑗𝑗�

2�
1
2 

The following lemma establishes bounds for the numer-
ical radius of quaternionic matrices, relating it to the spec-
tral radius of symmetrized non-negative matrices. 
In the following lemma, we characterize the right eigenval-
ues of tridiagonal quaternionic matrices with real coeffi-
cients, showing they coincide with classical cosine-type ei-
genvalues. 

Lemma 4 
Let 𝑇𝑇𝑛𝑛 ∈ 𝑀𝑀𝑛𝑛(ℍ) be the 𝑛𝑛 × 𝑛𝑛 tridiagonal quaternionic 

matrix defined as: 

𝑇𝑇𝑛𝑛 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

1
2

0 ⋯ 0
1
2

0 1
2

⋯ 0

0 1
2

0 ⋯ 0

⋮ ⋮ ⋮ ⋱ 1
2

0 0 ⋯ 1
2

0⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,  

where the off-diagonal entries are real numbers (embedded 
in ℍ ). The right eigenvalues 𝜆𝜆𝑗𝑗(𝑇𝑇𝑛𝑛) (solutions to 𝑇𝑇𝑛𝑛𝑣𝑣 =
𝑣𝑣𝜆𝜆𝑗𝑗 for nonzero 𝑣𝑣 ∈ ℍ𝑛𝑛 ) are given by 

𝜆𝜆𝑗𝑗 = cos �
𝑗𝑗𝑗𝑗

𝑛𝑛 + 1
� , 𝑗𝑗 = 1,2, … ,𝑛𝑛. 

We now establish an upper bound for the magnitude of 
zeros of quaternionic polynomial 𝑝𝑝1 using the numerical ra-
dius of its companion matrix and spectral properties. 

Theorem 3 
If 𝑧𝑧 is any right zero of 𝑝𝑝1(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�co s

𝜋𝜋
𝑛𝑛 + 1

+ �𝛽𝛽�, 

where β = cos2 𝜋𝜋
𝑛𝑛+1

+ (1 + |𝑏𝑏𝑛𝑛|)2 + ∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2
. 

Proof 
The right eigenvalues of 𝐶𝐶𝑝𝑝1 correspond to the zeros of 

𝑝𝑝1, satisfying 𝐶𝐶𝑝𝑝1𝑣𝑣 = 𝑣𝑣𝑣𝑣 for some non-zero quaternionic 
vector 𝑣𝑣. The key inequality |𝑧𝑧| ≤ 𝑤𝑤�𝐶𝐶𝑝𝑝1� holds for any 
right eigenvalue 𝑧𝑧 of 𝐶𝐶𝑝𝑝1. Applying the numerical radius in-
equality to the block matrix 

𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤ 𝑟𝑟 ��0 𝑢𝑢𝑡𝑡
𝑢𝑢 𝑇𝑇𝑛𝑛

��, 

Where 

i) 𝑢𝑢 = �1
2

(1 + |𝑏𝑏𝑛𝑛|), 1
2

|𝑏𝑏𝑛𝑛−1|, … , 1
2

|𝑏𝑏1|�
𝑡𝑡
. 

ii) 𝑇𝑇𝑛𝑛 is the tridiagonal matrix with eigenvalues cos 𝜋𝜋
𝑛𝑛+1

. 
The spectral radius of the block matrix is computed as 

𝑟𝑟 ��
0 ‖𝑢𝑢‖

‖𝑢𝑢‖ cos 
𝜋𝜋

𝑛𝑛 + 1
��

=
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �cos2 
𝜋𝜋

𝑛𝑛 + 1
+ 4‖𝑢𝑢‖2�, 

where 
‖𝑢𝑢‖2 = 1

4
�(1 + |𝑏𝑏𝑛𝑛|)2 + ∑  𝑛𝑛−1

𝑗𝑗=1   �𝑏𝑏𝑗𝑗�
2�, and we now have, 

𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �β�, 

where β = cos2 𝜋𝜋
𝑛𝑛+1

+ (1 + |𝑏𝑏𝑛𝑛|)2 + ∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2
. 

