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Analysis of Influence of Circular Hole on Stress State of
Plate in Pure Bending Condition
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The task of this paper is determining the zone of influence of a circular hole on the stress state of a homogeneous
isotropic plate in pure bending condition. For solving the problem, the complex variable method was used which allows the
complete analytical determination of the stresses at every point of the plate, and particularly on the contour of the circular
hole. The analytical expressions for stresses in the plate of infinite dimensions were the basis for deriving a mathematical
formulation which defines the zone as a function of diameter of the hole, inside which there is influence of the hole on the
stress state of the plate. Obtained results are verified with FEM using the ANSYS software package whereby the input data
for spatial discretization and mesh generation are not previously adjusted but was used a mesh that is generated

automatically by the program.
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1. INTRODUCTION

The modern way of designing machinery and
structures implies facing with very complex requirements
referring to accomplishing maximum quality with respect
to carrying capacity, economy, reliability, aesthetics, etc.
In order to fulfil these requirements, it is necessary to have
design and construction based on a complete analysis of
deformation and stress states of the observed structure
which is as accurate as possible. If the structure is
composed of elements like beams, plates or shells, then the
equations of the theory of elasticity are used for
determination of stress and strain states.

Literature [1, 2] present methods for solving some
problems of the theory of elasticity, where the solution is
reached by integration of differential equations of
equilibrium with satisfying the compatibility equations and
contour conditions of the analysed problem. In some
practical engineering problems, and especially in those
which can be simplified with slight approximation, the
methods of the theory of elasticity are widely applied and
yield sufficiently accurate results. However, if the problem
which is being solved differs to a considerable extent from
the given theoretical model of the theory of elasticity, it is
necessary to make rather rough approximations and
therefore the results thus obtained are not sufficiently
accurate. A special problem is the design and calculation
of mechanical elements of the plate-type weakened with
the circular hole. The mechanical elements of the plate-
type are used very often in design of main parts of railway
vehicles such as underframe, bogies, body, etc. These
elements also appear in civil engineering machinery,
mining and transportation machinery, cranes, air crafts,
vessels, supporting structures, and many other
applications. Due to the various structural and design
requirements at specific places of mentioned machinery
and structures the holes are drilled. In addition, the holes
may exist in order to optimize design, reduce its own
weight, aesthetic reasons, etc. Under the influence of the
load at the places around the holes there are the change of
stress distribution and occurs a well-known problem of
stress concentration. According to the data from

engineering practice, those are the machinery or structures
with very frequent failures or damages where
consequences are often tragic, with casualties and huge
material damage. In a lot of cases, the cause is the
incomplete and insufficiently precise identification and
analysis of stress and strain states.

In the investigation of this phenomenon, a thin
plate weakened by a hole and loaded by a certain load is
analysed in the largest number of cases [3—11]. The
analysis can also cover determination of stress
concentration in the thin plate in case with two
neighbouring holes or with several holes [12-14]. The
problem is reduced to exact determination of stress at
certain points of the loaded plate-type element weakened
by a circular hole, where there occurs the stress
concentration. One of directions of solving this problem
whose theoretical postulates are defined in [15-18] is
based on the application of complex functions and
complex analysis, and it is called the complex variable
method.

In accordance with the previous researches and
publications, the significant issue for engineering practice
is analysis of a homogeneous isotropic plate weakened by
a circular hole in pure bending condition. Such a type of
problems frequently occurs in a lot of machinery and
structures whose design significantly depends on the
possibility of exact determination of stress states around
the hole. Therefore, determining the zone of influence of a
circular hole on the stress state of plate in pure bending
condition is the main tasks in this paper.

2. THEORETICAL FORMULATIONS

2.1. Plane stress state

If a thin plate is loaded by forces which are
uniformly distributed along its thickness and act parallel
with its bases, then there is a plane stress state. In that
case, the plate bases are not loaded so the stress
components 7., %, O are equal to zero, and the stress
state of the plate is determined only by means of the stress
components oy, 0;, Ty, Which are the functions of the
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coordinates x and y. Hence, the plane stress state is defined
by the following four group of equations [1].

