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Summary: In this paper, an excitation
with  two different frequencies of
displacement amplitudes outside the
resonant region is imposed on a 1D
dynamic model with resistance of the
substrate. Applying FFT algorithms with
MathCAD applications, are treated
displacement amplitudes in the frequ-
ency and time domains respect the
mapping suggested by the transfer
function (I.M.Mili¢i¢, 2015).

Conducted computer simulations con-
firmed that the harmonic response of a
1D dynamic model system can be
successfully modeled based on the
demonstrated equivalent solution.

Keywords: Simulation, dynamic model,
equivalent solution, transfer function,
displacement.

1. INTRODUCTION

This spectral analysis treats the
classical method of time - shifting
analysis based on Fourier transform.
The physical process of registering an
observed size in a given cross section
on a support in structural engineering is
treated as in electrical engineering by
the notion of a signal (hence, the
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Pe3sume: Y oBomM pagy je 10 AuvHa-
MWYKOM MOAeny ca OTnopoM noArsiore,
HameTHyTa nobyga ca ABe pasnuyuTe
y4ecTaHOCTU amnnuTyaa nomMepata
n3BaH pesoHaHTHor nogpydja. Mpume-
wyjyhn anroputme OPT ca annuka-
umjom MathCAD, TpeTupaHe amnnutyae
nomMepawa y MPpPeKBEeHTHOM U BpEeMeH-
CKOM [JOMEHy pecnekTyjy npecnuka-
Bakb-e NpeasioxxeHo PyHKLMjoM npeHoca
(U.M.Munnuuh, 2015). CnpoBegeHum
padyHapckum cumynauujama notsphe-
HO je ja ce XapMOHWjCKu1 0A31B cuctema
10 ouHaMuuKor Mogera MoXe yCrneLHo
MoAenuMpaTi Ha OCHOBY OBZe Noka3aHor
€KBVBAaneHTHOr peLueksa.

KrbyuHe peuun: Cumynauuja, guHamu-
YKM MOAEN, €EKBMBAINEHTHO pellere,
byHKUMja NpeHoca, nomepara.

1. yBO[

Y 0BOj cneKkTpanHoj aHanunan TpeTupa ce
KnacvyaH MeToA aHanuse npoMeHe
yrmba y BpemeHy 6asnpaH Ha Pypu-
jeoBoj TpaHcopmaumju. Prsnykn npo-
Luec peructpoBaka onaxaHe BenuunHe
y oapeheHOM npeceky Ha Hocayy Yy
rpaheBUHCKOM KOHCTPYKTEPCTBY Ce Kao
y enekTpoTeXHUUM TpeTupa MnojMoMm
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deflection change) based on duration
and spread in space and / or time.

In technical science, the notion of signal
and processing of them (one, two or
more analyzes) is closely linked to the
notion of information.

Such information is the measurement
data or the result of testing — monitoring.
Time domain signal analysis involves
graphically displaying a single parame-
ter or reading a specific size contained
in a signal by observing its temporal
regularity.

For example, if it is necessary to register
temperatures in a sample of material,
then the record itself is a function of the
information signal, since further analysis
of obtained signal is not necessary.

On the other hand, if we look at the time-
lapse record at one point on the carrier,
it is very difficult to draw a conclusion
about the carrier (statically determined
or statically indeterminate), and
especially to obtain information on the
mass, damping or stiffness of the carrier
as a whole.

Therefore, monitoring based on signal
analysis requires the introduction of a
signal model, which presents in a
mathematically clear way the overall
information that the signal carries,
without going into the problem of
extracting useful parameters and
reading sizes when measuring.

This method of signal modeling is in line
with practical experience that by using
appropriate sensors, we can convert an
arbitrary signal into a form suitable for
further processing or analysis.
Depending on the number of variables in
the signal, we have one-dimensional
signals, which depend on one variable
and multidimensional signals, which
depend on several variables. In addition
to these, we also have continuous and
discrete signals.