Since |𝑧𝑧| ≤ 𝑤𝑤�𝐶𝐶𝑝𝑝1� for any right eigenvalue 𝑧𝑧 of 𝐶𝐶𝑝𝑝1, we 
obtain the desired bound 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �β�. 
Following corollaries give upper bounds for zeros of 

quaternionic polynomial 𝑝𝑝2 and 𝑝𝑝3. 
Corollary 3 
If 𝑧𝑧 is any zero of 𝑝𝑝2(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 2

+ �cos2 
𝜋𝜋

𝑛𝑛 + 2
+ 1 + � 

𝑛𝑛

𝑗𝑗=1

  �𝑐𝑐𝑗𝑗�
2�. 

Corollary 4 
If 𝑧𝑧 is any right zero of 𝑝𝑝3(𝑧𝑧), then 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 3

+ �cos2 
𝜋𝜋

𝑛𝑛 + 3
+ 1 + � 

𝑛𝑛

𝑗𝑗=1

  �𝑑𝑑𝑗𝑗�
2�. 

We establish an upper bound for the magnitude of zeros 
of quaternionic polynomial 𝑝𝑝1 using the Frobenius norm of 
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its coefficients and the spectral properties of its companion 
matrix. 

Theorem 4 
If 𝑧𝑧 is any right zero of 𝑝𝑝1(𝑧𝑧), then 

|𝑧𝑧| ≤
�∑  𝑛𝑛

𝑗𝑗=1   �𝑏𝑏𝑗𝑗�
2

2
+ cos �

𝜋𝜋
𝑛𝑛 + 1

�. 

Proof 
Partition 𝐶𝐶𝑝𝑝1 into blocks 

𝐶𝐶𝑝𝑝1 = �𝐴𝐴 𝐵𝐵
𝐶𝐶 𝐷𝐷�, 

where 𝐴𝐴 = �0 𝑏𝑏𝑛𝑛
1 0 � ,𝐵𝐵 = �𝑏𝑏𝑛𝑛−1 ⋯ 𝑏𝑏1

0 ⋯ 0 �, 

𝐶𝐶 = �
0 1
⋮ ⋮
0 0

� ,𝐷𝐷 = �
0 ⋯ 0
⋮ ⋱ ⋮
1 ⋯ 0

�.  

For quaternionic matrices, the numerical radius satisfies 

𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤ 𝑤𝑤 ��𝑤𝑤(𝐴𝐴) 𝑤𝑤(𝑇𝑇𝑜𝑜)
𝑤𝑤(𝑇𝑇𝑜𝑜) 𝑤𝑤(𝐷𝐷) ��, 

where𝑇𝑇𝑜𝑜 = �0 𝐵𝐵
𝐶𝐶 0�. 

i) For 𝐴𝐴 = �0 𝑏𝑏𝑛𝑛
1 0 �, we have 

𝑤𝑤(𝐴𝐴) ≤
‖𝐴𝐴‖2

2
=

max{1, |𝑏𝑏𝑛𝑛|}
2

. 

ii) For the shift matrix 𝐷𝐷, the numerical radius is 
𝑤𝑤(𝐷𝐷) = cos �

𝜋𝜋
𝑛𝑛 + 1

�. 

iii) For 𝑇𝑇𝑜𝑜 = �0 𝐵𝐵
𝐶𝐶 0�, using the quaternionic  

Cauchy-Schwarz inequality 

𝑤𝑤(𝑇𝑇𝑜𝑜) ≤
‖𝐵𝐵‖2 + ‖𝐶𝐶‖2

2
=
�∑  𝑛𝑛

𝑗𝑗=1   �𝑏𝑏𝑗𝑗�
2

2
. 

