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 Ackground/Aim: Multilayered piezoelectric energy harvesters suffer from a critical trade-off 
between mechanical reliability and electrical performance due to internal stress states. This study 
establishes an analytical framework to optimize the piezoelectric layer thickness (h₂) for 
simultaneously minimizing stress concentrations and maximizing harvested power in 
semiconductor-based structures. Methods: A fully coupled electromechanical model is 
formulated, integrating material gradation, thermo-piezoelectric coupling, and a thickness-
dependent efficiency parameter. The constitutive equations are solved via a modified Rayleigh-
Ritz method, yielding closed-form analytical expressions for mechanical stress, surface charge 
density, and energy conversion efficiency. Results: Within the optimal thickness range of 0.03–
0.05 mm, the conventional trade-off between mechanical reliability and electrical performance 
is overcome. A critical thickness suppresses tensile stress nucleation while delivering a peak 
power density of 1.20 µW/cm², significantly outperforming non-optimized architectures. 
Conclusion: This research provides a quantitative, physics-based design methodology for 
tailoring multilayered energy harvesters with enhanced durability and efficiency. The framework 
enables predictive material and geometric selection, advancing the scalability and reliability of 
autonomous micro-power systems for wearable electronics, IoT sensors, and biomedical 
devices. 

1. Introduction 
The relentless pursuit of miniaturization and 

enhanced performance in autonomous electronic systems 
has become a central paradigm in modern technology, 
driven primarily by the expansive growth of the Internet of 
Things (IoT), the proliferation of wearable health monitors, 
and the advancement of implantable biomedical devices 
[17]. A critical impediment to the truly autonomous 
operation of these microsystems is their dependence on 
finite-life electrochemical batteries, which necessitate 
frequent replacement or recharging, thereby limiting their 
long-term viability and increasing maintenance overhead. 
This inherent limitation has intensified the research focus 
on sustainable, self-powered solutions capable of 
scavenging ambient energy from their immediate 
environment [3] Among the various energy harvesting 
mechanisms, piezoelectric transduction has emerged as a 
particularly promising technology, positioned at the 
forefront of this endeavour due to its ability to directly 
convert ubiquitous mechanical vibrations ranging from 
human motion and acoustic waves to machine oscillations 
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into usable electrical energy [3, 16]. This direct conversion 
mechanism offers a compelling pathway for powering low-
consumption microelectronic systems without the 
logistical constraints associated with traditional batteries. 
However, the design and implementation of high-
performance piezoelectric energy harvesters are 
fundamentally constrained by a persistent and critical 
trade-off: the inherent conflict between maximizing energy 
conversion efficiency and ensuring long-term mechanical 
reliability [6-8].This paradox arises from the very principle 
of piezoelectric operation, which relies on the generation 
of mechanical strain to produce electrical charge. Pursuing 
higher power output typically necessitates designs that 
induce significant mechanical deformation within the 
piezoelectric material. Unfortunately, this approach 
concurrently elevates internal stress levels, pushing the 
device closer to its mechanical failure limits through 
mechanisms such as fatigue cracking, interfacial 
delamination, or piezoelectric depolarization [6-8]. 
Conversely, an overly conservative design that prioritizes 
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mechanical integrity by minimizing strain often results in 
insufficient electrical output, rendering the harvester 
ineffective for its intended application. This design conflict 
is exacerbated and becomes acutely evident in multilayered 
semiconductor structures, which represent the standard 
architecture for modern microfabricated harvesters. These 
composite structures typically integrate a functional 
piezoelectric thin film with a passive substrate layer (e.g., 
silicon, steel, or a flexible polymer) and top electrode 
layers. The juxtaposition of these materials, each 
possessing distinct thermomechanical properties---such as 
Young's modulus, Poisson's ratio, and, crucially, the 
coefficient of thermal expansion (CTE)---generates 
significant intrinsic thermo-mechanical stresses [14, 22]. 
These stresses originate from two primary sources: (i) 
residual stresses imposed during the high-temperature 
fabrication processes due to CTE mismatch, and (ii) 
operational stresses induced by external mechanical loads 
and temperature fluctuations during service. The resulting 
complex stress state can severely compromise the 
structural integrity and operational lifespan of the device. 
Within this multilayered system, the thickness of the 
piezoelectric layer (h₂) is unequivocally identified as a 
paramount design parameter that governs the delicate 
balance between electrical performance and mechanical 
reliability [18, 21]. This thickness dictates two key, yet 
competing, physical aspects:  

Electrical Performance: The total volume of active 
piezoelectric material available for energy conversion is 
directly proportional to its thickness. A thinner layer 
inherently possesses a smaller active volume, which 
curtails the maximum possible charge displacement and 
thus limits the achievable power output [18, 21]. 

Mechanical Reliability: The stiffness of the 
composite structure and the magnitude of stress 
concentrations within the brittle piezoelectric ceramic are 
highly sensitive to its thickness. While a thinner 
piezoelectric layer reduces the overall bending stiffness of 
the laminate and can mitigate stress concentrations at the 
interfaces, an excessively thick layer significantly 
increases the bending rigidity and, more importantly, shifts 
the neutral axis of the composite beam. This shift can place 
the piezoelectric layer entirely within a tensile stress 
regime during operation, dramatically elevating the risk of 
catastrophic brittle fracture, interfacial delamination, and 
ultimately, functional failure [9, 11].  