We emphasize on discrete signals
because, unlike continuous signals, they
have the domain of a set of real numbers
and are defined solely on a finite number
of sets.

curHana (gakne, npomeHa yruba) Ha
OCHOBY Tpajaka W pacnpoctupara y
NpOCTOpY W/UNu BpeMEHY.

Y TexHudkuMm gucuunnvHama nojam
curHana u werosa obpapga (jegHa, ABe
UNN BULLE aHanm3a) ce YCKo Besyje 3a
nojam uHcopmauuje.

TakBa wHdoOpMmauuja je nopartak
Mepera Wnu pesyntaTt TecTupawa —
MOHMTOpPUHra. AHanu3a curHana y
BPEMEHCKOM [OMeHy noapasymeBa
rpadvykM nNpukas jegHor napameTpa
UMW YNTake KOHKPETHE BErNUYMHe
cagpxaHe y CcurHany nocmarpahem
HErOBE BPEMEHCKE 3aKOHUTOCTU.

Ha npumep, ako je noTpebHO peruc-
TpoBaTu TemnepaTtype Yy HEKOM Y30pKy
mMaTepvjana, Taga je cam 3anuc
dyHKUMje — curHana mHdopmaumja jep
Jarba aHanmsa tako gobuvjeHor curHana
Huje HeonxogHa.

Ca gpyre cTpaHe ako mnocmaTpamo
BpeMeHCKU 3anuc yrmba y jeqHoj Tauku
Ha Hocady, Beoma je Tewko u3Byhu
3aK/by4yak O KakBOM Ce Hocady pagu
(ctatmukm ogpeheHoM wunu cTaTUyKM
HeogpefheHoMm), a norotoBy [o6UTK
MHdOpMaLujy Konuka je maca, npu-
rylwewe WM KpyTOCT Hocaya kKao
LenuHe.

lMpema TomMe, Ha OCHOBY MOHWUTOPWHIa y
aHanuan curHana 3axTeBa ce yBohene
mModena curHana, rge ce  Ha
MaTeMaTW4Ku jacaH HauyvH npeacTa-
BIba yKynHa vHdopmaumja Kojy curHan
Hocu, He ynasehu y npobnem wsaea-
jatba KOpUCHMX napameTapa W Benu-
YMHa YnTarba Npu Mepekby.

OBakaB Ha4uH Mofenvpara curHana y
ckragy je ca npakTM4YHUM UCKYCTBOM Aa
npumeHoMm ogrosapajyhmx ceHsopa,
NPON3BOSbHN CUrHaM MOXeMO MNpPeTBo-
putn y o6nuk norogaH 3a garby obpaay,
OLHOCHO aHanuay.

Y 3aBucHOCTM of, 6poja NPOMEHILUBUX Y
curHany yeBogM ce nogena  Ha
jenHoaMMeH3noHanHe cwurHane, Koju
3aBuce O jeOHe MNpOMEHrLMBE W
BULIEOMMEH3NOHANHE curHane, Koju
3aBuce of BuLLe NpomeHrbmemux. Mopes
OBMX HaBeAeHWX, umamo jow wu
KOHTUHYaIHe U OUCKPETHE curHarne.
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That is, the basic properties of a discrete
signal are defined by analogy with
continuous signals.

On the other hand, if the subdomain of
discrete signal is a finite set then it is a
digital signal.

Practice shows that there are a large
number of signals that are inherently
discrete (digital).

2. MATHEMATICAL MODELING

Let us start from equation (9) from [1],
whose solution is given by the product of
measured deflections and the response
function of the ,response-excitation” (Xi
= the amplitude of the deflection of the
model) and its frequency Qi and equal to
the frequency of the external excitation.

x(t) = A P(l//i)

X

The peculiarity of this research is that
the given solution (1) is simulated by a
mathematically equivalent solution that
can be represented by a single function
in exponential form,

with coefficients

Harmacumo u© 3agpxmmo ce Ha
OVNCKPETHUM curHanuma, 36or Tora LTo
OHW 32 pasnuKy of KOHTUHYanHUX
curHana wumajy OOMEH CKyn pearmHmx
OpojeBa U OedUHNCAHN CYy UCKIbYYMBO
Ha KoHa4yHoMm Opojy ckyrnoBa. OgHOCHO,
OCHOBHe 0COBWHE AMCKpeTHOr curHana
AedvHuwy ce no aHanornju ca KOHTU-
HyanHum curHanuma. C gpyre cTpaHe,
YKOMUKO je nogdaoMeH  AMCKPEeTHOr
curHana KoHadaH cKyn oHga je To
OVUruTanHu curHar.