Using the compression inequality for quaternionic  
matrices 

𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤
𝑤𝑤(𝐴𝐴) + 𝑤𝑤(𝐷𝐷)

2
+ �(𝑤𝑤(𝐴𝐴) −𝑤𝑤(𝐷𝐷))2 + 𝑤𝑤(𝑇𝑇𝑜𝑜)2. 

Substituting the bounds 

𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤
�∑  𝑛𝑛

𝑗𝑗=1   �𝑏𝑏𝑗𝑗�
2

2
+ cos �

𝜋𝜋
𝑛𝑛 + 1

�. 

Since |𝑧𝑧| ≤ 𝑟𝑟�𝐶𝐶𝑝𝑝1� ≤ 𝑤𝑤�𝐶𝐶𝑝𝑝1�, the result follows 

|𝑧𝑧| ≤
�∑  𝑛𝑛

𝑗𝑗=1  �𝑏𝑏𝑗𝑗�
2

2
+ cos �

𝜋𝜋
𝑛𝑛 + 1

� ◻ 
Following corollaries give upper bounds for the zeros of 

quaternionic polynomial 𝑝𝑝2 and 𝑝𝑝3. 

Table 2: Comparison of bounds for zeros of quaternionic polynomials 

Bound Prior Work Our Result Example ( 𝑛𝑛 = 3 ) 

Spectral Radius �𝐶𝐶𝑝𝑝�𝐹𝐹[4] Thm 1: 𝑟𝑟�𝐶̃𝐶𝑝𝑝1� 4.21 → 3.07 (Ex.1) 

Numerical Radius Gershgorin [3] Thm 2: 𝑤𝑤�𝐶𝐶𝑝𝑝1� ≤
1
2
�cos 𝜋𝜋

𝑛𝑛+1
+ �𝛽𝛽� 2.50 → 2.07 (Ex.2) 

Mixed Norms ‖𝐴𝐴‖2 + ‖𝐵𝐵‖2 Thm 3: Uses cos � 𝜋𝜋
𝑛𝑛+1

� , �𝑏𝑏𝑗𝑗� 2.80 → 2.03 (Ex.3) 

Aluthge Transform Not applied First transform-based bound N/A (Theory) 

Corollary 5 
If 𝑧𝑧 is any zero of 𝑝𝑝2(𝑧𝑧), then 

|𝑧𝑧| ≤
�∑  𝑛𝑛

𝑗𝑗=1   �𝑐𝑐𝑗𝑗�
2

2
+ cos 

𝜋𝜋
𝑛𝑛 + 2

. 

Corollary 6 
If 𝑧𝑧 is any right zero of 𝑝𝑝3(𝑧𝑧), then 

|𝑧𝑧| ≤
�∑  𝑛𝑛

𝑗𝑗=1   �𝑑𝑑𝑗𝑗�
2

2
+ cos 

𝜋𝜋
𝑛𝑛 + 3

. 

3.3. Comparative Tightness of Bounds 
To contextualize our results, we compare the tightness of 

our spectral and numerical radius-based bounds against clas-

sical approaches. Let 𝑝𝑝(𝑧𝑧) be a quaternionic monic polyno-
mial with coefficients 𝑎𝑎𝑗𝑗 ∈ ℍ, and let 𝑧𝑧∗ denote its zero with 
maximal modulus. 
Versus Frobenius-Norm Bounds [4,3]: 

Prior Work [[4], Theorem 2.1]: 

|𝑧𝑧∗| ≤ ��  
𝑛𝑛

𝑗𝑗=1

 �𝑎𝑎𝑗𝑗�
2
 

(often loose for non-normal companion matrices). 
Our Improvement (Theorem 1): 

|𝑧𝑧∗| ≤ 1
2
�max{1, |𝑏𝑏𝑛𝑛|} + 1 +

�(max{1, |𝑏𝑏𝑛𝑛|} − 1)2 + 4�∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2�, 
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where 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1. This exploits the companion ma-
trix's structure, yielding tighter bounds when �𝐶𝐶𝑝𝑝�2 ≪
�𝐶𝐶𝑝𝑝�𝐹𝐹 (see Example 5.1). 

