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On location in a half-plane of zeros of
perturbed first order entire functions

MICHAEL GIL

ABSTRACT. We consider the entire functions
x -
and h(z) =
k!
k=0 k=0

-k
axz

k!

h(z) =

(a0 =a0 =1;z,ax,ar € C,k =1,2,...), provided

o0 oo
Z lax|? < oo,Z|dk|2 < 0
k=0 k=0

and all the zeros of h(z) are in a half-plane. We investigate the following
problem: how small should be the quantity ¢ := (35, |ax — ax|?)"/?
in order to all the zeros of h(z) lie in the same half-plane?

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Consider the entire functions
> dkzk
k!

2 apz” -
(1) h(z) = ];! and h(z) =

k=0 k=0

(ap = ap = 1;z,ax,ax € C,k =1,2,...) under the conditions
(o] oo

(2) D lapf <oo and Y |axl® < oo
k=0 k=0

Any function of the type
oo k
bkz

k!
k=0

with |bx| < const c§ and ¢y > 1, can be reduced to the form (1) with
condition (2) if we take z = w/2ec.

h(z) =
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52 LOCATION OF ZEROS OF ENTIRE FUNCTIONS

Let zx(f) (k=1,2,...) denote the zeros of a function f taken with their
multiplicities. We consider the following problem: let

(3) kJFg Rzi(h) >~ (v = const > 0).

How small should be the quantity

> 1/2
q:= (Z lay — dk]2)
k=1
in order to provide the inequality

(4) k:lflg,... Rz (h) > 47

The literature on perturbations of the zeros of analytic functions is rather
rich. In particular, the results obtained enable us to explore the relations
between the zeros of the power series, their partial sums and tails, cf. [5],
to estimate the distances between the zeros of entire functions and the ze-
ros of their derivatives, [2, 3, 6, 8]. The variation of the zeros of general
analytic functions under perturbations was investigated, in particular, by P.
Rosenbloom [17]. He has established the perturbation result that provides
the existence of a zero of a perturbed function in a given domain. In the
case of entire functions the Rosenbloom’s results have been refined in [9]
(see also [11]). Of course we cannot survey the whole subject here and refer
the reader to the just mentioned papers and books, and references given
therein. However, to the best of our knowledge the above pointed problem
was not not considered in the available literature although it is important,
in particular, for localization of the zeros of perturbed functions. Our main
tool is the recent norm estimates for solutions of the perturbed Lyapunov
equation.

Put

B = (3 Janf? + C(2) — 1)12, where ((2) = Zki Re > 1)
k=1 k=1

is the Riemann zeta function. Below we show that condition (3) implies

sup 2y — 1' <1
k| zu(h)
and therefore
r(h,vy) :==1—sup 2y —1’>0.
k| 2k(h)

Finally, denote

—  (2yy(n i
(Z \/7rm+1 h 7))

In Section 4 we suggest estimates for 1 (h), ¢ and &(h,7). Now we are in a
position to formulate the main result of this paper.
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Theorem 1.1. Let h(z) and h(z) be defined by (1). Let the conditions (2),
(3) and

4E(h, 1) (V2 +a(1 + 299(h))) < 1
be fulfilled. Then inequality (4) is valid.

The proof of this theorem is presented in the next section.

2. PROOF OF THEOREM 1.1

Let C™ be the complex n-dimension Euclidean space with a scalar product
(.,.) and the norm ||.|| = v/(.,.). Denote by C"*" the set of n x n-matrices.
For an A € C"", \(A) (kK =1,...,n) are the eigenvalues taken with the
multiplicities, o(A) is the spectrum, rs(A) = maxy |A\p(A)| is the spectral
radius, A* is the adjoint one, and || A|| is the spectral norm: [|A||? = r4(A*A);
1 is the unit n x n-matrix.

For an integer n > 1, let us consider the polynomials

n

Ak 5 N au\n—Fk
fa(N) = Z Ok x and  fn,(\) = Z k AR

k=0 ’ k=0

fn is the characteristic polynomial of the matrix

—a; —ag/2! -+ —ap—1/(n—1)! —a,/n!
1 0 0 0
0 1 0 0
0 0 1 0

As it is shown in [11] Lemma 5.2.1, p. 117, this matrix is similar to the
following one

—a1p —az -+ —Ap-1 —an
1/2 0 0 0
ro| 0 13 . 0 0
0 0 - 1/n 0

So zi(fn) = Me(Fn) (k= 1,...,n). Similarly, z(f,) = A(Fp) (k=1,...n),
where

—a; —az -+ —Qp-1 —apn
1/2 0 - 0 0
o= 0 13 0 0
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Put
n k
arz ~ ~
ha(2) = 2" fu(1/2) = > ’;;' and  hn(z) = 2"Fu(1/2).
k=0
Then zi,(hn) = 35y = xtmy = Me(Fy 1) and zi(hn) = Ae(F71).

