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Initial Coeflicient estimates for a classes
of m-fold symmetric bi-univalent functions
involving Mittag-Leffler function

ABBAS KAREEM WANAS, HUO TANG

ABSTRACT. The main object of the present paper is to use Mittag-
Leffler function to introduce and study two new classes

Rep (Vs A 1,0, 750) and Ry, (v, A, n,6,7;8)
of ¥, consisting of analytic and m-fold symmetric bi-univalent func-
tions defined in the open unit disk U. Also, we determine the estimates
on the initial coefficients |am+1| and |agm+1] for functions in each of
these new classes. Furthermore, we indicate certain special cases for
our results.

1. INTRODUCTION

Let A stands for the class of functions f that are analytic in the open
unit disk U = {z € C: |z| < 1}, are normalized by the conditions f(0) =
f(0) — 1 =0, and have the form:

(1) f(2) :z—f—Zakzk.
k=2

Let S be the subclass of A consisting of functions of the form (1) which are
also univalent in U. The Koebe one-quarter theorem (see [5]) states that the
image of U under every function f € S contains a disk of radius %. Therefore,
every function f € S has an inverse f~! which satisfies f~1(f(2)) = z,
(z € U) and f(f~(w)) = w, (jw] <ro(f),ro(f) > }), where

(2) g(w) = f_l(w) = w — agw? + (20,% — ag) w?
— (5a%—5a2a3+a4)w4+~--.

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. We denote by 3 the class of bi-univalent functions in U
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satisfying (1). In fact, Srivastava et al. [18] have actually revived the study
of analytic and bi-univalent functions in recent years, it was followed by
such works as those by Murugusundaramoorthy et al. [11], Caglar et al. [4],
Adegani et al. [1] and others (see, for example [8, 13, 14, 17, 25]).

For each function f € S, the function h(z) = (f(zm))%, (z e UmeN)
is univalent and maps the unit disk U into a region with m-fold symmetry.
A function is said to be m-fold symmetric (see [7]) if it has the following
normalized form:

(3) flz)=2z+ Zamkﬂzmk‘“, (z€UmeN).
k=1

We denote by 5, the class of m-fold symmetric univalent functions in U,
which are normalized by the series expansion (3). In fact, the functions in
the class S are one-fold symmetric.

In [20] Srivastava et al. defined m-fold symmetric bi-univalent functions
analogues to the concept of m-fold symmetric univalent functions. They
gave some important results, such as each function f € ¥ generates an m-
fold symmetric bi-univalent function for each m € N. Furthermore, for the
normalized form of f given by (3), they obtained the series expansion for
f~1 as follows:

g(w) =w — (1771-',-17~Um—~_1 + [(m + 1) Q1 — a2m+1} w?m L

- [%(m +1)(3m+ 2)af’n+1 — (3m + 2)am+1a2m+1 + a3m+1] wimtt

(4)

where f~1 = g. We denote by X,, the class of m-fold symmetric bi-univalent
functions in U. It is easily seen that for m = 1, the formula (4) coincides
with the formula (2) of the class ¥. Some examples of m-fold symmetric
bi-univalent functions are given as follows:

<1 imzm)il B log (ii:)] %, [—log (1 — 2™)]

with the corresponding inverse functions

1 m 1 m 1
w™ pos eZw —1\™ W™ _ 1\ m
I+wm) 7 \e2w" +1 ew™ ’
respectively.

Recently, many authors investigated bounds for various subclasses of m-
fold bi-univalent functions (see [2, 6, 12, 15, 16, 19, 22, 23, 24, 26, 27]).
The Mittag-Leffler function E)\(z), (z € C) (see |9, 10]) is defined by

-

kZ:OF Y (A € C,Re(\) > 0).
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Recently, Srivastava and Tomovski [21] introduced the function Ei’;(z),
(z € C) in the form:

T(\k + n)k!’

where \,n,0 € C, Re(\) > max{0,Re(7) — 1}, Re(r) > 0 and (z), is the
Pochhammer symbol defined by

o, 7 = (5)1437' Zk
EST(2) =) Tk T E (A € C,Re()\) > 0).

 T(z+k) 1, for k=0
(x)k—w_ z(z+1)---(x+n-1), forkeN.