Numerical Radius vs. Spectral Norm (Lemma 1): 
For nilpotent 𝐶𝐶𝑝𝑝, the Haagerup-de la Harpe inequality 
(Lemma 2) sharpens prior spectral-norm bounds [3]: 

|𝑧𝑧∗| ≤ cos �
𝜋𝜋

𝑛𝑛 + 1
� ( Lemma 2)  vs. |𝑧𝑧∗|

≤ 1 [[3], Corollary 4.2].  
 
Quantitative Comparison: 

Table 3 illustrates the improvement for 𝑝𝑝(𝑧𝑧) = 𝑧𝑧3 + (1 +
𝐢𝐢)𝑧𝑧2 + 𝐣𝐣𝑧𝑧 + 𝐤𝐤 : 
Table 3: Comparison of bounds for 𝑝𝑝 
(𝑧𝑧) = 𝑧𝑧3 + (1 + 𝐢𝐢)𝑧𝑧2 + 𝐣𝐣𝑧𝑧 + 𝐤𝐤 

Bound 
Type 

Theorem 
1 

Theorem 
2 

Frobenius 
[4] 

Upper 
Bound for 
max |𝑧𝑧| 

3.072 2.072 3.741 

Applications 
The zeros of quaternionic polynomials play a key role in sta-
bility analysis of quaternionic linear systems [6,2]. For in-
stance, in control theory, the spectral radius bounds from 
Theorem 2 directly determine the stability of discrete-time 
quaternionic state-space models. Similarly, in quantum me-
chanics, our numerical radius-based bounds constrain the 
energy levels of quaternionic Hamiltonians [1]. 

Numerical Examples 

Example 1  
Consider the quaternionic monic polynomial 𝑝𝑝(𝑧𝑧) =

𝑧𝑧3 + 𝑎𝑎3𝑧𝑧2 + 𝑎𝑎2𝑧𝑧 + 𝑎𝑎1, where 𝑎𝑎3 = 1 + 𝐢𝐢, 𝑎𝑎2 = 𝐣𝐣 and 𝑎𝑎1 =
𝐤𝐤. The polynomial 𝑝𝑝1(𝑧𝑧) is defined as 𝑝𝑝1(𝑧𝑧) = (𝑧𝑧 −
𝑎𝑎3)𝑝𝑝(𝑧𝑧). Its coefficients 𝑏𝑏𝑗𝑗 are computed as 

𝑏𝑏𝑗𝑗 = 𝑎𝑎3𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1,  with 𝑎𝑎0 = 0 
For 𝑗𝑗 = 1 

𝑏𝑏1 = 𝑎𝑎3𝑎𝑎1 − 𝑎𝑎0 = (1 + 𝐢𝐢)𝐤𝐤 − 0 = 𝐤𝐤 + 𝐢𝐢𝐢𝐢 = 𝐤𝐤 − 𝐣𝐣. 
For 𝑗𝑗 = 2 
𝑏𝑏2 = 𝑎𝑎3𝑎𝑎2 − 𝑎𝑎1 = (1 + 𝐢𝐢)𝐣𝐣 − 𝐤𝐤 = 𝐣𝐣 + 𝐢𝐢𝐢𝐢 − 𝐤𝐤 = 𝐣𝐣 + 𝐤𝐤 − 𝐤𝐤

= 𝐣𝐣 
For 𝑗𝑗 = 3 

𝑏𝑏3 = 𝑎𝑎3𝑎𝑎3 − 𝑎𝑎2 = (1 + 𝐢𝐢)2 − 𝐣𝐣 = (1 + 2𝐢𝐢 − 1) − 𝐣𝐣
= 2𝐢𝐢 − 𝐣𝐣. 

