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New symmetric identities of Carlitz’s generalized
twisted ¢-Bernoulli polynomials under S;

UGUR DURAN* AND MEHMET ACIKGOZ

ABSTRACT. In this paper, the authors consider the Carlitz’s general-
ized twisted g-Bernoulli polynomials attached to x and investigate some
novel symmetric identities for these polynomials arising from the p-adic
g-integral on Z, under S3.

1. INTRODUCTION

Recently, symmetric properties of some well-known polynomials arising
from p-adic g-integrals on Z, have been investigated extensively by many
mathematicians. For example, Araci et al. [3] investigated some new sym-
metric identities of g-Frobenius polynomials under S5 which are associated
with the fermionic p-adic g-integral over the p-adic numbers field. Kim et
al. [5] derived some novel identities of symmetry for the Carlitz ¢-Bernoulli
polynomials invariant under Sy. Dolgy et al. [6] gave some symmetric iden-
tities generalized Carlitz’s ¢-Bernoulli polynomials of the first kind under S3.
Duran et al. 7] investigated some new symmetric identities of g-Genocchi
polynomials arising from the g-Volkenborn integral on Z, under S;. Duran
et al. |8] obtained some new symmetric identities of weighted ¢-Genocchi
polynomials using g -Volkenborn integral on Z, under Sy. Duran et al. [9]
considered some new symmetric identities of Carlitz’s twisted (h, q)-Euler
polynomials derived from p-adic invariant integral on Z, under S,. Addi-
tionaly, Kim et al. [12] discovered new identities of symmetry for general-
ized ¢g-Bernoulli polynomials of the second kind under the Dihedral group
Ds. Furthermore, Kim [13] presented some novel identities of symmetry for
Carlitz’s-type g-Bernoulli polynomials using p-adic g-integral on Z, under
symmetric group of degree five.
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As is well known, the familiar Bernoulli polynomials, B, (x), are defined
by means of the following Taylor series expansion about ¢t = 0:

(1) S Bua)y = et (< 2m)
n=0 )

el —1

Upon setting z = 0 in the Eq. (1), we have B, (0) := B, that is popularly
known as n-th Bernoulli number (see, e.g., [1], [4], [5], [6], [10], [11], [12],
[13], [14], [15]).

Let p be a fixed odd prime number. Throughout the present paper, Z,, Q,
Qp and C,, will denote the ring of p-adic rational integers, the field of rational
numbers, the field of p-adic rational numbers and the completion of algebraic
closure of Qp, respectively. Let N = {1,2,3,---} and N* = NU {0}. The
normalized absolute value according to the theory of p-adic analysis is given
by |p|p = p~!. The notation "¢" can be considered as an indeterminate,
a complex number ¢ € C with |¢| < 1, or a p-adic number ¢ € C, with
lqg — l\p < ;D_P+1 and ¢ = exp (zlog q) for |3:|p < 1. The g-analogue of x is
defined by [z], = (1 —¢*) /(1 —g). Observe that limg_,; [2], = z for any z
with ]:U|p <1 in the p-adic case (for details, see [1, 3, 5-15]).

For

g€ UD(Zy,) ={glg : Zy, — C, is uniformly differentiable function },

the bosonic p-adic g-integral on Z, of a function g € UD (Z,) is defined by
Kim in [11]:

R
@ h= [ @@= tm > g

Thus, in view of the Eq. (2), we have
aL(g) — Ig) = (a— 1) £ () + L7 (0)

log g
where g1(x) = g(z + 1).
For d € N with (p,d) =1, let
X =X,= h%nZ/dp”Z and X| = Zy,
X = | (o+dz,)

0<a<dp

(a,p)=1
and

a+dp"Zy,={r € X | x = a(moddp")}
where a € Z lies in 0 < a < dp™. For further details, see [3, 5-15].
Note that

[ 9@ diy@) = [ g@duy (). tor g UD (2,),
X

Zp
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Let x be a primitive Dirichlet’s character with conductor d € N. Details
on the Dirichlet’s character x can be found in [2].

Let T, = U Cpv = limy 00 Cpv, where Cpn {C : CpN = 1} is the

N>1

cyclic group of order p"v. For ¢ € T, we indicate by ¢¢ + Ly — Cp the
locally constant function z — (*. For ¢ € C), with |1 — q|p < 1and ¢ €T,
the Carlitz’s generalized twisted g-Bernoulli polynomials attached to x with
Witt’s formula are defined by the following p-adic g-integral on Z,, with
respect to pg, in [14]:

(3) /Z X @) ¢ [+ 9] ditg (4) = Brxac(@) (n>0).

Substituting = 0 into the Eq. (3) gives B4.,4,¢(0) := Bnyqc¢ that are
called n-th Carlitz’s generalized twisted ¢g-Bernoulli number attached to x.
By using the integral p-adic g-integral, we have the following relation:

Brxac() = [dg~ IZX QCﬁnqu(m;—Z)-

In the next section, we consider the Carlitz’s generalized twisted g-Bernoulli
polynomials attached to y and investigate some novel symmetric identities
for these polynomials arising from the p-adic g-integral on Z, under symmet-
ric group of degree three denoted by S3. Further, in Corollary, we discuss
some special cases of our results in this paper.

