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Recent improvements of computers and numerical tools gave engineers a possibility to develop and use very 

complex numerical models. One of the essential steps in the model developing is a process of verification and validation. 
Traditionally, comparisons of time histories on a graph have been used to make subjective engineering judgments, how 
well the histories agree or disagree. In order to introduce an objective assessment of agreement between simulation and 
experimental results of two validation metrics were presented in this paper. The Area validation metrics and Kolmogorov-
Smirnov test, based on the comparison of the cumulative probability functions, were used for validation of developed model 
of a rail vehicle.The obtained results have shown that presented validation metrics may be used for the model validation. 
However, the subjective judgment in the process of the validation cannot be completely avoided.  The future work should be 
focused on development of a new validation metric which will eliminate subjective judgment in the process of the model 
validation. 
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1. INTRODUCTION 

Experimental investigation of railway vehicles is 
the most reliable way to determine their properties and the 
crucial criterion for the approval of their exploitation. 
However, experimental investigations are extensive, time-
consuming and expensive so alternative methods, used in 
the design of vehicles are of greatest interest.  Numerical 
simulations of the railway vehicle running behaviour, 
which allows the calculation of dynamical quantities in the 
time and frequency domain based on the mathematical 
models of the vehicle and track, are developed in that 
purpose. 

In the field of the railway vehicle dynamics the 
simulations of the vehicle behaviour are used for:  

• Design and development of the vehicle in all 
stages, 

• Predict vehicle behaviour in various exploitation 
conditions, 

• To determine compliance with the requirements 
of running security and safety of the vehicle, 

• Analyse how modification in vehicles will affect 
on the dynamic behaviour of the vehicle, 

• Analysis of the vehicle behaviour in the cases 
when it’s not possible to perform experimental 
investigation.  

Taking into account that numerical models are used 
in all stages of the vehicle design and development, it is 
necessary to develop a methodology to assess how much 
we may rely on the results obtained from simulations.  

The process which determines or perform 
evaluation of agreement of the experimental results with 
the results obtained by numerical simulation is called the 
process of model validation and verification. 

The model validation is the process where is 
possible to determine the degree that a model is an 
accurate representation of the real system [2], [3]. 

The verification process is focused on the 
identification and elimination of errors in the development 

of mathematical and computer models [1]. While the 
mathematical model comprises the conceptual model, 
mathematical equations, and modeling data needed to 
describe real system [1], [2], [3], the computer model 
represents encapsulation of the mathematical model in the 
form suitable for execution on a computer [1]. 

The methodology for evaluation of the agreement 
between the results obtained by simulation and 
experimental investigation has not been defined in the 
field of the railway vehicle dynamics. The model 
validation, applied from different authors [4], [5], [6], [7], 
[8] was performed by comparing the characteristic 
parameters, such as accelerations in vertical and horizontal 
plane and forces in the wheel-rail contact, in time and/or 
frequency domain. 

In general the model validation may be performed 
using five different approaches: 

• Graphical comparison of different diagrams, 
• Comparison of the characteristic features of the 

signals, 
• Comparison of the CDF (cumulative density 

functions) – PDF (probability density functions) functions    
• Perform a hypothesis testing and 
•  Validation based on the Bayesian framework 
Graphical methods are based on the comparison of 

various graphs. The results of simulations are plotted 
together with the results from experiments on the same 
graph. This method does not provide quantitative measure 
of matching between the results obtained by simulations 
and experiments. The model validation performed by this 
method is highly subjective and depends on the experience 
of the reviewer. In the field of railway vehicle dynamics, 
graphical comparison of different parameters is the most 
common method used for model validation. 

Feature-based techniques draw conclusions on the 
model validation based on the difference between 
characteristic features of the obtained results, such as 
magnitude, shape, phase, etc. Various metrics are used as a 
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measure of the difference. One of the most known metrics 
is defined by Sprague and Geer [9], and it is based on the 
difference between magnitudes and phases of the results of 
simulations and experiments. The Russell metrics [10, 11] 
are very similar to the SG metric. EARTH metrics [12] 
take into account the shape of scalar series, which is not 
the case with SG and Russell metrics. 