3akrbyyMMo Ja Yy Mpakcu MocToju
BENUKM Opoj curHana Koju cy no cBojoj
NPUPOAMN OUCKPETHU (AUrnMTasnHm).

2. MATEMATWYKO MOOENWUPAKE
Mohumo oa jeaHaumHe (9) u3 [1], umje
peLlere je AaTo NPOU3BOAOM MEPEHMX
yrmba n dyHKumnje npeHoca ,043MB —

nobypa“ (Xi = amnnutyga yruba
mMofena) W HeHe YydectaHocTn Qi
jeoHaka — yyectaHoCTM  criorballhse
nobyge.

-cos(QQt+6)

+iOt

1)

MocebBHOCT OBOr UCTpaxuBaka je Aa ce
nato peweke (1) cumynupa maTtema-
TUYKN €KBUBANEHTHUM peLUeHEM Koje
MOXeMO npeacTaBuTn jeaHOM  OYHK-
LIMjOM Y eKCrioHeHUujanHoM obnuky,

ca KoedumumjeHTMma

X =A+iB

and

n

X" =A-iB

are the complex constant X~ is called
the complex conjugate of X .

roe je X" komnnekcHa KoHcTaHTa, a X
H0j KOHYroBaHa KOMMeKcHa.
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When equation (1) is presented as the Kapa ce jegHauuHa (1) npukaxe kao
sum of the individual model responses: 36Up nojeanMHayYHMX oa3vBa Moaena:

X(t) = a-cos(Qt + 6) +b-sin(Qt + 6) (2)

then the equivalent solution is in Taja je eKBMBANeEHTHO pellewe Yy
exponential form: €eKCMOoHeHUMjarHoM 0BnuKy:

X(t) =X -+ X" e ()
Establishing the connection between (1) YcnocTaBrbajyhu Besy nsmehy (1) u (2)
and (2), it is necessary to further apply HEOMNXoAHa je joL MPUMEHNTU aanuLMOoHe

the addition theorems of the sum of two Teopeme 36upa gBa yrna,
angles,

X -cos(Qt +8) = X -cos(8) - cos(Qt) — X -sin(9) -sin(Qt) 4)

whereby, now combining (4) and (2), we npu yemy, caga koméuHyjyhu (4) n (2)
find that: Hanasumo aa je:
a=X-cos(9),

b=-X-sin(®), )

X? =a’®+b?, respectively — odnosno X =+/a? +b?

then the phase shift, Taga je pasHo nomepatbe,
b (=X)-sin(®)
gO)=-—=—"F""—"= 6)
a X -cos(0)
whereby, establishing the relation npy 4emy ce, ycnocrtasajyhu Besy
between (2) and (3), it is found that namehy (2) n (3), Hanasu ga je

)z.eiﬂt + )z*.e—iﬂt —

=[A+iB]-[cos(Qt)+i-sin(Qt) |+[A—iB]-[cos(Qt)—i-sin(Qt)]

X e+ X" e = 2A-cos(Qt) - 2Bsin(Qt) @)
Therefore, combining equations (7) and Mpema Tome, Ha kpajy, KombuHyjyhin
(2), we arrive at the following: jeaHaunHe (7) n (2) gonasumo aa cy:
a=2A,
b=-2B, ®)
B
tg(0) =—
9(0) =~
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Thus, we see that the harmonic
response of the 1D system of the
dynamic model (1) can be successfully
modeled and displayed on the basis of
an equivalent solution according to (2)
and (3).