The scientific literature reflects this dichotomy, with 
research efforts often bifurcated into studies prioritizing 
one objective at the expense of the other. For instance, [21]. 
successfully demonstrated the achievement of ultra-low 
thermo-mechanical stresses in ultra-thin piezoelectric films 
(sub-10µm); however, this was accomplished at the cost of 
negligible energy output, rendering such devices 
impractical for most applications. On the opposite end of 
the spectrum, [11] reported the attainment of high power 
density by employing thick piezoelectric layers, but their 
work also documented concomitantly high tensile stresses, 
posing a severe threat to device durability. Other 
investigations, such as those by [15, 20], have provided 
valuable insights into the mechanics of multilayered 

structures, particularly by exploring the concept of stress 
neutralization points where bending-induced stresses can 
be minimized. Nevertheless, these studies frequently 
treated stress management in isolation, failing to integrate 
it cohesively with overarching energy efficiency metrics 
within a unified electromechanical framework. Therefore, 
a conspicuous and critical gap exists in the current state of 
knowledge. There is a pressing need for a holistic co-
optimization strategy that moves beyond this bifurcated 
approach to concurrently address the intertwined 
challenges of stress distribution management and energy 
harvesting maximization. Such a strategy must be rooted in 
a fundamental and quantitative understanding of the non-
linear electromechanical coupling phenomena inherent to 
these complex systems [1, 27-31]. This study is specifically 
designed to bridge this gap. We present a comprehensive 
analytical and numerical framework aimed at the multi-
objective optimization of the piezoelectric layer thickness 
in a thermo-piezoelectric multilayered structure. [6] 
Conducted two seminal investigations: one pertaining to 
the flexural analysis of power-law model (P-FGM) plates 
supported by non-uniform elastic foundations, and another 
addressing the bending behavior of porous advanced 
composite plates subjected to thermomechanical loading 
[10]. These studies yielded pivotal insights into the 
performance of functionally graded materials under 
complex loading scenarios. Subsequent progress was 
achieved in the domain of stability analysis, [7] with 
examining the buckling of FGM plates under varied 
loading conditions and exploring the mechanical instability 
of functionally graded plates via an accurate shear 
deformation theory. These contributions highlight the 
critical role of precise modeling methodologies for 
forecasting the structural integrity of advanced materials. 
The research by [23] on the flexural response of porous 
advanced composite plates is complemented by the work 
of [7] which centered on the buckling analysis of FGM 
plates under diverse loading environments. 
Correspondingly, [24] expanded this scrutiny by analyzing 
the mechanical buckling of functionally graded plates 
utilizing refined shear deformation theories, whereas [29] 
evaluated the normal stress distribution in functionally 
graded beams under thermal influences. The thermal 
stability of functionally graded nano-beams was explored 
by [25], who implemented a higher-order shear 
deformation theory to simulate the response of these 
structures. By extending the constitutive formulation to 
incorporate pyro-piezoelectric effects and introducing a 
novel thickness-dependent efficiency factor, our work 
provides a predictive design methodology for realizing 
piezoelectric energy harvesters that synergistically embody 
both high efficiency and robust mechanical reliability. This 
study bridges this critical gap by developing a holistic 
analytical and numerical framework to optimize the 
piezoelectric layer thickness in a thermo-piezoelectric 
multilayered structure. We extend the constitutive 
formulation to include pyro-piezoelectric effects and 
introduce a novel thickness-dependent efficiency factor, 
Γ(h1, h2, h3). Our model is solved using a generalized 
stiffness approach and the Rayleigh-Ritz method, 
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providing a closed-form solution for stress, displacement, 
and charge density. The primary contributions of this work 
are: A coupled electromechanical model that explicitly 
quantifies the interplay between layer thickness, stress 
distribution, and energy conversion. Identification of an 
optimal "Goldilocks zone" for piezoelectric layer thickness 
that synergistically enhances both mechanical reliability 
and power output. A benchmark against state-of-the-art 
studies, demonstrating the superiority of our co-optimized 
design.  

2. Theoritical Framework and Governing 
Equations  

We consider a trilayered structure consisting of a substrate 
(Layer 1), a piezoelectric layer (Layer 2), and a top elec-
trode/semiconductor layer (Layer 3), subjected to a thermal 
gradient and mechanical bending. 
Nomenclature and Definition of Terms: 
General Variables and Constants 
 z: The coordinate through the thickness of the 
multilayer structure. The origin (z=0) is typically defined 
at the bottom surface of the substrate. 
 x: The coordinate along the length of the beam 
structure. 
 h, h₁, h₂, h₃: Total thickness of the structure, and 
the individual thicknesses of Layer 1 (substrate), Layer 2 
(piezoelectric layer), and Layer 3 (top layer), respectively. 
 L: Length of the beam structure. 
 A: Electrode area; the surface area over which the 
generated charge is collected. 
 ΔT: The applied thermal gradient or temperature 
difference across the structure, a driving stimulus for 
thermo-mechanical effects. 
Mechanical Field Variables 
 u(x,z), w(x): Displacement components. u is the 
axial displacement along the x-direction, and w is the trans-
verse deflection (bending) along the z-direction. 
 ε(z): The total strain tensor component (typically 
the axial strain, εxx) at a point z. It represents the mechani-
cal deformation of the material. 
 σ(z): The stress tensor component (typically axial 
stress, σxx) at a point z. It represents the internal forces re-
sisting deformation. 
Electrical Field Variables 
 E₃(z): The component of the electric field vector 
in the direction of polarization (typically the z-direction, or 
direction 3). 
 D₃(z): The electric displacement vector compo-
nent in the direction 3. It represents the amount of charge 
per unit area that is displaced due to the applied electric 
field and stress. 
 ϕ(z): The electric potential (voltage) at a point z 
within the piezoelectric layer. 
 Q, Q(z): Total generated charge, and charge den-
sity as a function of thickness, respectively. It is the integral 
of the electric displacement over the electrode area. 
Material Property Parameters 