Model validation based on PDF (the probability 
density function) or CDF (the cumulative density function) 
techniques draw conclusions based on the difference 
between PDF or CDF functions of the obtained results. 
During the last fifty years, researchers have developed 
several validation metrics for comparison of PDF/CDF 
functions. The Kolmogorov-Smirnov metric [13] is one of 
the most used metrics for model validation. It measures the 
distance between two CDF functions along the ordinate 
axis. Anderson–Darling [14] validation metric is very 
similar to Kolmogorov-Smirnov metric. However, instead 
the distance along ordinate, Anderson–Darling metric has 
introduced the weighted quadratic CDF statistic to 
measure the distance between the two CDF functions. It 
was shown that the Anderson-Darling validation statistic 
had more power than the Kolmogorov-Smirnov metrics 
[13]. The third validation metrics – Area validation 
metrics is based on the calculation of the area between the 
two CDF functions [15]. The area metrics depend on the 
scale used to present the distributions, and any kind of 
normalization would destroy the meaning of the metrics 
[18].  

This paper presents the model validation of the 
freight railway vehicle with three piece bogie “Motion 
Control M976 Truck System” of Amsted rail Co, by 
comparing CDF functions of the accelerations on the 
carbody floor, vertical and lateral forces in the wheel-rail 
contact. 

 

2. THE MODEL OF THE VEHICLE WITH THREE 
PIECE BOGIE 

Freight railway vehicle with three piece bogie 
consist of carbody for load transportation and two three 
piece bogies.  

The three piece bogie has relatively simple design. 
Basic parts of the bogie are two side frames (1) which are 
connected with bolster (2), as it is shown in Figure 1. The 
connection between carbody and bogie has been 
established over center plate. Side frames are connected to 
wheelset (7) over elastic adapters (6).   

The elastic connection between side frame and 
wheelset gives possibility of the wheelset to have a higher 
lateral movement’s compared to conventional three piece 
bogie. This possibility for lateral motion of the wheelset 
gives better curving characteristics and possibility to 
increase the vehicle speed [8]. 

Despite the fact that the three-piece bogie is very 
simple, it is source of large number of the nonlinearity in 
the vehicle model. One of the main sources of the 
nonlinearity is suspension system which consists of the set 
of coil springs (5) that connect the side frames (1) and 
bolster (2) and second set of springs which connect the 
side frame (1) and wedge (4). The wedges in suspension 
system are sliding over bolster, from one side, and over 
side frame, from second side, as it is shown in Figure 1.   

 

 
Figure 1.  Three piece bogie “Motion control M975”- 

Amsted rail,  1 side frames, 2 bolster, 3 side bearers, 4-
wedge, 5-suspension system, 6 elastic adapter, 7-wheelset 

The connection between bolster and wedge has 
been described with one dimensional Saint Venant 
element, as it is shown in Figure 3, and connection 
between the wedge and the side frame has been described 
as two dimensional frictional Saint Venant element. The 
characteristics of Saint Venant element is possibility to 
introduce so called “stick-slip“ movement into model [18]. 
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Figure 2. Saint-Venant element 

Model of the Saint Venant element used in the vehicle 
model, b) Characteristic of the Saint- Venant element  - 

Force-displacement diagram  

Taking into account the mass of the side frame and 
bolster, the mass of the wedge in the model can be 
neglected. 

Bogojević, N. – Tomić, J. – Todosijević, S. 



IMK-14 – Research & Development in Heavy Machinery 

Side frame

kxws

k3zws

kzyw kf2yzws

kfxyw

y
z

kzys

 
Figure 3. The suspension system model 

The normal force which arises in the contact 
between bolster-wedge-side frames has been used for 
determination of the frictional force in Saint Venant 
element. The coefficient of friction, on the wedge sides 
cannot be exactly determined. Taking into account the 
excitation of the suspension system, the materials of the 
wedge, the bolster and the side frame, the value of the 
coefficient of friction has been estimated [7],[19].   

The carbody has been connected to bogie over 
center plate and two side bearers, as it is shown in Figure 
4. The side bearers are in constant contact with carbody, 
which continuously provide the friction force in 
longitudinal direction. The central plate provides the 
connection between the carbody and the bolster in vertical 
direction with possibility of rotation in yaw and sway 
direction. Due to carbody rotation around vertical axes, the 
frictional force arises in the side bearers, which is leading 
to better running stability of vehicle. In the case of the 
empty wagon, the side bearers are loaded with 80% of the 
carbody weight, and the rest of the weight is carried by the 
central plate. In the case of the loaded wagon, the central 
plate is loaded with 90% of the vertical load, while 10% is 
carried by the side bearers. 