The first group of equations is made of the
equations that connect stresses and volume forces:

0
90, +A+X:0
Ox )
or,, 0o,
—+——+Y =0
ox Oy

where:
oy, 0y — the components of normal stresses
7, — the tangential stress
X, Y — the components of volume forces
The second group of equations is made of the
equations which define the relations between stresses and
strains:
_ Ou
o =g +2u—
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where:

& — the surface strain
A, u— the Lamé constants which are:
E E
PO Y
(1-2v)(1+v) 2(1+v)
E — the module of elasticity
v— the Poisson coefficient
u, v — the displacements in the direction of the coordinate
axes x, y
The third equation is the equation which defines the
compatibility conditions:
e, 0’8, 0,

+ = 3
oy’ ox°  oxdy @
where:
&, & — the components of strain
ou 0O -
Vo = LD the sliding component
Oy Ox

The fourth group of equations is made of the
equations which define the contour conditions:
X, =lo, +mr,

4
Y =it +mo, @
n xy ¥
where:
X, Y, — the components of vectors of external forces

I =cos(n,x), m=cos(n,y) — the directions cosines

n — the external normal to the contour

2.2. Plane stress state expressed through complex
potentials

Solving the problem of the plane stress state is
reduced to finding the stress function which will single-
valued determine stresses and strains, satisfying at the
same time the equations (1—4). Determination of stresses
in the plate weakened by a circular hole is such a type of
problem where it is possible to neglect volume forces. The

consequence is that there is always a function U(x,y)
through which it is possible to express stresses according
to the following expressions [1]:

o’U
o _oU(xy)
x azy
62U(x,y)
T ©)
62U(x,y)
r =22 \7)
¥ Ox0y

Function Ux,y) is called the stress function and it
must satisfy the following biharmonic equation:
o'u o' o'U
+ +
ox’ ox’ey’ oy
The stresses oy, 0, and 7, must be single-valued
continuous functions to the derivatives of the second
order, and the stress function U(x,y) must have continuous
derivatives up to the fourth order, where the derivatives
starting from the second order must be single-valued
functions in the whole observed area. Solving the equation
(6) and determination of the stress function in its real form
are very frequently rather complicated and practically
impossible for the whole series of problems of
determination of the stress state of the loaded machine
part. One of the methods of solving this problem is
reduced to the transfer to the complex field and solving the
problem in a complex form. In that case, the stress
function, which is a function of two independent variables
x and y, is expressed through two functions of one
complex variable. The problem of solving one function of
two independent variables is thus reduced to the problem
of determination of two complex functions of one
independent variable. Those complex functions are ¢(z)
and w(z) and they are called complex potentials. The
equations of plane stress state expressed through complex
potentials are [15]:

o, +0,=2[¢(z)+P(z)|=4Red(z)
o,-0, +2ir, = 2[E¢’(z)+l//(z)]

=0 (©)

(N

where:
Re — the real part

Z — the conjugate complex number

The complex potentials, i.e., the functions ¢(z) and
W(z) are determined from the conditions defined on the
contour of the observed problem.

3. DETERMINATION OF STRESSES IN THE PLATE
BY APPLYING THE COMPLEX VARIABLE METHOD

For solving the problem of a plate weakened by a
circular hole (Fig. 1), conformal mapping of the interior of
the unit circle with the radius p=0~+1 is performed on the
exterior of the circular hole of the plate with the radius R
by means of the following function:

zZ=w =— 8
(¢) - ®)
By separating the real and imaginary parts of the
equation (8), the expressions for determination of the
coordinates x and y as the functions of the coordinates p
and @ are obtained:
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Figure 1. The homogeneous isotropic plate weakened
by a circular hole and loaded in pure bending

The relations between the ratios of stresses in
Descartes and polar coordinates are:
c,t0,=0,+0,

_ 2ia (10)

6y,—0,+2:i'7,=e (o-},—o-x+2-z-rw)

where:

op — the normal component of the stress on the curve
p=const.

oy — the normal component of the stress on the curve
O=const.

