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Well-posedness and asymptotic stability for the
Lamé system with internal distributed delay

NOUREDDINE TAOUAF, NOUREDDINE AMROUN, ABBES BENAISSA
AND ABDERRAHMANE BENIANI

ABSTRACT. In this work, we consider the Lamé system in 3-dimension
bounded domain with distributed delay term. We prove, under some
appropriate assumptions, that this system is well-posed and stable.
Furthermore, the asymptotic stability is given by using an appropri-
ate Lyapunov functional.

1. INTRODUCTION

Let Q be a bounded domain in R? with smooth boundary 05). Let us
consider the following Lamé system with a distributed delay term:

u(x,t) — Acu(z,t)
T2

(1.1) +/ po(s)u' (z,t — s)ds + pyu(z,t) =0, in Q x R,
u=0, B on 09 x R,
with initial conditions
(1.2) { ul(x) =wuo(z), o(z,0)=wuy(z), %n Q,
u'(x,—t) = fo(z, —t), in Q x (0,72),

where (ug,u1, fo) are given history and initial data. Here A denotes the
Laplacian operator and A, denotes the elasticity operator, which is the 3 x 3
matrix-valued differential operator defined by

Acu = pAu+ A+ p)V(diva), w= (u1,uz,uz)’
and p and A are the Lamé constants which satisfy the conditions
(1.3) w>0, A4+pu>0.

Moreover, ps : [11,72] — R is a bounded function and 71 < 75 are two
positive constants.
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32 LAME SYSTEM WITH INTERNAL DISTRIBUTED DELAY

In the particular case A+ u =0, A, = pA gives a vector Laplacian, that
is, (1.1) describes the vector wave equation.

In recent years, the control of partial differential equations with time delay
effects has become an active and attractive area of research see ([1, 7, 9, 14,
15, 16] and [21]), and the references therein. Recently, S. A. Messaoudi et al.
[21] considered the following problem with a strong damping and a strong
distributed delay:

up — Agu(x,t) — pp Auy(z, t)
™
—/ wa(s)Aug(z,t — s)ds =0, in Q x (0,400),

(1.4) u=0, B on I" x [0, +00),
uw(z,0) = up(z), u'(x,0)=wui(xz), onQ,
ut(xa _t) :.fO(wv _t)7 0<t§7-2;

and under the assumption

(1.5) ny > /T2 ua(s)ds.

T1

The authors proved that the solution is exponentially stable.
In [3], the authors considered the Bresse system in bounded domain with
internal distributed delay

( p1pie — Gh(pg + 1w + 1)y — Ehl(wy, — lp)
+ ppe + pospe(z,t — 1) =0,
p2ut — By — Gh(pz — lw + 1))

+ /T2 w(s)y(x,t — s)ds = 0,

T1

(1.6)

prwy — Eh(wy — lp)y + IGh(pz + lw + 1)
+ ﬁwt + /Ewt(x,t — 7'2) = 0,

where (z,t) €]0, L[xR, the authors proved, under suitable conditions, that
the system is well-posed and its energy converges to zero when time goes
to infinity. For Timoshenko-type system with thermoelasticity of second
sound, in the presence of a distributed delay Apalara [1| considered the
following system:

proee — k(e +¥)x + s
T2
+ pa(s)pe(x,t — s)ds =0, in (0,1) x (0, +00),
1. 71 .
( 7) ptht - waw + k‘((ﬁm + W + 7093 = 07 m (07 1) X (07 OO),
p30: + Gz + 0 = 0, in (0,1) x (0, 00),
Tqt + Bqg+ 60, =0, in (0,1) x (0, 00),



N. Taouar, N. AMROUN, A. BENAISSA AND A. BENIANI 33

and proved an exponential decay result under the assumption

T2
(1.8) > / pa(s)ds.
T1
In [4], Beniani and al. considered the following Lamé system with time
varing delay term:

u'(z,t) — Acu(z, t) + prgr (W' (x, 1))
(1.9) +uogo (v (z,t — 7(s)) = 0, in Q xR,
u =0, on 002 x RT,

the authors proved, under suitable conditions, that energy converges to zero
when time goes to infinity.

The paper is organized as follows. In Section 2, we prove the global
existence and uniqueness of solutions of (1.1)-(1.2). In Section 3, we prove
the stability results.

2. WELL-POSEDNESS

In this section, we prove the existence and uniqueness of solutions of
(1.1)-(1.2) using semigroup theory.

As in [20], we introduce the variable

2(z,p,t,8) =u'(z,t — ps), (x,p,t,5) € Qx(0,1)x (0,00) x (71, 72).