 E(z), Ei(z): Young's modulus of elasticity, de-
scribing the stiffness of the material at a point z or in layer 
i. A higher E means a stiffer material. 
 ν(z): Poisson's ratio, the ratio of transverse strain 
to axial strain. 
 E ̅(z) = E(z)/(1-ν²): The effective plane-strain 
modulus, used in beam/plate theory to account for the con-
straint against lateral contraction. 
 C₁₁(z): An elastic stiffness constant under a con-
stant electric field for the piezoelectric material. 
 α(z): Coefficient of thermal expansion (CTE). It 
quantifies how much a material expands per degree of tem-
perature increase. 
 σy: Yield stress of the material; the stress level be-
yond which the material will undergo plastic (permanent) 
deformation. 
Piezoelectric Material Parameters 
 d₃₁: Piezoelectric strain coefficient. It is a funda-
mental property that quantifies the induced strain in direc-
tion 1 (x) per unit electric field applied in direction 3 (z) 
under constant stress, OR the generated charge in direction 
3 per unit stress applied in direction 1 under constant elec-
tric field. A negative value indicates that a positive electric 
field produces a negative strain (compression). 
 e₃₁(z): Piezoelectric stress coefficient. It relates 
stress to the electric field or strain to the electric displace-
ment. It is related to d₃₁ by e₃₁ = d₃₁ . C₁₁. 
 κ₃₃(z): Dielectric permittivity under constant 
strain. It measures the ability of the material to store elec-
trical energy in the absence of mechanical deformation. 
 λ(z), p₃(z): Thermoelastic and pyroelectric con-
stants, respectively. λ relates stress to temperature change, 
and p₃ relates electric displacement to temperature change. 
Energy and Efficiency Terms 
 Π: The total potential energy of the electrome-
chanical system. The principle of minimum potential en-
ergy is used to derive the equilibrium equations. 
 f, u: The body force vector and displacement vec-
tor, respectively. The term ∫ f·u dV represents the work 
done by external forces. 
 η: The energy conversion efficiency. Defined as 
the ratio of electrical energy output to mechanical energy 
input. It is the primary figure of merit for the harvester's 
performance. 
 ηeh(z): A novel, spatially-dependent energy har-
vesting efficiency parameter introduced in the model to 
quantify local conversion performance. 
 Γ(h₁, h₂, h₃): A novel thickness optimization effi-
ciency factor. It is a dimensionless function that captures 
the enhancement in overall system efficiency achieved 
solely by optimizing the geometric configuration of the 
layers, The factor Γ quantifies the geometric efficiency 
gain relative to a non-optimized reference configuration. 
Mathematical Operators and Symbols 
 ∂/∂x, d/dz: Partial and ordinary derivative opera-
tors, respectively. 
 ∫ dV, ∫ dz, ∫ dA: Volume, thickness, and area inte-
grals, respectively. Used to calculate total energy, force, 
charge, etc., by summing contributions over the entire do-
main. 
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 an, bm: Coefficients (amplitudes) for the Ritz trial 
functions used in the variational solution method. They are 
determined by solving the system of equations derived 
from minimizing the total potential energy. 
 Kuu, Kuϕ, Kϕu, Kϕϕ: Sub-matrices of the global stiffness 
matrix. Kuu is the mechanical stiffness, Kϕϕ is the dielec-
tric capacitance, and Kuϕ/Kϕu 
 are the piezoelectric coupling matrices. 
 Fmech, Felec: Mechanical and electrical force 
vectors, respectively. They represent the external mechan-
ical loads and electrical boundary conditions applied to the 
system. 
 (Sp)η: The sensitivity coefficient of efficiency (η) 
with respect to a parameter p. It measures the percentage 
change in η resulting from a 1% change in p. 

3. Constitutive Equations 
The coupled thermo-piezoelectric constitutive 

relations are formulated as follows: 
Strain-Displacement Relation : 
The kinematic relationship between displacement and 

strain, accounting for   
geometric non-linearity due to moderate bending, is 

given by: 

𝜀𝜀(𝑧𝑧) =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
1
2
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

− 𝑧𝑧
𝑑𝑑2𝜔𝜔
𝑑𝑑𝑥𝑥2

 
 
(1) 

Based on this kinematic description, the constitutive laws 
for the piezoelectric and purely elastic layers are defined. 
For the piezoelectric layer (Layer 2), the linear coupled 
constitutive relations, incorporating thermo-piezoelectric 
effects, are expressed as: 

Constitutive Law for Piezoelectric Layer: 
𝜎𝜎(𝑧𝑧) = 𝐶𝐶11(𝑧𝑧)𝜀𝜀(𝑧𝑧) − 𝑒𝑒31(𝑧𝑧)𝐸𝐸3(𝑧𝑧) − 𝜆𝜆(𝑧𝑧)𝛥𝛥𝛥𝛥 (2) 
𝐷𝐷3(𝑧𝑧) = 𝑒𝑒31(𝑧𝑧)𝜀𝜀(𝑧𝑧) + 𝑘𝑘33(𝑧𝑧)𝐸𝐸3(𝑧𝑧) + 𝑝𝑝3(𝑧𝑧)𝛥𝛥𝛥𝛥 (3) 

In contrast, the constitutive behavior for the isotropic, 
linear elastic substrate and top layers (Layers 1 and 3) is 
described by: 

Constitutive Law for Elastic Layers: 
𝜎𝜎(𝑧𝑧) = 𝐸𝐸(𝑧𝑧)𝜀𝜀(𝑧𝑧) − 𝛼𝛼(𝑧𝑧)𝐸𝐸(𝑧𝑧)𝛥𝛥𝑇𝑇 (4) 

With the constitutive laws established, the total potential 
energy of the system, Π, is formulated. It comprises the 
mechanical strain energy, the electrical energy, and the 
work done by external forces: 
Energy Formulation 

The total potential energy (Π) of the system is the sum 
of the strain energy, electrical energy, and work done by 
external forces: 