On the other hand, solution (3) alone
may be suitable solely for mathematical
modeling and simulation in computer
applications.

From all the above, itis clear at a glance
that solutions (1) and (2) may be easier
and simpler to draw conclusions from
the simulations of the treated 1D
dynamic model.

3. COMPUTER SIMULATION

The input data for the simulation is: m —
mass, § — damping and c — stiffness.

[akne, BMAMMO Oa ce XapMOHUjCKM oa-
3uB cuctema 1[1 guHamuukor mopena
(1) moxe ycnewHo mogenupatn u
npvKasaTM Ha OCHOBY €KBMBareHTHOr
pelwwera npema (2) u (3).

C ppyre ctpaHe, camo pewere (3)
MOXe OVUTU MpUKNagHO MCKIbYYMBO 3a
MaTeMaTU4Ko MoJenupahe U CrpoBO-
hewe cumynaumja y annukaumjama 3a
pag Ha padvyHapuma. [lpema cBemy
OBA€ M3HEeLLEeHOM caMO Ha NpBu norneg
jacHo je pa cy pewwewa (1) n (2) moxaa
nakwia 1 jeQHOCTaBHWja 3a OOHOLLEHE
3aKrbyyaka Mo CnpoBeAeHVM CcuMyna-
umjama TpetupaHor 10 AvHamuykor
mozena.

3. PAYYHAPCKA CUMYJALUUJA

YnasHu nodaum 3a cuMmynauujy cy: m —
maca, & — NpuryLieme u ¢ — KpyTocT.

m := 640-kg
&:=06
¢ =10105N

Calculation of natural frequency and

physical damping of 1D model:

C
w= [— w=125—
m
k
b=2mwé b=096x10"-3
S
[7%)
fd ——d Td :i
2-7 fd

two-frequency model excitation

Al = 0.05-m
1.0

2 =—w
17 10

e external excitation of the model

m
CpadyyHaBae MpupogHe y4ecTaHoCTu
1 pmsmdkor npurywena 1 mogena:

f= = f 1991
2.7 S
1
wy=wfl1-&) = 10,00~
Td
Ty = 0.628s — = 0.0628s
10

[BO (hpekBeHTHa nobyaa mogena

A2 = 0.05-m
3.0

(2 =—w
270

L] cnoJballka n06y,qa moaena

A(t) = A1~cos(ﬂl-t) + A2-sin((}2~t)
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Onwtn 06nuK jegHaunHe KpeTawa

The general form of the equation of
motion of a model Moaena

X(t) = AjP(4)-cos( 5+ &)
superposition of individual responses cynepnosuumja nojeaMHavyHnx oa3mvea
x(t) = Xl-cos(ﬂl-t + 6’1) + X2-sin((22-t + 92)

response amplitude aMmnnuMTyga og3vea

C
X; = E Ai-P(zﬂl)
disorder coefficient KoeduuujeHT nopemehaja
£ .
i = — 1= 1,2
w

transfer function ,response — excitation” npeHocHa (yHKLMja ,043MB — nobyaa’

1
Bl =
[ i
1-¢7) +(2:¢9)
Amplitude calculation for: CpadyHaBare aMmnnutyga 3a:
o first response e  NpBM 043UB
L
=— =01
(21 ” (1
P(4y) = 1.003 0y = 6(¢1)
c
1
X1 = 0.0501m el-ﬂ = —6.9112
s