Then, it is easy to check that
(2.1)
szt(ﬂ?,p,t,S) + Zp(I,p,t,S) = O’ (ﬁ,p,t,S) €0 x (O) 1) X (0,00) X (7—177-2)’

Thus, system (1.1) becomes

(2.2)
u’(xz,t) — Acu(z, t) + o/ (z,t)
T2
+/ p2(s)z(z,1,t,s)ds =0, in QxR*,
sz(z, p, tl, s) + zp(z, p,t,s) =0, in 2 x (0,1) x (0,00) x (11, 72)
u=0, on 0 x RT,
u(z,0) = up(z), u'(z,0)=wui(x), in Qx(0,1)x (11, 72),
Z(xvpaou 8) = fO(x7 _p3)7 in Q x (07 1) X (7_177_2)7

Next, we will formulate the system (1.1)-(1.2) in the following abstract
linear first-order system:

Up(t) = AU(t), for t > 0,
23) { U(0) = Uy,

where U = (u,ut, 2)T, Uy = (ug,u1, fo) € H

H = H}(Q)? x (L*(Q))3 x L*((0,1), H)
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We define the inner product in H,

(V,Vy = / vodx + u/ VuVudz + (A + ,u)/ divu - div adz

// spa(s / z(x, p,t, 8)z(x, p, t,s)dpdsdz.
T1

The operators A is linear and given by

24)  Aflv]= Aeu(fvat)—Mlv(xat)—/TQMQ(s)z(x,l,t,s)ds

T1

1
_gzp(xap7t75)
The domain D(A) of A is given by
D(A) = {V = (u,v,2)T € H, AV € H,2(,0) = v} .

The well-posedness of problem (2.3) is ensured by the following theorem.

Theorem 2.1. Assume that

(2.5) w1 > /72 pa(s)ds.

T1
Then, for any Uy € H , the system (2.3) has a unique weak solution
UecCRH).
Moreover, ifU € D(A), then the solution of (2.3) satisfies (classical solution)

UeCHRT,H)NCRY,D(A)).

Proof. We prove that A : D(A) — H is a maximal monotone operator, that
is, A is dissipative and Id — A is surjective. Indeed, a simple calculation
implies that, for any V = (u,v,2)"T € D(A),
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(AV, Vg = ,u/QVv(x,t)Vu(:n,t)dx
+ (N4 ) /de(aj,t) -du(z, t)dx
+/Q{Aeu(x,t) — pv(x,t)

_/” pa(s)2(a, 1,1, 5) ds (e, )

(2.6) 1

0
:—ul/gvz(:v,t)dx

—/ﬂv(ﬂc,t)(/:2 Mz(s)z(%latas)ds)dx

1
- = wa(s —|z(x, p, t, s)|“dpdsdx
s, m) [ gt

T1
T2
- / M?(S)/ Z(xapvt7 S)Zp(x’p7t75)dpd5dx
QJr

Using Young’s inequality and taking into account that z(.,0,.,.) = v, we get

(2.7) <.AV, V>7-[ = —(,U1 - /T2 ug(s)ds) /sz(x7t)dx

T1

by virtue of (2.5). Therefore, A is dissipative. On the other hand, we prove
that Id — A is surjective. Indeed, let F = (f,g,h)T € H we show that there

exists V = (u,v,2)T € D(A) satisfying

(2.8) (Id— AV =F
which is equivalent to
u—v=Ff,
(2.9) v — Aeu + v + /T2 ua(s)z(x, 1,t,8)ds = g,

T1
SZ(x7put7 3) + Zp(l‘,p,t, S) = hS,

Using the equation in (2.9), we obtain
p
2(z,t, p,8) = (u— fle P + eps/ sh(x,0)e’ do.
0

Replacing v by u — f in the second equation of (2.9), we get
(2.10) Ku— Ao =G.

where

T2
(2.11) K=1+m +/ e *ua(s)ds >0

T1
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and

G=g+ (1 — - /T2 6_Su2(8)d5)f

T1

T2 1
+/ 86_5/1,2(8)/ h(z,0) - e’*dods.
1 0

So, we multiply (2.10) by a test function ¢ € (HZ())? and we integrate
by using Green’s equality , obtaining the following variational formulation
of (2.10):

(2.12) a(u,p) = L(p) for p € (Hy(Q))*,

where

(2.13) a(u,p) = /Q (Ku- @+ pVu-Vo+ (A4 p)dive - div p)de
and

(2.14) L(p) = /QGgodx.

It is clear that a is a bilinear and continuous form on (Hg (Q))3x (H ()3,
and L is a linear and continuous form on (H}(€2))3. On the other hand, (1.3)
and (2.11) imply that there exists a positive constant ag such that

a(u,u) > ao||uH(H3(Q))3, for each vy € (HJ(Q))?,

which implies that a is coercive. Therefore, using the Lax-Milgram Theorem,
we conclude that (2.12) has a unique solution u € (H}(2))3. By classical
regularity arguments, we conclude that the solution u of (2.12) belongs into
(H%(Q)NH(Q))3. Consequently, we deduce that (2.8) has a unique solution
V € D(A). This proves that Id — A is surjective. Finally, (2.6) and (2.8)
mean that —A is maximal monotone operator. Then, using Lummer-Phillips
theorem (see [23]), we deduce that A is an infinitesimal generator of a linear
Cp-semigroup on H. O

3. STABILITY

In this section, we investigate the asymptotic behaviour of the solution
of problem (2.3). In fact, using the energy method to produce a suitable
Lyapunov functional, we define the energy associated with the solution of
(1.1)-(1.2) by

1
E,(t) = 2/9 (1|Vul? + (A + p)| divul® + |[o'[?)dz

(31) 1 1 T2
+ / / / s|ua(s)|2%(x, t, p, s)dsdpda.
2 QJo 1
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Theorem 3.1. Assume that (1.3) and (2.5) hold. Then, for any Uy €
H, there exist positive constants 61 and 02, such that the solution of (2.3)
satisfies

(3.2) E(t) < 62¢7%,  fort e R,

We carry out the proof of Theorem 3.1. Firstly, we will estimate several
Lemmas.