7p0 — the tangential component of the stress on both curves

The stresses expressed in the polar coordinate
system through complex potentials in the new mapped
zone are defined by the expressions:

o,+0,=4Red(z)

207 = . ) (11)
750 (;)[ ()(E)+a (w(s)]

The complex potentials for the plate from Fig. 1 are
determined according to the expressions:

. 1
¢(§)=1-A(—2—4’2j
4
. 1
V/(C)=I~A(§2—2§4—ZJ
The constant 4 depends on the geometry of the
plate and loads, and it is determined according to the
expression:

6y—0,+2it,=

(12)

2
A:A;f (13)

The expressions for determination of stresses are
thus obtained:

2
%:MRp 33+i sin@ + L—ij— [3 sin 36
21, 2p° 2p 2p 2p
Up:MRp“ IJ—L sin @+ 2p3+i?—5—p sin 360 (14)
21, 2p° 2p 2p7 2

rp[,:—MRpi p_ ]3 cos 0+ ip—2p3+i3 cos 36
41, 2 2p 2 2p

On the basis of the expressions (14) and by varying
the coordinates p and @ in the mapped area, it is possible
to exactly determine the values of stresses at every point of
the plate weakened by a circular hole. It is important to
note that previously given expressions are established for
plate of infinite dimensions. In accordance with the
application of the given expressions on the concrete
examples, the plates with finite dimensions are observed.
In this part of the paper, concrete values of stresses in the
section along the axes x and y as well as those on the
contour of the circular hole for the plate P1 whose
dimensions are b=8 cm; L=14 cm; h=0,5 cm; R=1 cm and
which is loaded by the bending moment M=10 kNcm, are
determined. The values of the main stresses o; and oy are
determined when the calculated values of stresses
op, 0v, and 1p¢ are replaced in the following expressions:

2
o 40 o -0
] ]
o, =2 + £ +ri0
2 2

2

o +o o -0

o,=—"2 0 _ L6 +z’ig
2 2

(15)

The stresses o and o, are determined for the
sections which coincide with the x and y axes and with the
pitch 4p=0, 1. They are defined when the calculated values
of stresses determined according to the expressions (14)
are replaced in the following expressions:

c,+0, 0©,-0
o, =L+ _Ycos20-1,,sin20
2 2 o
c,+o, 0,-0, )
o, = - cos 20+t ,sin20 (16)
2 2 !
0,0, .
T, = sin20+7 , cos 20

4. DETERMINATION OF STRESSES IN THE PLATE
BY APPLYING THE FINITE ELEMENT METHOD

Modelling of the plate P1 weakened by a circular
hole whose dimensions and load are identical with the
dimensions and load used in the analysis by the complex
variable method was performed. The homogeneous
isotropic plate was also considered, where the plate
material was steel with the module of elasticity E=21000
kN/cm® and the Poisson coefficient u=0,33. The
calculation was carried out using the ANSYS 12 software,
and the finite elements of thin plate type were applied for
discretization. The input data for spatial discretization and
mesh generation are not previously adjusted but was used
a mesh that is generated automatically by the program.

Analysis of Influence of Circular Hole On Stress State of Plate in Pure Bending Condition
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Figure 2. The normal stress o in the plate Pl
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Figure 3. The normal stress o, in the plate P1
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Figure 4. The shear stress T, in the plate Pl

For the purpose of comparison with the results
obtained by the complex variable method, the values of
stresses at the characteristic points of the plate were read
and the diagrams of the main stresses on the contour of the
hole as well as the diagrams of the stresses ox, 0, and 7,
for the sections which coincide with the x and y axes were
created.

5. COMPARATIVE ANALYSIS OF THE OBTAINED
RESULTS

The following diagrams show the comparative
values of changes of stresses for the plate P1 obtained by
means of the complex variable method and the finite
element method.
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Figure 5. Comparative diagram of change in the stress o
on the contour of the hole of the plate Pl
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Figure 6. Comparative diagram of change in the stress o2
on the contour of the hole of the plate P1