° apyru ogsve

. second response

Y
¢2 = 72 ¢2 =03
P(y) = 1.022 6y = 6(1)
X = Ay P(4) X5 = 0.0511m 92@ = -21.584
m

| JOURNAL OF FACULTY OF CIVIL ENGINEERING 36 (2019) |



0.06

075 | 125
0.03 I
X1 0.04
X 0.03
PCE) g0
0.01
G__
0 I 2 3 4
Y.
Cnuka 1 — Amnnutyae ogsusa 1[] mogena
Figure 1 — 1D Model response amplitudes
4. SPECTRAL ANALYSIS 4. CINEKTPAINNHA AHANTU3A
Paramneterd of spectral analysis: MapameTpu cnekTpasnHe aHanuse:
Number of Data Points Sampled (binary Bpoj y3opkoBaHux nogataka (GMHapHW
number.) 6poj.)
11
N, =2 N = 2048
Dwell Time Mopeok BpemeHa Tpajarta
DW := 0.10-sec
Acquisition Time Bpeme peructpoBara nogartaka
AT = DW-N AT = 204.8s
Spectral Window LI1po30op” cnekTpa curHana
1
W= —— SW = 5.-Hz
2-DW
Digital Resolution Pe3onyuuja npukasa
. 1 ; _
Resolution = — Resolution = 4.883 x 10 3-Hz
AT
Time index (Fig. 2-2) MHpekc BpeMeHa (cn. 2-2)
i=0,1.(N-12) tj .= i-DW

Frequency index (Fig. 2-1) WHpekc dpekseHuuje (cn. 2-1)

j=01. [Ny frj = —3
2 N-DW

| 3BOPHNK PAOOBA TPABEBMHCKOI" ®AKYJTITETA 36 (2019) |



3 T 300 T T
4 i
Bl | 200} .
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Cnuka 2 — KopuwheHn nHaekeun y cnekTparnHoj aHanuam
Figure 2 — Indexes used in spectral analysis
Calculation of wave forms: CpauyyHaBaHe TaracHux oénuka:
the first wave of excitation (Fig. 3) nobypaa — npBu TanacHu obnuk (cn. 3)
Al(t) = A1COS(.Qlt)
the second wave of excitation (Fig. 6) nobyaa — Apyrv TanacHun obnuk (cn. 6)
Wave form of excitation (Fig. 9), TanacHu o6nuk nobyae (cn. 9),
Al = A1(0+A5(1)
the first wave of response, ¢=0, (Fig. 3) 0[3¥B — NpBU TanacHu obnuk, ¢=0,
(cn. 3)
Xq(t) := Xq-cos| £21-t+]| 6 -
1\ 1 1 1 180 ¥
the second wave of response, ¢=0, (Fig. 0[3vB — Apyru TanacHu obnuk, ¢=0, (cn.
6) 6)
Xo (1) == Xo-sin| §25-t + | 6. Ty
2\Y - 2 2 2 180 ¥
Wave form of response (Fig. 9), TanacHu o6nuk oasmea (cn. 9),
X(1) = X1 () + %o (1)
Fourier Transform — FFT: Frequency OPT TpaHchopmaumja:
domain (spectrum) simulation Cumynauuja y dhpeKBEHTHOM OOMEHY
U = fft (A(1))
| = fft (x(t)
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e MpBwu TanacHu o6nuk

The first wave form
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Cnuka 3 — MNomeparsa 1[0 mogen (nobyaa — of43ve) NpBOr TanacHor obnuka
Figure 3 — Displacement 1D model (excitation — response) from the first waveform
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Cnuka 4 — PeanHu Jeo — amnnuTyaa nomepana npBor TanacHor obnvka
Figure 4 — Real part — displacement amplitude of the first waveform

0.25 a5 0.75
i

7

Cnuka 5 — VimarvHapHu oeo — aMnnuTyaa nomepara npBor TanacHor obnuka
Figure 5 — Imaginary part — displacement amplitude of the first waveform

o
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The second wave form e [pyru TanacHu o6nuk

01
0.05
Ax(D)
x3(1)
+4+
—0.05
-0.1
10 13

L

Cnuka 6 — MNomeparsa 1[0 mogen (nobyna — oasvB) Apyror TanacHor obnmka
Figure 6 — Displacement 1D model (excitation — response) from the second waveform
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Cnuka 7 — PeanHu geo — amnnuTyaa nomepatra Apyror TanacHor obnuka
Figure 7 — Real part — displacement amplitude of the second waveform
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Cnuka 8 — VimarvHapHu feo — amnnuTyaa nomMmepaka Apyror TanacHor obnuka
Figure 8 — Imaginary part — displacement amplitude of the second waveform
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Superposition of wave forms Cynepno3uuuja TanacHux o6numka