The model assumptions may be summarized as 
follows: 

• Car body, bolster, side frames and wheels are 
modelled as rigid bodies, 

• Side bearers have always contact with car body, 
• Wedges are massless elements, 
• Contact between the bolster and the wedge is a 

one dimensional friction block, 
• Contact between wedge and side frame is a two 

dimensional friction block – in lateral and vertical 
direction, 

• Adapter is modelled as rubber element with high 
stiffness in vertical direction, 

• Clearances between elements are implemented in 
the model (bolster-side frame, axle-side frame, etc). 

The model of the vehicle is developed in software 
package “Gensys“. 

2.1. Railway track  
The model shown in Figure 4 takes into account 

vertical and horizontal stiffness of the track. By variation 
of the characteristics of the springs and the dampers in the 
model, tracks with wooden and concrete sleepers may be 
modelled, as well as different track stiffness, for example 

track stiffness during summer and winter ambient 
conditions [8]. 

 
Figure 4. The model of the rail vehicle with three piece 

bogie  
Since the wheelsets are exposed to increased load 

of 32t, wheel profiles WP4 especially optimized for high-
load and reduced wear, were developed. 
During the vehicle negotiating the curve, due to 
centrifugal forces on the outside wheel, increased vertical 
and lateral forces arise. For this purpose, in the curves with 
small radius, outside rails have the optimized MB1 profile. 
On inner rail in the curve and on tangent tract rails have 
BV50 profile with inclination 1:30.  
The MB1 profile on outside rail leads to decreasing of the 
wheel sliding over rail head and decreasing of the forces 
on outside wheel, which leads to decreasing of the wear of 
the wheels and rails in the curves. 

The wheel-rail contact has been described by 
Kalker nonlinear theory [20] using kpfr functions in the 
software package „Gensys“.  For measured profiles of the 
wheel and the rails, the equivalent conicity has been 
calculated. 

Track geometry as well as track irregularities, such 
as longitudinal level, cant irregularity and gauge 
irregularity, have been recorded with measurement vehicle 
and introduced as excitation in vehicle dynamic 
simulations. 

 

3. THE EXPERIMENTAL INVESTIGATION OF 
DYNAMIC BEHAVIOUR OF VEHICLE 

Experimental investigations of the railway vehicle 
have been performed on commercial track, in north part of 
Sweden, between city Kiruna and port Luleå.  

Experimental investigations have been performed 
during summer period with sunny days, on the dry track. 
On the basis of the weather conditions the value of 0.4 of  
the friction coefficient in the wheel-rail contact has been 
assumed. The coefficient of friction in the wheel-rail 
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contact may have big influence in the calculation of the 
forces. 

Measured gauge variations on the track parts 
chosen for model validation were ±3 mm.  In simulations 
of empty and loaded vehicle the standard track gauge of 
1435 mm has been assumed.  

For simulation of the dynamic behaviour of the 
railway vehicle is assumed that vehicle is running with 
constant speed. The value of the vehicle speed has been 
calculated as the average value of real speed on each track 
part. The variations of the real speed was in the range of 
± 0,4 km/h. 

The accelerations in vertical and lateral directions 
have been measured with B12/200 inductive sensors. 
Measurement of the forces in wheel-rail contact has been 
performed with instrumented wheelset.  

In the experimental investigation of the rail vehicle 
the following parameters have been measured: 
• Accelerations above leading bogie, on the carbody 

floor, in vertical and horizontal plane, 
• Accelerations in the middle of the carbody floor, in 

vertical and horizontal plane, 
• Accelerations on side frame on leading bogie, in 

vertical direction, 
• Vertical and lateral forces on wheels measured whit 

instrumented wheelset. 
The instrumented wheelsets, produced by Interfleet, 
Stockholm, Sweden, have been installed on leading bogie. 
In this paper, for model validation, the following 
parameters have been compared: 
• Accelerations above leading bogie, on the carbody 

floor, in vertical and horizontal plane,  
The forces in the wheel-rail contact on leading 

wheelset in leading bogie, in horizontal and lateral 
directions. 