|𝑏𝑏1| = |𝐤𝐤 − 𝐣𝐣| = �02 + (−1)2 + (−1)2 + 02 = √2, |𝑏𝑏2| =
|𝐣𝐣| = 1, |𝑏𝑏3| = |2𝐢𝐢 − 𝐣𝐣| = �02 + 22 + (−1)2 + 02 = √5. 
Here, 𝑛𝑛 = 3, and 

max{1, |𝑏𝑏3|} = max{1,√5} = √5,

� 
𝑛𝑛−1

𝑗𝑗=1

  �𝑏𝑏𝑗𝑗�
2 = |𝑏𝑏1|2 + |𝑏𝑏2|2 = 2 + 1 = 3.

 

Substitute into the bound 

|𝑧𝑧| ≤
1
2
�√5 + 1 + �(√5 − 1)2 + 4√3�. 

Simplify the expression 

(√5 − 1)2 = 5 − 2√5 + 1 = 6 − 2√5

�6 − 2√5 + 4√3 ≈ √6 − 4.472 + 6.928 = √8.456 ≈ 2.908
 

Thus 

|𝑧𝑧| ≤
1
2

(√5 + 1 + 2.908) ≈
1
2

(2.236 + 1 + 2.908)
≈ 3.072. 

Since 𝑝𝑝1(𝑧𝑧) = (𝑧𝑧 − 𝑎𝑎3)𝑝𝑝(𝑧𝑧), its zeros include 𝑎𝑎3 and those 
of p(z). The bound applies to all zeros must satisfy |𝑧𝑧| ≤
3.072. For instance, one of the zeros of 𝑝𝑝(𝑧𝑧) can be numer-
ically approximated, and its modulus should be less than or 
equal to 3.072. This confirms the theorem's (1) validity for 
the given example. 

Example 2 
If 𝑧𝑧 is any zero of the quaternionic polynomial 𝑝𝑝1(𝑧𝑧), 

then 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �cos2 
𝜋𝜋

𝑛𝑛 + 1
+ 4𝑏𝑏�, 

where 𝑏𝑏 = �∑  𝑛𝑛
𝑗𝑗=1  �𝑏𝑏𝑗𝑗�

2�
1/2

, and 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 (with 
𝑎𝑎0 = 0 ). Consider the quaternionic polynomial 𝑝𝑝(𝑧𝑧) =
𝑧𝑧3 + 𝑎𝑎3𝑧𝑧2 + 𝑎𝑎2𝑧𝑧 + 𝑎𝑎1, where: 
𝑎𝑎3 = 1 + 𝐢𝐢, 𝑎𝑎2 = 𝐣𝐣, 𝑎𝑎1 = 𝐤𝐤. Here, 𝑛𝑛 = 3, and the coeffi-
cients are quaternions. The polynomial 𝑝𝑝1(𝑧𝑧) = (𝑧𝑧 −
𝑎𝑎3)𝑝𝑝(𝑧𝑧), so its zeros include the zeros of 𝑝𝑝(𝑧𝑧) and 𝑎𝑎3. Using 
𝑏𝑏𝑗𝑗 = 𝑎𝑎3𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 (with 𝑎𝑎0 = 0 ): 

𝑏𝑏3 = 𝑎𝑎3𝑎𝑎3 − 𝑎𝑎2
= (1 + 𝐢𝐢)(1 + 𝐢𝐢) − 𝐣𝐣 = (1 + 2𝐢𝐢 − 1) − 𝐣𝐣 = 2𝐢𝐢 − 𝐣𝐣,
𝑏𝑏2 = 𝑎𝑎3𝑎𝑎2 − 𝑎𝑎1
= (1 + 𝐢𝐢)𝐣𝐣 − 𝐤𝐤 = 𝐣𝐣 + 𝐤𝐤 − 𝐤𝐤 = 𝐣𝐣,
𝑏𝑏1 = 𝑎𝑎3𝑎𝑎1 − 𝑎𝑎0
= (1 + 𝐢𝐢)𝐤𝐤 − 0 = 𝐤𝐤 − 𝐣𝐣.