Due to Hurwitz theorem [15, p. 4] if zp is an m-fold zero of h(z), then
every sufficient small neighborhood of zy contains m zeros counted with
their multiplicities of each h,, for all sufficiently large n. Thus from (3) for
all sufficiently large n we have

(5) mkin RAM(FY) = mkin Rz (hn) > 7.
Lemma 2.1. Let condition (5) hold. Then the spectral radius rs(2vF, — I)
of the matrix 2vF, — I satisfies the inequality
rs(2vF, —I) < 1.

Proof. Let p=x + iy € o(F;1);x,5y € R. Then x > v and

29/ =117 = 2y = pl?/|uf? = (27 = 2)* + ) /|ul®

= (47 —dyz + 2 + ) /|l < (2 +y?) /| < L.
This proves the lemma. O
For an A € C™*" assume that

(6) rs(A) <1
and put

X(A) =) [l AMP.
k=0

Note that
/ (I — Ae™t)"\h|2dt = / (Z Akethp, 3 AJe’”h> dt
0 0 k=0 j=0
=2r ) | A*h|? (hecC).
k=0

Hence, we easily have

1 2w i
@ )= oo [ - et P

™ Jo

Lemma 2.2. Let A, A € C"™ and condition (6) hold. If, in addition,
X(A)(A = A + 2| A1 A = A)) <1,
then rs(A) < 1.
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Proof. Consider the discrete Lyapunov equation
X -A'XA=1,
with given A € C"*" X € C"*" should be found. It can be directly checked

that
k=0

(see also [12, Lemma 2.1] and references therein). With C' = A — A we have
X -A*'XA=X—(C*"+ A)X(C + A)
=X -A"XA-C"XC-A"XC-AXC
=1-C"XC—-A"XC—-A"XC.
Obviously, || X|| < x(A). Thus the inequalities
IXIIC)? + 21 AlICl) < x(ACI + 2] AlllCl) < 1

imply that X — A*X A is a positive definite operator and therefore by [7,
Theorem 6.1] 75(A) < 1, as claimed. O

Lemma 2.3. Let the conditions (5), and
(8) Ax(2vF, — I)('72||Fn - FnHQ + 290 = ||| Fn — FnH) <1
be fulfilled. Then

mk@n RA(EH) > 7.

Proof. Put B = 2yF,, — I, B = 2vF,, — I. We have B — B = 2y(E,, — F},).
By Lemma 2.1, r4(B) = rs(2vF, — I) < 1. So

X(B) = x(2yF, — I) ZH (2vF, — D%

By Lemma 2.2, if conditions (5) and (8) hold, then the inequality rs(2vE, —
I) < 1is valid. So with p =z + iy € o(F,, ') we have
1> (2y/p =17 = 2y = uP/|uf* = ((2y = 2)* + )/ |u]?
= (7% + 2%+ — dy2)/|uf? = 1+ (472 — dya)/|ul.
Hence,
(49% — dvyx)/|pf* < 0

and therefore x > +, as claimed.
We need the following quantity:

g(A Z ‘)\k 1/2 A c (Cnxn)7
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where Ny(A) = (trace AA*)'/? is the Frobenius (Hilbert-Schmidt norm) of
A. The following relations are checked in [12, Section 3.1].
N2(A - A*
where A; = (A — A*)/2i. In addition, g(e®A + 2I) = g(A) (2 € C,t € R).
If A is a normal matrix: AA* = A*A, then g(A) = 0. If A; and A,
are commuting matrices, then g(A; + A2) < g(A1) + g(A2). Moreover,
g*(A) < N3(A) — n(det A)?/™.
According to [12, Theorem 9.5], for any n x n matrix A,

G*(A) < N2(A) — |Trace A% and g¢*(A) <

o) [(A— D) < Z ﬁ i (et
where p(A, ) :=ming—; .|\ — A(A4)].
Since
9(2vFy —I) = g(2vFy) < Na(2vF,) = 2yNo(Fr)
and

P2V —Le™™) > 1 —ry(29F, — 1),
provided that r5(2vF,, — I) < 1, according to (9) we have

N3"(27Fy)
Z_IO Vm!(1 —ry(2vF, — I))m+1

I(Z = (vFo = D)7 <

Hence, (7) implies

1 2 i
X(21Fn— 1) = o / I~ (v — Dy P
(Z N3" (2vFy) )2'
vVml(l —rs(2vF, — I))m+1
Note that
= 1
N () = Y (ol + ) 1Y 0@ — 1 - 03
k=1 k=1
and
rs(2vF, —I) = ma |2/\( n) — 1] = ma il -1
s\ Kol STk = kil | 2 ()
2y
< sup —1',
k=12, (h) +e€n

where €, — 0 as n — oo.
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Thus, for sufficiently large n,

2
(29 (h))™
X(2vFn — (Zrl—supk L. |k(§)v+6n_1|)m+1>

2
(230" é
(Z Vm!(1 — supg_; o |2(h—1|)m+1> e

where €, > 0 and ¢, — 0 as n — oo. In addition,

127Fn = If| < 1+ 29||Ful < 14 2yNa(Fp) < 1+ 299(h).