4. VALIDATION METRICS  

Model validation and verification are important 
steps in the process of the model developing. The selection 
of appropriate validation metrics is essential step in order 
to get an answer on the question “How good my model 
represent a real system?”. The well-known Kolmogorov-
Smirnov metric and Area validation metric were been used 
for validation of the model of rail vehicle. Both validation 
metrics are based on comparison of the cumulative 
distribution functions (in future text denoted with CDF), 
but estimation of the signal similarity are based on the 
different approach. 

4.1. Kolmogorov – Smirnov test 
The two- dimensional Kolmogorov-Smirnov test is 

nonparametric test for equality of probability distribution 
functions. The maximal vertical distance between two 
CDF function is well known Kolmogorov-Smirnov metric. 
This metric mathematically may be expressed as 
following: 
 1, 2, '( ) ( )ks n nd sup F x F x= −  (1) 

where F1,n and F2,n are two CDF from the signals 
obtained from simulation and from experiment which are 
compared. The graphical representation of the 
Kolmogorov-Smirnov distance is given in Figure 5. 

 
Figure 5. CDF function of simulation and measurement of 

lateral acceleration from simulation and experiment 

Obtained K-S statistics is future is used for 
hypothesis testing where the null hypothesis is rejected at 
significance level α if a probability p has value which is 
greater than critical value. 

The hypothesis are defined as following: 
H0: the data in vectors x1 and x2 are from the same 

continuous distribution 
H1: the data in vectors x1 and x2 are not from the 

same continuous distribution 
The decision to reject the null hypothesis, in this 

paper, is based on comparing the p-value with the 
significance level α, not by comparing the test statistic 
with a critical value. 

The statistics defined in this manner does not 
describe the common underling distribution. Statistic only 
tests does two data sample have same distribution. 

The Kolmogorov–Smirnov test can be modified to 
serve as a goodness of fit test. In the special case of testing 
for normality of the distribution, samples are standardized 
and compared with a standard normal distribution [16].  

The main disadvantage of this validation approach 
is that estimation of the signal similarity has been based on 
difference of signals in one point. Only maximal 
difference between points in CDF’s, which is defined by 
equation (1), while the resto of the cumulative functions 
are not considered.  

4.2. Area validation metrics 
Area validation metrics measure the difference 

between area of CDF of the simulation an experimental 
CDF, as it is shown in Figure 6. Mathematically, the area 
between two curves is the integral of the absolute value of 
the difference between CDF’s:  

 1, 2, '( ) ( )av n nd F x F x dx
∞

−∞

= −∫  (2) 

or, in the case of the discrete functions area 
validation metrics may be expressed as: 

 

 1, 2, '
1

( ) ( )av n n
x

d F x F x
∞

=

= −∑  (3) 

Area validation metrics is a function of the shape of 
the distribution, but it is not readily interoperable as 
function of underlying random variable [15]. 

Figure 6 illustrates the area validation metrics as 
the mismatch between two CDF functions, where the 
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difference has been denoted with gray colour. More about 
the area validation metrics may be found in literature [15]. 
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Figure 6. Example of the area validation metrics 

In contrast to K-S test, as it is shown through 
equations (2) and (3) and in Figure 6, the area validation 
metrics estimation of the signal similarity is based on 
comparison of all points of CDF of two signals. 

5. RESULTS  
The simulations of the vehicle behaviour have been 

performed for the vehicle running in the curves with radius 
from 670 m. The track profiles, curve radii, curve cant and 
track irregularities were measured and used as the input 
data for simulations. The length of the sections for 
estimation of the vehicle behaviour was chosen to be 
250 m, as it is shown in Figure 7. 