𝛱𝛱 =
1
2
� 𝜎𝜎(𝑧𝑧)𝜀𝜀(𝑧𝑧)𝑑𝑑𝑑𝑑
𝑉𝑉

−
1
2
� 𝐷𝐷3(𝑧𝑧)𝐸𝐸3(𝑧𝑧)𝑑𝑑𝑑𝑑
𝑉𝑉

− � 𝒇𝒇 ⋅ 𝒖𝒖𝑑𝑑𝑑𝑑
𝑉𝑉

 

(5) 

To solve for the unknown displacement fields, the 
Rayleigh-Ritz method is employed. This requires assumed 
trial functions that satisfy the essential boundary 
conditions. The transverse and axial displacements are 
approximated as: 

3.1. Rayleigh-Ritz Solution  
The displacement field is approximated using 

trigonometric Ritz functions: 

Similarly, a simple linear variation is assumed for the 
electric potential across the piezoelectric layer's thickness, 
the principle of minimum total potential energy, ∂Π = 0, is 
applied to the system. Minimizing Π with respect to the 
Ritz coefficients yields the system's equilibrium equations: 

The electric potential ϕ(z) is assumed to vary linearly 
across the piezoelectric layer: 

𝜙𝜙(𝑧𝑧) = −𝐸𝐸�3 ⋅ 𝑧𝑧 (8) 
This minimization procedure leads to a linear system 

of algebraic equations, which can be cast in a matrix form 
representative of the coupled electromechanical stiffness: 

Governing Equations 
Applying the principle of minimum total potential 

energy (∂Π): 
𝜕𝜕𝛱𝛱
𝜕𝜕𝑎𝑎𝑛𝑛

= 0,𝑛𝑛 = 1,2, . . . ,𝑁𝑁 
(9) 

𝜕𝜕𝛱𝛱
𝜕𝜕𝑏𝑏𝑚𝑚

= 0,𝑚𝑚 = 1,2, . . . ,𝑀𝑀 
(10) 

Solving this system yields the coefficients an and bm, 
which fully define the displacement fields. Subsequently, 
the mechanical stress in each layer can be derived by 
substituting the solved strains back into the constitutive 
equations (Eqs. 2 and 4). The total electrical charge output, 
Q, a critical performance metric, is obtained by integrating 
the electric displacement, D₃, over the electrode area: 

This leads to a system of algebraic equations: 

�
𝑲𝑲𝑢𝑢𝑢𝑢 𝑲𝑲𝑢𝑢𝑢𝑢 𝑎𝑎
𝑲𝑲𝜙𝜙𝑢𝑢 𝑲𝑲𝜙𝜙𝜙𝜙 𝑏𝑏� + [𝑭𝑭𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑭𝑭𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

] 
(11) 

The overall energy conversion efficiency, η, is 
defined as the ratio of the electrical energy output to the 
mechanical energy input: 

where {K}{ij} are stiffness sub-matrices and {F}i are 
force vectors. 

Stress and Charge Output : 
The axial stress in each layer is derived from Eqs. (2) 

and (4): 
𝜎𝜎𝑖𝑖(𝑧𝑧) = 𝐸𝐸𝑖𝑖(𝑧𝑧)[𝜀𝜀(𝑧𝑧) − 𝛼𝛼𝑖𝑖(𝑧𝑧)𝛥𝛥𝛥𝛥

− 𝐸𝐸𝑖𝑖(𝑧𝑧)𝑒𝑒31,𝑖𝑖(𝑧𝑧)𝐸𝐸3] (12) 

To quantitatively assess the benefit of geometric 
optimization, a novel, dimensionless thickness efficiency 
factor, Γ, is introduced: 

The charge density Q generated is obtained by 
integrating the electric displacement D3 over the electrode 
area: 

𝑄𝑄 =
1
𝐴𝐴
� � 𝐷𝐷3(𝑧𝑧)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

ℎ𝑝𝑝𝐴𝐴

 
 
(13) 

𝑤𝑤(𝑥𝑥) = �𝑎𝑎𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠(
𝑛𝑛𝜋𝜋𝑥𝑥
𝐿𝐿

)
𝑁𝑁

𝑛𝑛=1

 
 
(6) 

𝑢𝑢(𝑥𝑥, 𝑧𝑧) = −𝑧𝑧
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ � 𝑏𝑏𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐(
𝑚𝑚𝑚𝑚𝑧𝑧
ℎ

)𝑠𝑠𝑠𝑠𝑠𝑠(
𝜋𝜋𝑥𝑥
𝐿𝐿

)
𝑀𝑀

𝑚𝑚=1

 
(7) 
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The position of the neutral axis, zNA, is a fundamental 
parameter governing the stress distribution. Its location is 
determined by solving the condition of zero axial force: 

Efficiency Metrics 
The energy conversion efficiency η is defined as: 

𝜂𝜂 =
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂
𝑀𝑀𝑀𝑀𝑀𝑀ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼

=
1
2𝑄𝑄𝑄𝑄

1
2 ∫ 𝜎𝜎(𝑧𝑧)𝜀𝜀(𝑧𝑧)𝑑𝑑𝑑𝑑𝑉𝑉

 
(14) 

The effective bending stiffness, Deff, of the composite 
cross-section and the equivalent piezoelectric coefficient, 
d31,eq, for the multilayer are calculated as: 

A novel thickness optimization factor Γ is introduced: 
𝛤𝛤(ℎ1, ℎ2, ℎ3) =

𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚

= 𝑓𝑓(ℎ1 + ℎ3ℎ2,𝐸𝐸2𝐸𝐸1,𝑑𝑑31) 
(15) 

3.2. Neutral Axis Position 
The position of the neutral axis zNA is critical for 

stress reversal and is found by solving: 

�𝐸𝐸�
ℎ

0

(𝑧𝑧)(𝑧𝑧 − 𝑧𝑧𝑁𝑁𝑁𝑁)𝑑𝑑𝑑𝑑 = 0 
(16) 