43 rE
2
3 >
N
24
1 B
o, [kN/em?
-2.0 -1.5 -1.0 -0.5 0[0 0.5 1.0 1.5 2.0

-1
2
3

Theoretical

FEM ~~ ————- 4

Figure 7. Comparative diagram of change in the stress ox
in the section along the y axis of the plate Pl
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Figure 8. Comparative diagram of change in the stress o
in the section along the y axis of the plate P1
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In the section along the y axis, the tangential
stresses 7y, determined by the application of both methods
are equal to zero. Also, in the section along the x axis, the
stresses or and o, determined by the application of both
methods are equal to zero and, consequently, only the
comparative diagram of the tangential stress 1z, in the
section along the x axis is presented.
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Figure 9. Comparative diagram of change in the stress Ty,
in the section along the x axis of the plate P

By analysing the obtained results from the
comparative diagrams in Figures 5-9 it can be noticed that
the stress states are generally identical in both methods,
with certain slight deviations which have higher values in
small values of stresses. A very important law is also
noticed — these deviations are minimum in higher values
of stresses, which are the most important for analysis, and
at those points of the plate the values of stresses coincide
almost perfectly.

6. DETERMINING THE ZONE OF INFLUENCE

Based on the previously given analytical
expressions for the stresses in the plate of infinite
dimensions it is possible to determine the zone of
influence of a circular hole on the stress state of plate. The
homogeneous isotropic plate P2 with finite dimensions
was analysed for that purpose, in variants with and without
a hole. It was assumed that in both cases the plate is
loaded by the bending moments M=20 kNcm acting in the
plane of the plate and causing pure bending condition. The
plate dimensions are: R=1 cm; h=0,5 cm; b=10 cm,; and
L=20 cm. In thus adopted dimensions, the size of the hole
is much smaller in relation to the plate dimensions so that
the obtained results can be generalized to the case when
the hole is in the infinite plate.

The stress in the plate P2 which is not weakened by
a hole is determined on the basis of the expression known
from the strength of materials:

M

o = 17
x,n I Yy ( )

where: I, =h-b’ /12 — the moment of inertia of the cross
section of the plate in relation to the axis z

At the same time, the stresses o, and 7, for the
plate P2 without a hole are equal to zero. The stress in the
plate P2 weakened by a hole is determined according to
the expressions (14) and (16). The comparative values of
stresses determined according to the previously defined
expressions for the plate P2 are given in the following
diagrams.
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Figure 10. The comparative diagram of the change in the
stress o in the section along the y axis for the plate P2
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Figure 11. The comparative diagram of the change in the
stress o in the section along the y axis for the plate P2
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Fig. 12. The comparative diagram of the change in the
Sstress Ty in the section along the x axis for the plate P2

The above diagrams show that the influence of the
hole on the stress state of the loaded plate declines with
the increase of the distance from the hole. That influence
completely disappears at a certain distance from the hole
and then the stresses become identical to the stresses of the
plate which is not weakened by a hole. The diagrams in
Figures 10 and 11 show that at the distance y=#2R the
stresses of the plate without a hole and the stresses of the
plate with a hole are equal, which means that at this
distance the influence of the hole on the stress state of the
plate disappears. In Figure 12 it can be noticed that at the
distance x=#5R the stresses of the plate with a hole
become equal to the stresses of the plate without a hole,
which means that at this distance the influence of the hole
on the stress state of the plate disappears. On the basis of
this, it can be concluded that the influence of the hole in

Analysis of Influence of Circular Hole On Stress State of Plate in Pure Bending Condition
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the homogeneous isotropic plate in pure bending condition
existed for the following ratios of the radius R, the length
of the plate L and the height of the plate b (Fig. 1):

b<4R
L<IOR

The obtained mathematical formulation (18)
defines the zone as a function of diameter of the hole,
inside which there is influence of the circular hole on the
stress state of the plate in pure bending condition (Fig. 13).

A |

L=10R h

(18)

A - The zone with influence
B - The zone without influence
Figure 13. The zone of influence of a circular hole on the
stress state of plate in pure bending condition

The established mathematical formulation (18)
should bear in mind in analysis of stress state of any plate
weakened with a circular hole in pure bending condition.
If the dimensions of the considered plate are such that
b<4R and L<IOR, the boundaries of the plate are in
the zone A, and the hole will have the influence on the
stress state of the entire plate. In case the dimensions of
the considered plate are such that »>4R and L >I0R ,
the boundaries of the plate are in the zone B, and the hole
will have influence on the stress state of the plate up to the
bounds, outside which the hole has no influence. Finally, if
one of the dimensions » and L of the considered plate are
such that the plate boundaries are both in the zone A and
the zone B (for example b <4R and L >I0R), in that
case the hole will have influence on the plate along the
whole given dimension whose boundaries are in the zone
A (along the whole height of the plate b), and along the
dimensions whose boundaries are in the zone B (the length
of the plate L), the hole will have influence on the stress
state of the plate up to the an bounds, outside which the
hole does not have influence any more.