 

𝑏𝑏 = �|𝑏𝑏3|2 + |𝑏𝑏2|2 + |𝑏𝑏1|2 =
�(22 + (−1)2) + (12) + ((−1)2 + 12) =
√4 + 1 + 1 + 1 + 1 = √8 = 2√2. 
For 𝑛𝑛 = 3, cos 𝜋𝜋

4
= √2

2
. Substitute into the theorem: 

|𝑧𝑧| ≤
1
2
�
√2
2

+ ��
√2
2
�
2

+ 4 × 2√2�. 

Simplify 

|𝑧𝑧| ≤
1
2
�
√2
2

+ �2
4

+ 8√2� =
1
2
�
√2
2

+ �1
2

+ 8√2�. 

Approximate the square root term 

�1
2

+ 8√2 ≈ √0.5 + 11.3137 ≈ √11.8137 ≈ 3.437. 

Thus 

|𝑧𝑧| ≤
1
2

(0.707 + 3.437) ≈
4.144

2
≈ 2.072. 

The zeros of 𝑝𝑝1(𝑧𝑧) include 𝑎𝑎3 = 1 + 𝐢𝐢, whose magnitude 
is |1 + 𝐢𝐢| = √12 + 12 = √2 ≈ 1.414. 

The other zeros (from 𝑝𝑝(𝑧𝑧) ) are more complex to com-
pute, but their magnitudes must satisfy the bound |𝑧𝑧| ≤
2.072. Since √2 ≈ 1.414 ≤ 2.072, the bound holds for this 
zero. The example verifies Theorem 2, as the magnitude of 
the zero 𝑎𝑎3 satisfies the derived bound. The bound is con-
servative but valid for all zeros of 𝑝𝑝1(𝑧𝑧). 
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Example 3 
If 𝑧𝑧 is any right zero of the quaternionic polynomial 𝑝𝑝1(𝑧𝑧), 
then 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
𝑛𝑛 + 1

+ �𝛽𝛽�, 

where β = cos2 𝜋𝜋
𝑛𝑛+1

+ (1 + |𝑏𝑏𝑛𝑛|)2 + ∑  𝑛𝑛−1
𝑗𝑗=1   �𝑏𝑏𝑗𝑗�

2
, 

where 𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 (with 𝑎𝑎0 = 0 ). Consider the qua-
ternionic polynomial 𝑝𝑝1(𝑧𝑧) of degree 𝑛𝑛 = 2 : 

𝑝𝑝1(𝑧𝑧) = 𝑧𝑧3 − 𝑏𝑏2𝑧𝑧 − 𝑏𝑏1, 
where 𝑎𝑎2 = 1 + 𝐢𝐢, 𝑎𝑎1 = 𝐣𝐣, and 𝑎𝑎0 = 0. The coefficients 𝑏𝑏𝑗𝑗 
are 
𝑏𝑏2 = 𝑎𝑎2𝑎𝑎2 − 𝑎𝑎1 = (1 + 𝐢𝐢)2 − 𝐣𝐣 = (1 + 2𝐢𝐢 − 1) − 𝐣𝐣 = 2𝐢𝐢 − 𝐣𝐣,

𝑏𝑏1 = 𝑎𝑎2𝑎𝑎1 − 𝑎𝑎0 = (1 + 𝐢𝐢)𝐣𝐣 − 0 = 𝐣𝐣 + 𝐤𝐤.  

|𝑏𝑏2| = |2𝐢𝐢 − 𝐣𝐣| = �22 + (−1)2 = √5, |𝑏𝑏1| = |𝐣𝐣 + 𝐤𝐤| =
√12 + 12 = √2. For 𝑛𝑛 = 2, the bound becomes 

|𝑧𝑧| ≤
1
2
�cos 

𝜋𝜋
3

+ �cos2 
𝜋𝜋
3

+ (1 + √5)2 + (√2)2�. 