In 2016, Attiya [3] introduced and investigated a linear operator ”Hf\:? :

A — A by using the Hadamard product (or convolution) and defined as
follows

HOTF(2) = Q3T (2) + f(2), (€U,
indicate the Hadamard product (or convolution) of two series and
o,T <)‘ + "7) 1
E -
oo =52 (850 - 1)
A, 6 € C, Re(N) > max {0,Re(7) — 1}, Re(7) > 0
By some easy computations, we conclude that

where "x"

5T p(y) = L0+ Er)I'(A+n) K
S (2 ”Z 06 + )M + )T (k+ 1) ™

It is easily verified that if f € Sm, then we have

0T f(5) = (0 + (mk + 1)7)I'(A +1n) mk41
ol (2 Z+Z r@o+n)r mk+1)+n)F(mk+2)amk+1Z ’

We require the followmg lemma to prove our main results.

Lemma 1. [5] If h € P, then |ci| < 2 for each k € N, where P is the family
of all functions h analytic in U for which
Re(h(z)) >0, (z€U),
where
h(z)=14cz+cz®+---, (z€U).

2. COEFFICIENT ESTIMATES FOR THE FUNCTION
CLASS Ry, (7, A, 1,0, T; @)

Definition 1. For 0 < a <1, 0 <y <1 and m € N, a function f € X,
given by (3) is said to be in the class Ry, (7, A, 1, d, T; @), if it satisfies the
following conditions:

(5)

aT

arg (»yz (Hi’; f(z))" +(2v+1) (H‘i’,@f(z))' - 27) ‘ <5
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and
©  Jans (v (#5000 "+ 23+ 1) (15 900)) - 27) | <

where the function g = f~! is given by (4).

aT
27

In particular, for one-fold symmetric bi-univalent functions, we denote the
class
Ry, (v, A, 1,0, 7;0) = Ru(v, A\, 0,6, 75 ).
Remark 1. f weput y=A=0andn=0=7=1:
(1) The class Ry, (7, A, n,0,7; ) reduces to the class HS,, which was
given by Srivastava et al. [20];

(2) The class Rx(7v, A, 1,9, 7; ) reduces to the class H$ which was given
by Srivastava et al. [18].

Theorem 1. Let f € Ry, (v,A\,n,6,750) (0<a<1,0<~v<1 meN)
be given by (3). Then
|am41] <
(7) 2al'(6 + 7)T(A(m + 1) + )T (m + 2)/T(A2m + 1) + n)L(2(m + 1))
\/|a91('y, A0 6,m,m)+ (1 —a)T(A2m+ 1) + n)T(2(m + 1))9%(7, A, 0,7, m)|

and
202(m + D25 + 1)I2(A(m + 1) + )2 (m + 2)
Q3 (v, \, 1,6, 7,m)
2010 + 7)I'(A(2m + 1) + n)I'(2(m + 1))
G+ Cm+1)1)TA+n)[y(dm(m+1)+2)+2m(y+ 1)+ 1]’

lagm+1] <

(8)

iy
where
Q1 (v, A\, 6, 7,m) = (m 4+ DT + 7)T2(A(m + 1) + 1) x
(9) x T2(m + 2)T'(6 + (2m + 1)7)D(\ + 1) x
X [y(dm(m+1)+2)+2m(y+1)+1],
Qa(y, A\, m,0,7,m) =T(0 + (m+ 1)7)I' (A + 1) x
(10) X [ry<(m+1)2+1)+m(y+1)+1].

Proof. Tt follows from conditions (5) and (6) that
" /
1) 2 (M) + @+ 1) (M 1) — 29 = b))
and
" /
(12)  yw (M) + @y +1) (Hg(w)) — 27 = [a(w))”,
where g = f~! and p, ¢ in P have the following series representations:

(13) p(z) =1 +pmzm +p2mz2m + p3m23m 4
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and
(14) q(w) = 1+ g™ + qomw>™ + gamu™ + - - .
Comparing the corresponding coefficients of (11) and (12) yields