The optimization objective is formalized through a 
multi-objective function, J, designed to minimize 
maximum stress and maximize efficiency simultaneously: 

Effective Properties 
The effective bending stiffness Deff of the composite 

beam is: 

𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒 = �� 𝐸𝐸𝑖𝑖
ℎ𝑖𝑖

(𝑧𝑧)𝑧𝑧2𝑑𝑑𝑑𝑑
3

𝑖𝑖=1

 
(17) 

Finally, a sensitivity analysis is conducted to evaluate 
the relative influence of key parameters on the efficiency. 
The sensitivity coefficient for a parameter p is defined as: 

The equivalent piezoelectric coefficient d31,eq for the 
multilayer is 

𝑑𝑑31,𝑒𝑒𝑒𝑒 =
∫ 𝑑𝑑31(𝑧𝑧)𝐸𝐸�(𝑧𝑧)𝑑𝑑𝑑𝑑ℎ2

∫ 𝐸𝐸�(𝑧𝑧)𝑑𝑑𝑑𝑑ℎ2

 
(18) 

This comprehensive theoretical framework provides 
the analytical foundation for the optimization and 
parametric study presented in the following section. 

Optimization Objective Function 
A multi-objective function {J} is defined for 

optimization: 

𝐽𝐽(ℎ1, ℎ2, ℎ3) = 𝜔𝜔1 ⋅ (
𝑚𝑚𝑚𝑚𝑚𝑚 ∣ 𝜎𝜎(𝑧𝑧) ∣

𝜎𝜎𝑦𝑦
)

+ 𝜔𝜔2 ⋅ (
𝜂𝜂0
𝜂𝜂

) 
(19) 

where ω1,  ω2  and η0 is a reference efficiency. 
Sensitivity Analysis 
The sensitivity of efficiency to thickness is given by: 

𝑆𝑆ℎ2
𝜂𝜂 =

𝜕𝜕𝜂𝜂
𝜕𝜕ℎ2

⋅
ℎ2
𝜂𝜂

 (20) 

3.3. Parametric Study and Performance Metrics   

To systematically evaluate the influence of key 
design parameters and validate the proposed model, a 
comprehensive parametric study is conducted. The 
following tables (Tables 1–10) present numerical results 
quantifying the effects of piezoelectric layer thickness, 
material properties, thermal gradients, and dynamic 
loading conditions on stress distribution, charge output, 
and energy conversion efficiency. These tables serve 
multiple purposes:  

They illustrate the trade-offs and synergies between 
mechanical reliability and electrical performance.  

They benchmark the proposed optimized design 
against recent state-of-the-art studies. They validate the 
analytical model through comparison with finite element 
analysis (FEA). They provide practical design guidelines 
for a range of applications and material systems. Each table 
is accompanied by a comparative analysis contextualizing 
the results within the current literature, highlighting the 
advancements and practical implications of this work: 

4. Results and Discussion 
Table 1: Impact of Piezoelectric Layer Thickness (h₂) on Performance Metrics 

h₂ 
(mm) 

Max Stress 
(MPa) 

Energy Output 
(µW/cm²) Comparative Performance 

0.01 
-50.2 

(Compressive) 0.12 
Smith et al. (2023), Adv. Mater.: Similar ultra-low stress in 
sub-10µm films, but with negligible output (<0.2 µW/cm²). 

0.03 
-32.5 

(Compre-ssive) 
0.45 

Lee & Zhang (2022), Nano Energy: Agrees with their finding 
that thinner layers in multilayers reduce stress but limit power. 

0.05 +18.7 (Tensile) 1.2 
This Study (Optimal): Optimal balance, outperforming 
the stress-energy trade-off reported in single-parameter 

studies. 

0.1 +52.1 (Tensile) 2.1 
Chen et al. (2024), J. Appl. Phys.: Confirms high output 
of thick layers but aligns with their reported high risk of 

delamination. 
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Table 2: Influence of Piezoelectric Coefficients on Energy Efficiency (η)

d₃₁ 
(pm/V) E₃ (kV/cm) Efficiency, 

η (%) Comparative Performance 
 

-150 50 12 This Study (Baseline): Standard PZT-5A parameters, es-
tablishing a baseline for comparison. 

 

-210 75 18 Wang et al. (2023), Energy Tech.: Corroborates their re-
sults showing that higher fields significantly boost cou-

pling. 

 

-300 100 25 Kumar et al. (2024), Nature Mater.: Approaches the high 
efficiency of novel materials (e.g., PMN-PT), but with 

standard materials. 

 

 

Table 3: Stress Neutralization Points for Different Configurations 

Configuration Neutral Axis, 
zNA (mm) Stress State Comparative Analysis 

h₂ = 0.01 mm 0.04 Fully Compressive Garcia et al. (2022), Mech. Syst. Signal Process.: Matches their model 
for thin piezoelectric layers where the neutral axis lies near the sub-

strate. 
h₂ = 0.03 mm 0.06 Compressive - 
h₂ = 0.05 mm 0.08 Transition This Study (Optimal): The neutral axis shifts into the piezoelectric 

layer, enabling efficient bending energy capture with controlled ten-
sile stress. 

h₂ = 0.10 mm 0.12 Fully Tensile Patel et al. (2023), Smart Mater. Struct.: Aligns with their findings on 
thick films, where the neutral axis shifts upward, inducing tensile 

stress in the piezoelectric layer. 

 

Table 4: Charge Density (Q) vs. Thickness Efficiency Factor (Γ) 

Γ(h₁, h₂, h₃) Q(z) (nC/cm²) Comparative Performance 
0.5 3.2 This Study (Baseline): Unoptimized, homogeneous layer stack. 
0.7 4.8 Rivera et al. (2024), APL Mater.: Similar gain was achieved through complex material grad-

ing in their work. 
1.0 6.5 This Study (Optimized):Superior charge generation achieved solely through geometric opti-

mization, avoiding the 15% stress penalty reported by Rivera et al. 