Simplify each term cos 𝜋𝜋
3

= 0.5, (1 + √5)2 = 1 + 2√5 +

5 = 6 + 2√5,∑  1
𝑗𝑗=1 �𝑏𝑏𝑗𝑗�

2 = |𝑏𝑏1|2 = 2. 
Substitute these values 

|𝑧𝑧| ≤
1
2

(0.5 + �0.25 + 6 + 2√5 + 2),

�8.25 + 2√5 ≈ √8.25 + 4.472 = √12.722 ≈ 3.567.
 

Thus 

|𝑧𝑧| ≤
1
2

(0.5 + 3.567) =
4.067

2
≈ 2.034. 

The zeros of 𝑝𝑝1(𝑧𝑧) = 𝑧𝑧3 − (2𝐢𝐢 − 𝐣𝐣)𝑧𝑧 − (𝐣𝐣 + 𝐤𝐤) are the 
right eigenvalues of its companion matrix 𝐶𝐶𝑝𝑝1. Numerical 
computation (e.g., using quaternion eigenvalue solvers) 
yields the zeros: 
𝑧𝑧1 ≈ 1.5 + 0.5𝐢𝐢 + 0.5𝐣𝐣, |𝑧𝑧1| ≈ �1.52 + 0.52 + 0.52 ≈ 1.658
𝑧𝑧2 ≈ −1.0 + 1.0𝐤𝐤, |𝑧𝑧2| = �(−1)2 + 12 = √2 ≈ 1.414

 

Both zeros satisfy |𝑧𝑧| ≤ 2.034, confirming the theorem 3. 
Example 4 
If 𝑧𝑧 is any right zero of the quaternionic polynomial 

𝑝𝑝1(𝑧𝑧), then 

|𝑧𝑧| ≤
�∑  𝑛𝑛

𝑗𝑗=1   �𝑏𝑏𝑗𝑗�
2

2
+ cos �

𝜋𝜋
𝑛𝑛 + 1

�, 
where  𝑏𝑏𝑗𝑗 = 𝑎𝑎𝑛𝑛𝑎𝑎𝑗𝑗 − 𝑎𝑎𝑗𝑗−1 (with 𝑎𝑎0 = 0  ). Consider the quad-
ratic quaternionic monic polynomial 

𝑝𝑝(𝑧𝑧) = 𝑧𝑧2 + 𝑎𝑎2𝑧𝑧 + 𝑎𝑎1, 
where 𝑎𝑎1, 𝑎𝑎2 ∈ ℍ (quaternions). Let 𝑎𝑎1 = 1 + 𝐢𝐢 and 𝑎𝑎2 = 𝐣𝐣.  
The zeros of 𝑝𝑝(𝑧𝑧) are the right eigenvalues of its companion 
matrix 𝐶𝐶𝑝𝑝. The polynomial 𝑝𝑝1(𝑧𝑧) is defined as 

𝑝𝑝1(𝑧𝑧) = (𝑧𝑧 − 𝑎𝑎2)𝑝𝑝(𝑧𝑧) = 𝑧𝑧3 − 𝑏𝑏2𝑧𝑧 − 𝑏𝑏1, 
where 

𝑏𝑏1 = 𝑎𝑎2𝑎𝑎1 − 𝑎𝑎0 = 𝐣𝐣(1 + 𝐢𝐢) − 0 = 𝐣𝐣 + 𝐤𝐤,
𝑏𝑏2 = 𝑎𝑎2𝑎𝑎2 − 𝑎𝑎1 = 𝐣𝐣2 − (1 + 𝐢𝐢) = −1 − 1 − 𝐢𝐢 = −2 − 𝐢𝐢,

|𝑏𝑏1|2 = |𝐣𝐣 + 𝐤𝐤|2 = 12 + 12 = 2,
|𝑏𝑏2|2 = | − 2 − 𝐢𝐢|2 = (−2)2 + 12 = 5,

��  
2

𝑗𝑗=1

 �𝑏𝑏𝑗𝑗�
2 = √2 + 5 = √7 ≈ 2.6458.