L6+ (m+1)7)T(A+1n) {7 ((m +1)% + 1) +m(y+1)+ 1}

(15) TG+ 7)D(A\(m + 1) + n)D(m + 2) Gm+1 = OPm,
T+ 2m+ D) TA+n) [y dm(m+1) +2) +2m(y+ 1) + 1]
(16) T+ )T(A2m + 1) + )L (2(m + 1)) 2mil
= ap2m + wz)?m
L4 (m+ 1)71)T(A+17) {7 ((m +1)%+ 1) +m(y+1)+1
an - T(6+7)D(A(m+1) + ) (m +2) Gmt1 = Om
and
L@+ Cm+ 1)1 +n) [y @dm(m+1)+2) +2m(y+ 1) + 1]
(18) Lo+ n'(A2m+1)+n)I'(2(m+1))

ala — 1)q2

X ((m + 1)(13n+1 - (12m+1) = aqom + 9 m*

In view of (15) and (17), we find that

(19) Pm = —Qdm

and
2I2(6 + (m + 1)7)I2(A + 1) [7 ((m +1)% + 1) +m(y+1)+ 1}2 ,

(20) T2(5 + 1)L2(A(m + 1) + n)T2(m + 2) k1
= a?(p, +a3).

Also, from (16), (18) and (20), we obtain

(m+1)TE+ 2m+1)7)IA+n) [y @m(m+1)+2)+2m(y+1)+1] ,

T+ 7)IAN2m + 1) + )L (2(m + 1)) Im+1
= a(pam + Gom) + w (P2, + 42) = c(pam + gam)+
(o= DP2(6 + (m+ DAL+ ) [ (m+ 02 +1) 4 m(y+ 1) +1]
+ aT2(5 + T2\ (m + 1) + )2 (m + 2) Tt

Therefore, we have

2 _
Apy1 =

(21)  a2r2(5 + 1)T2(A\(m + 1) + T2 (m + 2TA2m + 1) + )T (2(m + 1)) (pam + gom)
(v, A\ 1,6, 7,m) + (1 —a)T(A@2m + 1) + n)T(2(m + 1)Q2(y, A, 1,6, 7,m)

where Q1 (v, A, n,d,7,m) and Qa(v, \,n,0,7,m) are given by (9) and (10),
respectively.
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Now, taking the absolute value of (21) and applying Lemma 1 for the coef-
ficients po,, and g2, we deduce that

‘am+1| S
2aL(6 + 7)D(A(m + 1) + )I(m + 2)\/T(A(2m + 1) + )L (2(m + 1))
\/‘an(’y, A1, 8, 7,m) + (1 —a)T(A2m + 1) + n)L(2(m + 1))Q3(v, A\, 0, 6, T, m)|

This gives the desired estimate for |a,+1| as asserted in (7).

In order to find the bound on |ag;,+1|, by subtracting (18) from (16), we get

T+ Cm+1)7) TN +n) [y dm(m + 1) +2) + 2m(y + 1) + 1]
LO+7)IA2m+1)+n)'(2(m+1))

a(a2_ 2 (P — ) -

(22)
X (2a2m+1 —(m+ 1)“3714—1) = a (pam — G2m) +
It follows from (19), (20) and (22) that
a®(m + 1?6 + 7)P*(A(m + 1) + n)L*(m + 2) (ph, + a)
493(v, A\, n, 8,7, m)
al'(6 4+ 7)L(A2m + 1) + n)I'(2(m + 1)) (P2m — g2m)
20+ (2m + 1)T)T A+ n) [y dm(m + 1) + 2) + 2m(y+ 1) + 1]

Taking the absolute value of (23) and applying Lemma 1 once again for the
coefficients p.,, P2m, ¢m and go,,, we obtain

202(m + D25 + 7)I2(A(m + 1) + )% (m + 2)
Q%(’Y, A1, 0,7, m)
2aI'(0 + 1) I'(A2m + 1) +n)I'(2(m + 1))
(64 2m+1)7) LA +n) [y (@m(m + 1) +2) + 2m(y+ 1) + 1]’
which completes the proof of Theorem 1. O

a2m+1 =
(23)
+

lagm+1| <

T

Remark 2. In Theorem 1, if we choose y =A=0and n =6 =7 =1, then
we obtain the results which was given by Srivastava et al. [20, Theorem 2].