Lemma 3.2. Suppose that pi, uo satisfy (2.5). Then energy functional sa-
tisfies, along the solution u of (1.1)-(1.2),

(3.3) E'(t) < —(,ul — /TT2 Mz(s)ds) /Qu’Q(x,t)dx <0

Proof. A differentiation of E(t) gives

E'(t) = /Q (VuVY' + (A + p) divedive + o'v”)dz

1 T2
4 / / / Slua(s)| (2,1, pr 5)2(, 1, p, s)dsdpde.
QJo ial

Using (2.2) and integrating by parts, we get

E'(t) = —,u1/ 2(z,t)dx — / /n lpo(s)]z(z,t, 1, 8)u' (x, t)dsdx

_/// (s |7 2(2,t,p,5) ) dsdpdz

(3.5) :—ul/ 2(x,t) dm—//T1 lpa(s)]z(z,t, 1, 8)u' (x, t)dsdx

_// 2 ()22 (2,1, 1, 8)dsdlz
+5( [ hetas) [ v nan

Young’s inequality leads to the desired estimate. O

(3.4)

Lemma 3.3. The functional

(3.6) o(t) = / w-u'dz, forteRT
Q

satisfies, along the solution u of (1.1)-(1.2)
|

<c/|u|dx— —c / Vaul*dz — (X + p) /dlvu| dz
+c// \2(s)|2%(2,t, 1, s)dsdr,
!

for a positive constant c.

(3.7)
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Proof. By differentiating (3.6) and using (2.2), yields

/]u\ dx — /\Vu]Qdm— A+ ) /[dlvu]de

(3.8)

By using Young’s inequality, we obtain
&(#) / o PP — / IVl

(3.9)

1 T2
+2(/n !u2(8)|ds> /Qu (z,t)dx
+ = lpa(s)|z*(x, t, 1, s)dsdx.
2 QJr

Then, Poincaré’s inequality leads to the desired estimate.

Lemma 3.4. The functional

o)1)= [ / / e~ |ua(5)[2%(z, £, p, 5)dsdpda,

satisfy
// \2(s)|22(x,t, 1, s)dsdx
I

(3.11) +(/ e >|ds)/Q 2(2, )da

—,ul/uu’d:v—// |pa(s)|uz(z,t, 1, s)dsdx.
Q QJr

)\—I—,u/|dlvu| de + = / 2z, t)dz
2 Ja

fort e RT

72
—672// s|ua(s)|22(z, t, p, s) ddsdpdz.
QJn

Proof. Using (2.1), the derivative of I entails

T2
It =2 [ [ se (o)l (@t py9)x(a. b )dsdpda
QJr

= —/ /1 /T2 |M2(s)|e_8p2(z2(a:,t, 0, s))dsdpd:n

(3.12) // e 5| ua(s)|2%(x, t, 1, s)dsdx
T1

([ teas) [ nas

T2 1
[ sl [ et ps)dpdsda,
QJr 0
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and the desired estimate follows immediately. O
Now, we prove our main stability results (3.2).

Proof of Theorem 3.1. Let

(3.13) L(t) = NE(t) + ep(t) + I(t),

where N and e are positive constants that will be fixed later. Taking the
derivative of L(t) with respect to ¢ and making use of (3.3), (3.6) and (3.11),
we obtain

) < ~{(m - [ na(s)as)N — e~ [ pals)as} [ as

T1 T1

— (A + ,u)/ | div w2 dz — (pn — c)e/ |Vu|?dz
Q Q

(3.14) .,
— (e —ce)/Q/ \p2(s)|2%(x,t, 1, s)dsdx

T
—6T2// s|,u2(s)]22(1:,t,p,s)dsdpdm.
QJr

At this point, we choose our constants in (3.14), carefully, such that all the
coefficients in (3.14) will be negative. It suffices to choose € so small such
that

e —ce> 0,
then pick N large enough such that

T2

(Ml - /T2 ug(s)ds)N —ce— / pa(s)ds > 0.

T1 T1

Consequently, recalling (3.1), we deduce that there exist also 17y > 0, such
that

L(t
(3.15) ddz(f) < —mpE(t), fort>0.

On the other hand, it is not hard to see that from (3.13) and for N large
enough, there exist two positive constants 8; and (o such that
(3.16) p1 E(t) < L(t) < B2E(t), fort>0.

Combining (3.15) and (3.15), we deduce that there exists A > 0 for which

the estimate
dL(t
(3.17) dz(t) < —AL(t), Vt>0,

holds. Integrating (3.15) over (0,¢) and using (3.15) once again, then (3.2)
holds. Then, the proof is complete. O
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