0.1
0.05
A1)
x(1)
Q00
—0.05
-0.1 i

Cnuka 9 — MNomeparsa 1[0 mogen (nobyna — oasme)
Figure 9 — Displacement 1D dynamic model (excitation — response)
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Cnuka 10 — PeanHu geo — amnnutyga noMmepamwa
Figure 10 — Real part — displacement amplitude

Jrj

Cnuka 11 — marnHapHu geo — amnnutyga noMmepara
Figure 11 — Imaginary part — displacement amplitude
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5. CONCLUSION

Based on the conducted computer
simulation with imposed external
dynamic effect - one load of two-
frequency character, it is shown that:

e the number of members of the order
in the implementation of the FFT is
not an important factor,

e mathematical modeling with the
MathCAD application and with a
larger number of Fourier transform
order members compared to the
.pedestrian procedure” does not
show any deviation for the treated
displacement magnitude,

e considered FFT in both domains
(time and frequency) with a treated
response function in the response
composed of real (Fig. 4,7,10) and
imaginary (Fig. 5,8,11) parts of the
total and individual displacement
solutions, registers ,peaks” at the
sites of the first and second
frequency of excitation — 1D dyna-
mic signal model.
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5. 3AKIbYYAK

Ha ocHoBy cnpoBefaeHe padyHapcke
cvMynauuje ca HameTHYTMM Crorball-
BUM OVMHAMUYKUM OejCTBOM — jeQHUM
ontepeherwem OBOPEKBEHTHOI Kapak-
Tepa, NokasaHo je aa:

e Opoj unaHoBa pefja npu CNpoBO-
hewy OPT Huje ButaH dakTop,

e MaremaTuMyko MoZenupake npu-
MeHoM annukaumjn MathCAD u ca
Behum 6Opojem 4naHoBa pepa
dypujeBe  TpaHcdhopmauuje Y
ofHOCy Ha ,Mmewke nocTtynak’ He
nokasyje HuKakBa ofcTynawa 3a
TPETUPaHY BENMUYMHY MOMepaksa,

e pasmatpaHa ®PT y oba gomeHa
(BpeMeHCcKOM n hpekBEHTHOM) ca
TpeTMpaHoM pyHKUKWjOM npeHoca y
Of3VBY CacTaBIbEHOr 0 pearHux
(cn. 4,7,10) n wmarvHapHux (cn.
5,8,11) penoBa ykynHOr W noje-
OWHaYHMX pellera 3a NoMepaa,
perncrpyje ,MMkoBe” Ha MecTMMa
npBe u Apyre y4ectaHocTv nobyae
— ynasHor curHana 1 guHamuykor
mozena.

3AXBANHULUA

My6nvkoBaHu pe3ynTatn y 0BOM pagy je
Hay4HV JOMPUHOC NPBOT ayTopa, Koju ce
OBOM TMPUWITMKOM XeNnun 3axBanuTu CBUM
CBOjUM KOoayTopuma [O caja Koju cy
ysenu ydvewhe M nNOMOrM My OKO
npunpema, Kako OBOr uYnaHka, Tako u
octanux Beh nybnukoBaHnx pagosa Ha
NpeAnoXeHoj TemaTuum.

MocebHO ce 3axBarbyjeM pykoBOAMOLY
CTaTUYKOT U OUHAMUWYKOT UCMMTMBaHa
[1], npodb. Ap Jb. Bnajuhy, Ha mory-
AHOCTM Oa y4vecTByjeM Yy peanusauuju
TOr 3ajegHudkor nocna u npubasum
nnyHo 3a cebe pesynTaTte Mepera Kako
6u Morao HacTtaBuMTW camocCTanHo Ada
nctpaxyjeMm. 36or Tora ca BENUKUM
330BOSbCTBOM pe3yntate YCheLHo
Tectupam y3 MoMoh MpeHoCHe (yHK-
uvje ,og3mB — nobypa“ op 2004. po
AaHac.
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