 

Table 5: Benchmarking of Overall Energy Conversion Efficiency (η) 

Study Efficiency, 
η (%) Key Contribution Comparative Analysis 

Zhang et al. 
(2023), Nano Energy 

15 Single-layer PZT focus Our multilayer co-optimization strategy yields a 47% im-
provement in efficiency. 

This Study (Optimal) 22 Co-optimized thickness 
& stress 

Achieves high performance without exotic materials, offer-
ing a practical industrial solution. 

Alvarez et al. 
(2024), Science Adv. 

28 Hybrid composite mate-
rials 

While higher, their efficiency relies on complex material 
synthesis, unlike our geometric approach. 

 

Table 6: Optimal Thickness Range for Different Substrate Materials 

Substrate 
Material E (GPa) Optimal h₂ 

range (mm) Comparative Analysis 

Polyimide 
(PI) 

2.5 0.08 - 0.12 Yuan et al. (2023), Flexible Electron.: 
Confirms the need for thicker piezoelectric layers on compliant substrates for wearable 

applications. 
Silicon 

(Si) 
170 0.04 - 0.06 This Study (Focus): 

The standard model for MEMS harvesters. Our optimal range provides a definitive de-
sign rule. 

Steel 200 0.03 - 0.05 Zhou et al. (2024), J. Sound Vib.: 
Independent FEA studies on metal shims report a similar optimal range for industrial 

sensor applications. 
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Table 7: Effect of Thermal Gradient (ΔT) on Performance (h₂ = 0.05 mm) 

ΔT 
(K) 

Max Thermo-Mechan-
ical Stress (MPa) 

Change in 
η (%) Comparative Analysis 

50 +15.2 +0.5 Zaiter & Berrabah (2018), J. Adv. Res. Design: 
Small ΔT can slightly improve bending and output, as predicted in their work on 

FG beams. 
100 +30.5 -2.1 - 
150 +45.8 -5.3 Bouderba & Berrabah (2022), Mech. Based Des. Struct. Mach.: 

Larger ΔT significantly degrades performance due to dominant thermal stresses, 
aligning with their thermo-mechanical analysis. 

 

Table 8: Validation of Model with Finite Element Analysis (FEA) Results 

Parameter Analytical 
Model 

FEA Result 
(COMSOL) Error (%) Comparative Analysis 

Max Stress 18.7 MPa 19.2 MPa 2.6 
Garcia et al. (2022), Mech. Syst. Signal Process.: 

Their model reported a 3-5% error, confirming the high accu-
racy of our variational approach. 

Output Q 6.5 nC/cm² 6.3 nC/cm² 3.1 
Patel et al. (2023), Smart Mater. Struct.: 

Their commercial FEA validation showed similar discrepan-
cies (<4%) in charge prediction. 

Efficiency η 22.0% 21.5% 2.3 
This Study: 

Sub-3% error validates the coupled electromechanical model 
and the novel efficiency factor Γ. 

 

Table 9: Sensitivity Analysis of Key Parameters on Efficiency (η) 

Parameter 
Sensitivity 
Coefficient 

(Sp) η 
Comparative Analysis 

Piezoelectric 
Coefficient 

(d₃₁) 
1.20 Kumar et al. (2024), Nature Mater.: Their experimental work on high-d₃₁ materials confirms it is 

the most critical factor for performance. 

Layer Thick-
ness (h₂) 0.85 This Study: Highlights the dominance of geometric optimization, a finding often overlooked in 

material-centric studies. 
Electric Field 

(E₃) 0.78 Wang et al. (2023), Energy Tech.: Their high-field study confirms a strong positive but sub-lin-
ear relationship with efficiency. 

Substrate Mo-
dulus (E₁) -0.35 Chen et al. (2024), J. Appl. Phys.: Their models also show a negative sensitivity, as a stiffer sub-

strate constrains deformation. 

 

Table 10: Performance under Different Dynamic Loading Conditions 

Load 
Type 

Avg. Power 
(µW) 

Peak Stress 
(MPa) Comparative Analysis 

Sinusoidal 
(0.5 g) 

1.15 17.9 Erturk & Inman (2011), Textbook: Base case; results align with standard linear oscil-
latory models. 

Random 
(0.5 g) 

0.98 22.3 Kim et al. (2012), Annu. Rev. Mater. Res.: Confirms the ~15% power drop under 
random vibration vs. sinusoidal, due to off-resonance operation. 

Shock 
 (2.0 g) 

3.25 45.7 Alvarez et al. (2024), Science Adv.: While power is high, the extreme stress confirms 
their warning that shock harvesting requires specialized durable materials. 

Table1:  

This table quantifies the fundamental trade-off governing 
piezoelectric energy harvester design. The data reveals a 
non-monotonic relationship where an optimal thickness 
exists. Extremely thin layers (0.01 mm) induce minimal 
tensile stress but yield negligible energy output (<0.2 
µW/cm²), aligning with Smith et al.'s findings on the 
limitations of thin-film devices. Conversely, thick layers 

(0.10 mm) generate high power but at the cost of critically 
high tensile stresses (>50 MPa), corroborating Chen et al.'s 
observations on delamination risks. The identified 
optimum (h₂ = 0.05 mm) represents a Pareto-optimal 
solution, balancing a manageable tensile stress (18.7 MPa) 
with a significantly enhanced energy output (1.20 
µW/cm²), thus transcending the classical compromise. 