For one-fold symmetric bi-univalent functions, Theorem 1 reduces to the
following corollary:

Corollary 1. Let f € Ry(v,\,n,0,7;a) (0<a<1,0<vy<1) be given
by (1). Then

4aT(5 + 7)T(2X + 1) /6T (3 +n)

\/‘agg(% A1, 8,7) + 24(1 — a)T(3A + )T2(6 + 27)T2(\ + 1) (3 + 1)

las| <

and
40T (6 + T)T2(2\ + 1) 4aT'(6 + 7)T'(3X + 1)
G+2n2A+n) By+ 1% TE+3NTA+n)(4y+1)

las| < 2

where
Q3(v, A, 1,8,7) = 240(8 + 7)L2(2X + n)T(8 + 37)D(A 4 ) (4 + 1).
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Remark 3. In Corollary 1, if we choose y =A=0and n =49 =7 =1, then
we obtain the results which was given by Srivastava et al. [18, Theorem 1].

3. COEFFICIENT ESTIMATES FOR THE FUNCTIONS CLASS
RS, (v, A, 6,73 5)

Definition 2. For 0 < 8 < 1,0 <y <1 and m € N, a function f € X,
given by (3) is said to be in the class Ry, (7, A, n,0,7; 3) if it satisfies the
following conditions:

(24)  Re {'yz (”H,i’;, f(z))
and

(25) Re {7w (”Hi’;]g(w))” +(2v+1) (Hi’;g(w)), — 27} > 3,

"

+ 2+ 1) (M) -2 >

where the function g = f~! is given by (4).

In particular, for one-fold symmetric bi-univalent functions, we denote the
class

Ry, (7, A,n,0,75 8) = Ry (v, A m, 6,73 B).
Remark 4. f weput y=A=0andn=0=7=1:

(1) The class R5, (v, A,n,0,7; ) reduces to the class Hyx ,(3) which
was given by Srivastava et al. [20];

(2) The class R (v, A, 1,6, 7; 5) reduces to the class Hx(S) which was
given by Srivastava et al. [18].

Theorem 2. Let f € Ry, (7,A,1,6,758) (0<8<1,0<y<1, meN)
be given by (3). Then

Iam+1|
(26)  _ ) T(5 +7)T(A2m + 1) + n)T(2(m + 1))(1 — B)

- (m+1)TE+ 2m+ D) TA+n) [y dm(m+1)+2)+2m(y+1) +1]
and

amma| < 2(5 + 7)T2(A(m + 1) + )2 (m +2) (1 — B)* (m + 1)
(27) ZmALl = Q3(y, A\, 8, 7,m)

N (6 + ) T(A2m+ 1) + n)T'(2(m + 1))(1 — B)
L@+ 2m+ DTN +n) [y (dm(m + 1) +2) + 2m(y+ 1) + 1)’

where Qa(v, A\, n,0,7,m) is given by (10).

Proof. Tt follows from conditions (24) and (25) that there exist p,q € P such
that

(28) vz (M f(2) + @y 4 1) (KA 4(2) —2v =56+ (1 - B)p(2)
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and
(29) yw (’Hi’;g(w)y +(2v+1) (Hi’zg(w))/ =2y =B+ (1-B)q(w),

where p(z) and ¢(w) have the forms (13) and (14), respectively. Equating
coefficients (28) and (29) yields

L@+ (m+)ICA+) [y (m+ 17 +1) +mly +1) +1]

(30) T(6 + 7)D(A(m + 1) + n)T(m + 2) m+1
= (1 - /B)pmv
L@@+ Cm+ 1)) TAN+n)[y(dm(m+1)+2)+2m(y+1) + 1]

(31) TG +7)T(A2m+ 1) + 7)T(2(m + 1)) G2+l
= (1 - 6)p2m>

L6+ (m+ 1)7)D(A+17) [’y ((m +1)%+ 1) +m(y+1)+ 1]
(32) ~ T+ )T (Am+ 1) + ) (m+2) m+1
= (1 - 5)Qm
and

FO+@2m+1)1)TA+n)[y(@mim+1)+2)+2m(y+1) + 1]
(33) Lo+7)IA2m+1)+n)I'(2(m+1))
x ((m+1)ap, 41 — azms1) = (1= B)gam.
From (30) and (32), we get