Described metrics was applied for comparison of 
following parameters: 

• Acceleration of carbody in lateral direction 
• Acceleration on carbody in vertical direction 
• Vertical force on outer wheel on leading direction 
• Lateral force on outer wheel on leading wheelset 
 
All signals, from simulation and from 

measurement, are filtered according to UIC 
recommendations [17]. On the basis of the signals in time 
domain the corresponding CDF functions are calculated 
and described metrics was used for model validation. 
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Figure 7. Section of track choosen for model validation 

5.1. Acceleration of carbody in lateral direction 
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Figure 8. Acceleration of carbody in lateral direction – 
time domain 

 

 
Figure 9. CDF function of simulation and measurement of 

lateral acceleration from simulation and experiment 

 
Table 1. Results of comparison of lateral acceleration 

Metrics Value 
K-S metric 9.213 
Area validation metrics 9.591 

 
The CDF functions for lateral accelerations of the 

carbody obtained from simulation and experiment are 
described with 93 points (Figure 8). For two-tailed K-S 
hypothesis test, for significance level α=5% the 
probability value p=0.2123 which leads that null 
hypothesis is accepted. This mean that results from 
simulation and results obtained from experiment has the 
same distribution. 
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5.2. Acceleration of carbody in vertical direction 
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Figure 10. Acceleration of carbody in vertical direction – 
time domain 

 
Figure 11. CDF function of simulation and measurement 
of vertical acceleration from simulation and experiment 

 
Table 2. Results of comparison of vertical acceleration 

Metrics Value 
K-S metric 3.9778 
Area validation metrics 15.4271 

 
The CDF functions for vertical accelerations of the 

carbody obtained from simulation and experiment are 
described with 141 points (Figure 11). For two-tailed K-S 
hypothesis test, for significance level α=5% the 
probability value p=0.0579 which lead that null 
hypothesis is accepted. This mean that results from 
simulation and results obtained from experiment has the 
same distribution. 

5.3. Lateral force on outer wheel 
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Figure 12. Lateral force on outer wheel – time domain 

 
Figure 13. CDF function of simulation and measurement 
of lateral force on the outer wheel from simulation and 

experiment 

Table 3. Results of comparison of the forces in lateral 
direction 

Metrics Value 
K-S metric 27.3424 
Area validation metrics 1.4188x106 

 
The CDF functions for forces in lateral direction 

obtained from simulation and experiment are described 
with 391 points (Figure 13). For two-tailed K-S hypothesis 
test, for significance level α=5% the probability value 
p=0.2361 which lead that null hypothesis is accepted. This 
mean that results from simulation and results obtained 
from experiment has the same distribution. 
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5.4. Vertical force on outer wheel 
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Figure 14. Vertical force on outer wheel – time domain 

 
Figure 15. CDF function of simulation and measurement 

of vertical force on outer wheel from simulation and 
experiment 

Table 4. Results of comparison of forces in vertical 
direction  

Metrics Value 
K-S metric 11.3501 
Area validation metrics 1.37x105 

 
The CDF functions for forces in vertical direction 

obtained from simulation and experiment are described 
with 56 points (Figure 10). For two-tailed K-S hypothesis 
test, for significance level α=5% the probability value 
p=0.9649 which lead that null hypothesis is accepted. This 
mean that results from simulation and results obtained 
from experiment has the same distribution. 

6. CONCLUSION 
The model validation has very important part in the 

model building and prediction of the behaviour of the 
mechanical systems. The nonlinear model of the freight 
rail vehicle where the real track condition and vehicle 
speed that are used as inputs for simulation of the vehicle 
behaviour, has been presented in this paper.  

The Kolmogorov-Smirnov metric,   Area validation 
metric and Hypothesis testing based on Kolmogorov-
Smirnov metric, has been chosen for model validation. 

The Kolmogorov-Smirnov metric show the 
maximum distance in vertical direction between two CDF 

functions. The limits for acceptance of the model has not 
clear or does not exist. For each of the considered 
parameters the limit for acceptance should be separately 
defined, which will make the process of validation more 
complicated. 

The area validation metric is based on the 
difference of the area between two CDF’s. The same 
conclusion as for the KS metric may be applied in this 
case. The limits, which will clearly define the acceptable 
model, do not exist. 

From three presented metrics, the clearest 
conclusion about model acceptance may be drawn from 
hypothesis testing based on   Kolmogorov-Smirnov metric.  
However, hypothesis testing does not give the answer how 
similar are two CDF function – two compared signals.  

Overall, all three presented metrics do not give 
clear answer for validation of the presented model. The 
probability values – p values from hypothesis testing looks 
promising and good starting point for development of new 
validation metrics for validation of the model of rail 
vehicles. 
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