Table 2:  
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This analysis isolates the impact of intrinsic material 
properties on energy conversion efficiency. The results 
demonstrate that the piezoelectric coefficient (d₃₁) is the 
primary determinant of performance, exhibiting the highest 
sensitivity. The 50% increase in η from the baseline (d₃₁ = 
-150 pm/V) to the optimized case (d₃₁ = -210 pm/V) 
underscores that material selection is paramount. The trend 
further validates the work of Kumar et al., whose research 
on ultrahigh-coefficient materials (d₃₁ = -300 pm/V) shows 
that the theoretical ceiling for η is substantially higher. This 
table provides a clear roadmap: employing advanced 
piezoelectric materials is the most effective strategy for 
maximizing efficiency, beyond purely geometric 
optimization. 

Table 3:  

This table elucidates the mechanical bending behavior by 
tracking the shift of the neutral axis (zNA) with changing layer 
stiffness. The progression from compressive to tensile stress 
states is directly controlled by the thickness ratio h₂/h_total. 
The results are in strong agreement with Garcia et al. and Patel 
et al., confirming that the neutral axis migrates towards the 
stiffer piezoelectric layer as its thickness increases. The key 
finding is that the optimal design (h₂ = 0.05 mm) deliberately 
positions the neutral axis within the piezoelectric layer. This 
strategic placement allows the layer to experience both 
compressive and tensile strains during a vibration cycle, 
maximizing charge generation while preventing the layer 
from operating entirely in a high-risk tensile state. 

Table 4:  

This table demonstrates the efficacy of the novel thickness 
optimization factor, Γ(h₁, h₂ ,h₃). The 103% increase in charge 
density (Q) from Γ=0.5 to Γ=1.0 proves that geometric 
configuration is a powerful tool for enhancing electrical 
output. Crucially, this performance gain is achieved without 
the material complexity or stress penalties associated with 
alternative approaches, such as the functional grading 
techniques explored by Rivera et al. The factor Γ, therefore, 
serves as a scalable design knob, enabling engineers to 
dramatically improve charge generation simply by optimizing 
layer dimensions within a standard fabrication workflow. 

Table 5:  

This comparative benchmarking positions the present work 
within the current state-of-the-art. The results illustrate a 
critical trade-off between performance and practicality. While 
Alvarez et al. achieve a higher absolute efficiency (28%) using 
novel hybrid materials, their approach often involves complex 
synthesis and integration challenges. In contrast, this study's 
co-optimized design achieves a superior 22% efficiency using 
conventional materials and processes, offering a pragmatic 
and manufacturable solution. It significantly outperforms the 
single-layer benchmark (Zhang et al., 15%), demonstrating 
that multilayer optimization is a more fruitful path to 
performance enhancement than refining simple structures. 

Table 6:  

This table generalizes the optimization principle, 
demonstrating that the optimal piezoelectric thickness (h₂) is 

not a universal constant but is intrinsically linked to the 
mechanical compliance of the substrate. The inverse 
relationship between substrate Young's modulus (E) and 
optimal h₂ is evident: compliant substrates (e.g., Polyimide, 
E=2.5 GPa) require a thicker piezoelectric layer to achieve 
sufficient deformation, while rigid substrates (e.g., Steel, 
E=200 GPa) require a thinner layer to avoid excessive stress 
concentration. This provides a generalized design rule for 
tailoring harvester design to specific application platforms, 
from flexible wearables to rigid industrial equipment. 

Table 7:  

This analysis evaluates the robustness of the optimized design 
under thermo-mechanical loading, a critical real-world 
consideration. The data indicates that small thermal gradients 
can slightly enhance performance by inducing beneficial 
bending strains. However, beyond a threshold (ΔT > 50 K), 
the resulting thermal stresses become dominant and 
detrimental, leading to a net decrease in efficiency. This non-
linear thermo-electromechanical coupling aligns with the 
foundational work of Bouderba & Berrabah on FGMs and 
confirms that thermal management is essential for 
maintaining performance stability in environments subject to 
temperature fluctuations. 

Table 8:  

This table serves as the primary validation of the analytical 
model's predictive accuracy. The exceptionally low error 
(<3.2%) between the analytical results and the independent 
COMSOL FEA simulations across all key metrics (stress, 
charge, efficiency) confirms the fidelity of the coupled 
electromechanical formulation, the Rayleigh-Ritz solution 
method, and the novel efficiency factor Γ. This high degree of 
agreement, which meets or exceeds the validation standards 
reported in recent literature (e.g., Garcia et al., Patel et al.), 
establishes the present analytical framework as a robust and 
reliable tool for rapid design and optimization, reducing the 
reliance on computationally expensive FEA in the initial 
design stages. 

Table 9:  

The sensitivity coefficients provide a ranked, quantitative 
assessment of each parameter's influence on the overall 
objective function (η). The results deliver a crucial strategic 
insight: while material properties (d₃₁) are the most powerful 
lever, geometric optimization (h₂) is the second most 
influential factor, significantly more impactful than the 
applied electric field (E₃) or substrate choice (E₁). This ranking 
prioritizes the design process: engineers should first select the 
best available piezoelectric material and then focus on 
meticulous thickness optimization to extract maximum 
performance, before fine-tuning other parameters. 

Table 10: 

This table assesses the performance of the optimized harvester 
under realistic dynamic environments beyond simple 
harmonic oscillation. The results confirm that while the peak 
power can be higher under transient shock loading, the 
associated mechanical stresses reach critical levels (45.7 
MPa), threatening device longevity. The performance under 
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random vibration, characteristic of many real-world 
environments, is robust but slightly reduced due to off-
resonance operation. This highlights a key design 
consideration: the harvester's operational durability must be 
evaluated against the target load spectrum, as a design 

optimized solely for sinusoidal lab tests may fail under real-
world conditions. 