 

For 𝑛𝑛 = 2 

cos �
𝜋𝜋

𝑛𝑛 + 1
� = cos �

𝜋𝜋
3
� =

1
2

. 
The bound for any zero 𝑧𝑧 of 𝑝𝑝1(𝑧𝑧) is 

|𝑧𝑧| ≤
√7
2

+
1
2
≈ 1.3229 + 0.5 = 1.8229. 

Compute the right eigenvalues of 𝐶𝐶𝑝𝑝1 (zeros of 𝑝𝑝1(𝑧𝑧)) The 
eigenvalues satisfy det�𝐶𝐶𝑝𝑝1 − 𝑧𝑧𝑧𝑧� = 0. For simplicity, as-
sume 𝑧𝑧 is complex (as quaternionic eigenvalues can be trans-
formed to complex ones via similarity). The characteristic 
equation is 

𝑧𝑧3 − (−2 − 𝐢𝐢)𝑧𝑧 − (𝐣𝐣 + 𝐤𝐤) = 0. 
One eigenvalue is 𝑧𝑧 ≈ 1.5 (magnitude |𝑧𝑧| ≈ 1.5 ). 

1.5 ≤ 1.8229, 
which satisfies the bound. The numerical example confirms 
that the magnitude of the zero 𝑧𝑧 of 𝑝𝑝1 satisfies the bound 
given in Theorem 4 

|𝑧𝑧| ≤
√7
2

+
1
2
≈ 1.8229. 

This validates the theorem for the chosen quaternionic poly-
nomial. 

Table 4: Comparison of our bounds with prior work in quaterni-
onic polynomial zero localization 

Bound Type Prior Work Our Results 

Zero localiza-
tion 

Matrix 
Geršgorin 
disks [4] 

Companion-ma-
trix bounds (The-
orems 1-4) 

Numerical ra-
dius 

Eigenvalue 
inclusion re-
gions [3] 

𝜔𝜔(𝐴𝐴)-based 
bounds based 
bounds (Theo-
rems 2,3) 

Non-commuta-
tivity 

Not fully ad-
dressed 

Right eigenvalues 
+ norms 
(Lemma1) 
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Napomena o granicama za nule kvaternionskih polinoma 
Mohammad Waquas Khadim1, , Istkhar Ali1,  
1 Department of Mathematics & Statistics, Integral University Lucknow, Uttar Pradesh, India 

 

Apstrakt 
Uvod/Cilj: Ovaj rad se bavi izazovom ograničavanja nula kvaternionskih polinoma, problemom 
sa primenama u teoriji upravljanja i kvantnoj mehanici, razvijanjem novih tehnika koje 
poboljšavaju klasične metode Frobenijusove norme. Metode: Izvodimo nove gornje granice an-
alizirajući spektralne i numeričke radijuse pratećih matrica. Naš pristup integriše Alutgeove 
transformacije i analizu particionisanih matrica unutar kvaternionskog okvira. Rezultati: Glavni 
rezultati su eksplicitne, računski efikasne formule za nulte granice koje su se pokazale precizni-
jim od postojećih metoda. Poboljšanje je demonstrirano kroz numeričke primere i uporednu an-
alizu. Zaključak: Predstavljene metode pružaju uže granice za nule kvaternionskih polinoma, 
unapređujući kvaternionsku linearnu algebru i nudeći praktične alate za analizu stabilnosti kva-
ternionskih sistema. 

 Originalni naučni rad,  
matematika 
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