2. NOVEL IDENTITIES OF SYMMETRY FOR [, y,q.¢(%) UNDER S3

Let ¢ € Tp, ¢ € C, with |g — 1|, < 1, w; € N with ¢ € {1,2,3} and x be
the trivial character. By the Egs. (2) and (3), we discover

/ x (y) Cw2w3ye[w2w3y+wlll)2w3r+w1w31+w1w2ﬁqtdqu2w3 (y)
Zp

dpN -1
= lim ¥ 1 Z % (y) szwsqu2w3ye[w2w3y+w1w2w3x+w1w3i+w1wzj]qt
N—oo [ p ]qw2w3 y:O
1 dwy—1pV -1
= lim —MmM Z Z <w2w3(1+w1dy) qwzwg(lerldy)X (l)

N—oo [’lU]_de]qwlu)ng =0 =0

% €[w2w3 (l-‘r’wl dy)+w1w2w3$+w1w3i+w1 ’ng]qt
)

which yields

dwo—1 dwsz—1

(4) Z Z C’wlw31+w1w2j qw1w31+w1w23

w2w3 =0 j=0
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- - a1 y t
X/ X (y) r2vsvelvzwsytwnwzwszbwr st w2 lot gy g (y)
ZP

dws—1 dws—1 dwi—1pN

:]\}l—l}loo [wlwgwgp Z Z Z Z (i51)

=0 j=0 [I=0 y=0

« ngwg, (I4+widy)+wiwsitwiwsaj qwgwg, (I4+widy)+wiwsitwiwsaj

x e[w2w3 (I+w1dy)+wi wawsz+wiwsi+wiwaj] ¢

Note that Eq. (4) is invariant for any permutation o € S3. Therefore, we
acquire the following theorem.

Theorem 2.1. Let ( € T),, q € C, with ]q—l\p <1, w; € N withi €
{1,2,3} and x be the trivial character. Then the following expression
dwa(g) ldwa(g) 1

I = Z Z ) (WeWo@)i+o()Wo(2)d

|: 0(2) 0(3) 1=0 ] =0

><qwo'(l)wa'(3)i+wo(1)wo'(2)j/ X(y) (Wo2)Wa(3)Y
ZP

wa(2)wa(3)y+wa(1)wa(2)wa(3)$+wa(1)wU(S)iJ’_wo(l)wa(Z)j} t

xel Tt we2)vas) ()

holds true for any o € S3.

By using the definition of g-number, we obtain
(5

~—

wow wow3y+wiwawzr+wiwzi+wiwaj| t
/ X (y) C*2 3Y plw2wsy+wiwawsz+wiwsi+wiwaj, dptqoaws ()
Zp

= 72 [waws]y (fzp

o tn
= Z [w2w3]g Bn7x’qw2w3’cw2w3 <U]1ZU + 774 + ]> —.

w n!
e w2 3

n n

w1 . Wi . t
X (y) (23 [y Fwir A+ —i+ ]} dpguaws (y) | —
w2 w3 qw2ws n.

Thus, from Theorem 2.1 and Eq. (5), we state the following theorem.

Theorem 2.2. Let ¢ € T), ¢ € Cp with [¢—1[, < 1, w; € N with i €
{1,2,3} and x be the trivial character. For n > 0, the following

dwg(Q) 1dwg(3) 1

n 1 i+ -
I = [ 0.(2)’(00.(3) Z Z Cwa(l)wa(ff)z Wo (1) W (2)]

. . Wea(1) . Wea(1) .
XqUrWWe@ e WWe@I B w5 wg(3) (o(2)Pa(s) <wa(1)$ Wy UUJ)
H 7 Wo(2) Wo (3)

holds true for any o € Ss.
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Using binomial theorem and the definitions of g-number, we derive that

wy . w "
[y%—wm—l—z—ky]
w2

w3 qw2w3
" /n wi], \" e - :
= Z —L [wsi + wag] g™ R (TR WIT]iywy
L= \m) \ [waws],
which gives
dwo—1 dwsz—1
(6) ZU27.U3 'rl 1 Z Z <w1w3z+w1w2jqw1w31+w1w2j
i=0 j=0
n
w1 . wq .
X / X (y) €Y [y +wi+ it — dpiqwaws (y)
Zp w2 w3 qw2w3
. n m—1 n—m A
- <m> [wag]q [wl}q 5m7X7qw2w37<w2w3 (wlx) Cnvquw17<w1 <w27w3 ’ X)7
m=0
where
(7) Crom,ac (w2, w3 | X)
wo—1w3z—1
Z Z Cw3z+w2]q(m+1)(w31+w2]) [ng + ij];L—m.
=0 5=0

Therefore, by Eq. (7), we arrive at the following theorem.

Theorem 2.3. Let ( € T),, ¢ € C, with |q — l\p <1, w; € N withi €
{1,2,3} and x be the trivial character. For n > 0, the following expression

i n —1 —m
> <m> [woywom)], " [wo),

m=0

~

X/Bm,x,qwdﬂ)wff(@ (o) Yo(3) (wa(1)$) Cn,m,qwrf(l),qwa(l) (wg(g),w0(3) | x)

holds true for some o € S3.

3. CONCLUSION

In this study, we have investigated not only new but also interesting sym-
metric identities for Carlitz’s generalized twisted ¢-Bernoulli polynomials
attached to x arising from the p-adic g-integral on Z, under S3. We note
that for x = 1, all our results in this paper reduce to the results of Carlitz’s
twisted ¢-Bernoulli polynomials under S3. Moreover, in the case ( = 1, all
our results in this paper reduce to the results in [6].
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