7. VERIFICATION

For the purpose of verifying the previous results of
the research, the homogeneous isotropic plate P3
weakened by a circular hole, loaded by the bending
moment M=350 kNcm which acts in the plane of the plate
and causes pure bending, where the dimensions of that
plate are: R=2 cm; h=0,8 cm; b=18 cm; L=40 cm was also
analysed. The comparative values of the stresses
determined according to the expressions (17) for the plate
P3 without a hole, and (14) and (16) for the plate P3
weakened by a hole are presented in the following
diagrams.

By analysing the results from the diagrams in
Figures 14 and 15, it is noticed that also in this case at the
distance y=72R the stresses of the plate without a hole and
the stresses of the plate with a hole are equal, which means
that at this distance the influence of the hole on the stress

state of the plate disappears. The diagram in Figure 16
shows that in this case, at the distance x=#5R, the stresses
of the plate with a hole become equal to the stresses of the
plate without a hole, which means that at this distance the
influence of the hole on the stress state of the plate
disappears. It is confirmed that relations (18) also hold for
this plate.
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Figure 14. The comparative diagram of the change in the

stress oy in the section along the y axis for the plate P3
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Figure 15. The comparative diagram of the change in the
stress o in the section along the y axis for the plate P3
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Fig. 16. The comparative diagram of the change in the
stress Ty, in the section along the x axis for the plate P3

8. CONCLUSION

Stress states in the homogeneous isotropic plate
weakened by a circular hole in pure bending condition
determined by the complex variable method and the finite
element method are generally identical. There are certain
deviations which have higher values at smaller stress
values. It is shown that those deviations at higher stress
values are minimal and that at those points of the plate the
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stress values almost perfectly coincide according to both
methods. On the basis of the research in this paper, it is
shown that the complex variable method is very suitable
for solving such type of problems. It allows possibility for
complete theoretical determination of the stress state at
every point of the plate, and especially on the contour of
the circular hole. In addition to the identification of stress
states, the paper gives a mathematical formulation which
defines the zone as a function of diameter of the hole,
inside which there is influence of the hole on the stress
state of the plate. It is proved that the influence of the hole
on the stress state ends for the plate height » > 4R and the
plate length L > I0R .

The obtained results should bear in mind in analysis
of any plate weakened with a circular hole in pure bending
condition during the design, construction and calculation
of such machinery and structures.
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L
Analiza uticaja kruZnog otvora na
naponsko stanje ploce

Dragan Petrovi¢®, Milan Bizi¢
Faculty of Mechanical and Civil Engineering in Kraljevo,
University of Kragujevac, Kraljevo (Serbia)

Tema ovog rada je odredivanje zone uticaja
kruznog otvora na naponsko stanje homogene izotropne
ploce u stanju cistog savijanja. Za resavanje problema
koris¢ena je metoda kompleksne promenljive koja
omogucava potpuno analiticko odredivanje napona u
svakoj tacki ploce, a narocito na konturi kruznog otvora.
Na osnovu analitickih  izraza za napone u ploci
beskonacnih  dimenzija  izvedena je  matematicka
formulacija koja definise zonu, kao funkciju precnika
otvora, unutar koje postoji uticaj otvora na naponsko
stanje ploce. Dobijeni rezultati su verifikovani rezultatima
dobijenim  metodom  konacnih  elemenata pomocu
softverskog paketa ANSYS, pri cemu ulazni podaci za
prostornu  diskretizaciju i generisanje mreze nisu
prethodno podesavani, veé je koris¢ena mreza generisana
automatski u programu.
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Analysis of Influence of Circular Hole On Stress State of Plate in Pure Bending Condition
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