(34) Pm = —dm
and
2
2I2(6 + (m + 1)7)I2(A + 1) [7 ((m +1)% + 1) +m(y+1)+ 1}
(35) T2(5 + )L2(\(m + 1) + n)T2(m + 2) 1
= (1= 8)* (h + din)-

Adding (31) and (33), we obtain
(m+ 1T+ 2m+ D) T(A+n) [y dm(m+1) 4+ 2) +2m(y+ 1) + 1] y
F(o+7)I'A2m+1)+n)l(2(m+1))
X a?n-{—l = (1 - B)(me + q2m)-
Therefore, we have
g D(5 -+ )TA@m + 1) + )T0m + D)(1 = B)(pam + @)
T (m 4+ DT+ 2m + 1)T)TA+ 1) [y (dm(m + 1) + 2) + 2m(y + 1) + 1]
Applying Lemma 1 for the coefficients po,,, and ¢o,, we obtain

] < 2 L6+ 7)D(A2m + 1) + 7)L(2(m + 1)) (1 — B)
=T )OS + (2m + D)) TN+ 1) [y (dm(m + 1) +2) + 2m(y + 1) + 1]
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This gives the desired estimate for |a,+1| as asserted in (26).
In order to find the bound on |agy,+1|, by subtracting (33) from (31), we get
Fo+ 2m+ 1)) LA +n) [y (dm(m+1) +2) +2m(y+ 1) + 1] "
Lo+7)IA2m+1)+n)I'(2(m+1))
X (2@2m+1 — (m + 1)a3n+1) = (1 - 6) (p2m - (I2m) )
or equivalently

m+1 5
a2m+1 = Ta’erl

Lo+ nCA2m+1)+n)T(2(m+1))(1 = B) (p2m — G2m)
(6 + 2m + D)T) LA +n) [y (dm(m +1) +2) + 2m(y+ 1) + 1]
Upon substituting the value of a2, ; from (35), it follows that
[°(8 +7)T*(A(m + 1) + )L>(m + 2) (1 = 5)* (m + 1) (97, + a)
403(y, A, m, 8,7, m)
T +7)PARm +1) +n)T2(m + 1) = 5) (P2m — g2m)
26+ 2m +D)7T) LA+ 1) [y (dm(m +1) + 2) + 2m(y+ 1) + 1]’
where Qa(y, A, 1,9, 7,m) is given by (10).

Applying Lemma 1 once again for the coefficients p,,, pom, ¢m and go,, we
obtain

a2m+1 =

202(8 + )T (A(m + 1) + ) (m +2) (1 - B)* (m + 1)
Q%(’y, A, 1,6, T,m)
20+ 1)I(A2m + 1) + n)T(2(m 4+ 1))(1 = )
b+ Cm+ 1)) TN +n)[y(@dm(m+1)+2) +2m(y +1) + 1)
which completes the proof of Theorem 2. OJ

‘a2m+1| <

T

Remark 5. In Theorem 2, if we choose y =A=0and n=4§ =7 =1, then
we obtain the results which was given by Srivastava et al. [20, Theorem 3].

For one-fold symmetric bi-univalent functions, Theorem 2 reduces to the
following corollary:

Corollary 2. Let f € R% (v, A, 1,0, 7:8) (0< < 1,0<v<1) be given by
(1). Then

gl < 2\/ (0 +7)TBA+n)(1 - B)
F(o+3n)CA+n)(4y+1)

and
as] < 8T2(5 + 7)T2(2A + ) (1— B)* | 4T(3 + 1)T(BA+n)(1 — B)
T 254202\ + 1) 37+ 1)2 | T +31)T(A+1)(4y +1)
Remark 6. In Corollary 2, if we choose y =A=0and n =9 =7 =1, then
we obtain the results which was given by Srivastava et al. [18, Theorem 2|.
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4. CONCLUSION

In the present work, we have introduced two new classes of analytic and
m-fold symmetric bi-univalent functions in the open unit disk U associated
with Mittag-Leffler function. We have then derived the initial coefficient esti-
mations for functions belonging to these new classes. Further by specializing
the parameters, several consequences of these new classes are mentioned.
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