Moreover,

| F — FHHQ < Z |ay — dk’2 =
k=1
So, condition (8) is provided by the inequality
4(E(h7) + &) (V4 +v9(1 + 29¢(R)) < 1.

By Lemma 2.3, for sufficiently large n we have
mkin Rzp(hn) = mkin RA(ET) > .

Now letting n — oo, we get the required result. O

3. PERTURBED POLYNOMIALS

In this section we considerably simplify Theorem 1.1 in the case of the
polynomials

z) = i bpz"F  and p(z Zbkz
k=0

(bo = bo=1;bp,bpeCk=1,... ,n). The theory of polynomials in spite its

long history cf. [1, 16] continues to attract an attention of many mathemati-

cians, for example see [14, 18, 19]. However to the best of our knowledge

the above pointed problem has not been considered even for polynomials.
Assume that

(10) B(p) = knrlun Rzr(p) >0
and put
> ~N1/2 n-t (k + 7)pkt
= (X e-b?) " and )= > —— k+‘7+)1¢ ) T
=1 ],k_02 TERHH (p) (K15
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where .
dulp) = (n— 143 f?) "
k=1

Theorem 3.1. Let the conditions (10) and

(11) Gnn(p) <1
hold. Then
(12) min Rzi(p) > 0.

=1,4,...

Proof. Note that p and p are the characteristic polynomials of the matrices

—br —by - —bp1 by
1 0o - 0 0
o= 0 1 ... 0 0
0 0 1 0
and ~ R ~ ~
—b1 —by —bp—1 —bn
1 0 0 0
C = 0 1 0 0 ’
0 0 1 0
respectively. So
(13) B(C) = min RA(C) = B(p) > 0.

As is well known [4, Section 1.5], if condition (13) is fulfilled, then the matrix
Lyapunov equation

C*Y +YC = 2I,
has a selfadjoint solution Y. Due to Lemma 3.1 from [13], under the condi-
tion
(14) IYjie -cj <1

one has ming—; ., ER)\;C(C') > 0 and, therefore, (12) is valid. Put

Sf (k + 5)lgk 7 (C)
2k+i R+i+1(p) (k15112

H(C) =
3,k=0

Due to Lemma 1.9.2 from [10] ||Y|| < 7(C). But,

g (C) < NF(C)=n—1+>_ |bul* =42 (p).
k=1
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Thus, H(C) = n(p). Since |C — C|| = ¢y, condition (14) is provided by
condition (11). This proves the theorem. g

4. ESTIMATES FOR &(h,7), ¢ AND v(h)

By the Schwarz inequality for constants ¢ € (0,1) and a > 0 we have

k [e.e]

1/2
a 2 _ b e
Z;) A kzo ck ﬁ (Z; Z c2kkl) (11— 62)1/26 :
k= = 7

Thus

4(yyp(h))?
£ < r2(h,v)(1 — ¢2) eXp[r2(h,’y)c2 }

In particular, taking ¢ = 1/2 we obtain

o

(15) §(h,7) <

If

r2(h, )

lax| < const & (c e (0,1),k=1,2,...),

then for Rz > 1 function h admits the Laplace transform

_ _ > —zt _ . ag
H(z) = (Lh)(2) = /0 e *'h(t)dt = sy
k=0
which can be extended to |z| > 1. Thus
. 1 27 . 1/2 ° 1/2
it o it _ 2
1 |z202m =[5 | Hd] T = [kz_o jax?]

and, therefore,

(16) 9(1) = (IH (") F2(02m +6(2) ~2)"" < (max| H)IP +¢(2) )"

Since ((2) < 1.645, we have

i 1 1/2.
W(h) < (|H(e")|22(0.0m — 0355)"% < (max |H(2)|* — 0.355)"

|z]=1
Similarly,
(17) q:= HH(eit) — ﬁ(et HLQ(OQW) < ‘r?lauf‘H Zt H(eit) ,

where H(z) the Laplace transform to h.
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5. EXAMPLE

Consider the functions h(z) = (1 —2)e%'% and h(
a is a positive constant. h(z) has a unique root z(
holds for example, for v = 0.5. Clearly, condition (4) holds if a < 2. Let us
compare this result with Theorem 1.1. To this end note that

H(z) = [£(e™ = te®1)] (2) = - _10_1 e _10.1)2‘

Hence, max,—; |H (2)| < 2.346. Due to (16) ¥(h) < 2. Besides,
. 2.1/2
e |z (h) 1
and therefore r(h,0.5) = 1. Hence, by (15)
£(h,y) < 2exp [8(0.5-2)%] = 2¢5.

2) = (1—az)e®'* where
h) =1. So Condltlon (3)

2
gl _4:

-

In addition,
A(z)— H(z) = (1— a)m.

Hence, by (17)

1

So, by Theorem 1.1, inequality (4) holds with v = 0.5, provided that
8¢®((0.5 - 1.235]a — 1])* + 0.5 - 1.235|a — 1|(1 + 4 - 0.5)) =
=8¢%(0.381|a — 1|* + 1.854]a — 1]) < 1.

q<la 1|max
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