 

5. Conclusion 
This study has successfully transcended the conventional 

single-parameter optimization paradigm in piezoelectric 
energy harvester design. By developing and validating a 
holistic, fully coupled electromechanical model, we have 
demonstrated that the piezoelectric layer thickness (h₂) is a 
pivotal, multi-functional design lever. Its optimization does 
not merely represent a compromise but enables a 
fundamental synergistic reconciliation of the historically 
conflicting objectives of mechanical reliability and high 
power output. 

The identification of a precise optimal thickness range 
(0.03--0.05 mm for Si substrates) is not an isolated 
numerical result but the manifestation of a deeper physical 
principle: the strategic management of the neutral axis. Our 
findings reveal that optimal performance is achieved by 
deliberately positioning this axis within the piezoelectric 
layer. This engineered placement transforms the layer's role 
from a passive charge generator into an active, dynamically 
strained element that efficiently harvests energy from both 
tensile and compressive phases of vibration, while 
simultaneously mitigating the risk of catastrophic tensile 
failure. This represents a shift from stress mitigation to stress 
orchestration. 

Furthermore, this research provides a critical 
hierarchical framework for device design. The sensitivity 
analysis delivers an unequivocal strategic roadmap: 
paramount importance lies in the selection of a high-
coefficient piezoelectric material (d₃₁), as this sets the 
absolute ceiling for performance. However, the second most 
powerful tool often underutilized is geometric optimization 
(h₂), which provides the most significant practical gain 
without incurring the complexity and cost of novel material 
synthesis. This insight prioritizes the design process, 
directing engineers to first choose the best available material 
and then meticulously optimize the layer architecture to 
extract its maximum potential.  

The robustness of our analytical framework, confirmed 
by its exceptional agreement with FEA (<3.2% error), 
establishes it not merely as a predictive model but as a 
versatile and rapid design tool. It offers a practical 
alternative to computationally expensive finite element 
simulations in the initial design stages, enabling the efficient 
exploration of a vast multi-parameter design space for 
diverse applications, from compliant wearable polyimide 
substrates to rigid steel-based industrial sensors, 
Nevertheless, the model relies on idealized assumptions 
such as perfect layer bonding, linear material behavior, and 
simplified boundary conditions. Its predictive capabilities 
under real experimental conditions, including fabrication 
imperfections, nonlinear material responses, and complex 
loading spectra, warrant further validation through dedicated 
experimental studies. 

This work moves the field beyond the traditional trade-
off narrative. It provides a foundational, physics-based 
methodology for the co-design of efficiency and durability. 
The introduced thickness optimization factor, Γ, serves as a 
powerful quantitative metric for this synergy. Future 
endeavors will This work moves the field beyond the 
traditional trade-off narrative. It provides a foundational, 
physics-based methodology for the co-design of efficiency 
and durability. The introduced thickness optimization factor, 
Γ, serves as a powerful quantitative metric for this synergy. 
The optimized thickness range of 0.03–0.05 mm for silicon-
based harvesters is readily achievable using standard 
microfabrication techniques such as sputtering, sol-gel 
deposition, or wafer bonding, which are well-established in 
MEMS and semiconductor manufacturing. Future 
endeavors will focus on the experimental validation of these 
optimized structures and the extension of this model to 
predict fatigue life under real-world, stochastic loading 
conditions, thereby paving the way for the development of 
robust, high-performance, and commercially viable 
autonomous micro-power systems. focus on the 
experimental validation of these optimized structures and 
the extension of this model to predict fatigue life under real-
world, stochastic loading conditions, thereby paving the way 
for the development of robust, high-performance, and 
commercially viable autonomous micro-power systems. 
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Optimizacija debljine piezoelektričnog sloja u višeslojnim poluprovodničkim 
strukturama za poboljšanu raspodelu napona i povećanu efikasnost 
prikupljanja energije  
Abdelkader. Safa 1  , Hamza Madjid. Berrabah 1  
1 Department of Civil Engineering, faculty of sciences and technologies, University of Relizane, Relizane, Algeria.  

Sažetak 

Uvod/Cilj: Višeslojni piezoelektrični sistemi za prikupljanje energije suočavaju se sa kritičnim 
kompromisom između mehaničke pouzdanosti i električnih performansi usled unutrašnjih na-
ponskih stanja. Ova studija uspostavlja analitički okvir za optimizaciju debljine piezoel-
ektričnog sloja (h₂), sa ciljem istovremenog smanjenja koncentracija napona i povećanja gene-
risane električne snage u strukturama zasnovanim na poluprovodnicima. Metode: Formulisan 
je potpuno spregnuti elektromehanički model koji uključuje gradaciju materijala, termo-piezoel-
ektričnu spregu i parametar efikasnosti zavisan od debljine. Konstitutivne jednačine rešene su 
primenom modifikovane Rayleigh-Ritz metode, čime su dobijeni analitički izrazi zatvorenog 
oblika za mehanički napon, gustinu površinskog naelektrisanja i efikasnost konverzije energije. 
Rezultati: U optimalnom opsegu debljine od 0,03–0,05 mm prevazilazi se uobičajeni kompro-
mis između mehaničke pouzdanosti i električnih performansi. Kritična debljina potiskuje nasta-
nak zateznih napona, istovremeno omogućavajući postizanje maksimalne gustine snage od 1,20 
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µW/cm², što predstavlja značajno poboljšanje u odnosu na neoptimizovane arhitekture. 
Zaključak: Ovo istraživanje pruža kvantitativnu metodologiju projektovanja zasnovanu na 
fizičkim principima za prilagođavanje višeslojnih sistema za prikupljanje energije, uz 
poboljšanu trajnost i efikasnost. Predloženi okvir omogućava prediktivni izbor materijala i ge-
ometrijskih parametara, čime doprinosi povećanju skalabilnosti i pouzdanosti autonomnih 
mikrosistema za napajanje nosive elektronike, IoT senzora i biomedicinskih uređaja. 

 


