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Qualitative study of a third order rational
system of difference equations

MEHMET GUMUS, RAAFAT ABO-ZEID

ABSTRACT. This paper is concerned with the dynamics of positive so-
lutions for a system of rational difference equations of the following

form

au?_; avi_y

B+ yvn_2’ Untt = B1+Yun—2’
where the parameters «, 3,7, a1, 81,71 and the initial values u_;,v_; €
(0,00), i = 0,1,2. Moreover, the rate of convergence of a solution that
converges to the zero equilibrium of the system is discussed. Finally,
some numerical examples are given to demonstrate the effectiveness of
the results obtained.

Un4+1 = n=0,1,...,

1. INTRODUCTION

Recently, the analysis of equilibrium solutions of various systems of non-
linear difference equations has been one of the main topics in the theory of
dynamical systems (see |2, 4, 7, 8,9, 10, 11, 13, 14, 17, 18, 23, 24, 26, 27| and
the references cited therein). Difference equations and systems of difference
equations play an important role in the analysis of mathematical models of
many areas such as ecology, population dynamics, statistical problems, num-
ber theory, geometry, genetics in biology, economics, psychology, sociology,
physics, engineering, economics (see [1, 3, 5, 12, 15, 16, 21, 22]).

In [6], El-Owaidy et al. studied the third order non-linear rational differ-
ence equation

ba?
(1) xn+1:ﬁ;_2, n=0,1,...,
where the parameters A, B, b and the initial conditions x_o,x_1,x¢ are
arbitrary non-negative real numbers.

Motivated by the aforementioned study, our goal in this paper is to inves-
tigate the equilibrium points, the local asymptotic stability of these points,
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the global behavior of positive solutions, the existence of unbounded solu-
tions and the existence of the prime two-periodic solutions of the following
system

2 2
Uy 4 a1V, 1
(2) un"rl:#v vn-‘rl:inanzoalv'”:
B+ Yun—2 B1+ Y1Un—2

where the parameters «, 3,7, a1, 81,71 and the initial values u_o,u_1, ug,
v_9,V_1, Vg are positive real numbers. This paper is naturel extension of the
paper [6].

Note that the system (2) can be reduced to the following system of dif-
ference equations

2 2
TTp—1 SYn—1

e = 2l 01,
1+yn—2 Ynt 14+ x, 0

(3) Ln+1 =

by the change of variables u,, = (%) z, and v, = (%) Yn With r = g—gi and
_ aif

T By
We shall study the behavior of the solutions of the system (3) rather than
system (2). Note that if

(4) r=sandxz_; =y ; fori =0,1,2,

in system (3), then the system (3) reduces into Eq.(1) which has been studied
by El-Owaidy in [6]. In this paper, we exclude the condition (4).

Using Mathematical induction on n, we see that if z_;,y_; are positive
real numbers for i € {0, 1,2} in system (3), then

min{z,,y,} > 0,n > —2.

To the best of our knowledge, the difference equations system (2) was not
dealt with. Therefore, it is meaningful to study their deep results.

2. PRELIMINARIES

For the completeness in this paper, we find useful to remind some basic
concepts of the difference equations theory as follows:

Let f1: I$ x I3 — I and fy : I$ x I — I are continuously differentiable
functions where Iy, Is are intervals of real numbers. For any initial values
(x_i,y—i) € I x I for i € {0,1,2}, the six-dimensional discrete dynamical
System

(5) Tnt1 = f1(Tn, Tn-1, Tn—-2, Yn, Yn—1, Yn—2),
Yn+1 = f2($n’ Tn—1yTn—2,Yns Yn—1, yn72)
has a unique solution {(zn, yn)}o>_,.
Definition 1. An equilibrium point of system (5) is a point (Z,y) that

satisfies

r = fl(:v,m,ﬂ:,y,y,y),
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Yy = f2($a$7$,yay;y)-
Together with the system (5), if we consider the associated vector map

F = (fi,%n, Tn-1, f2,Yn, Yn—1), then the point (Z,7) is also called a fixed
point of the vector map F'.

Definition 2. Let (Z,7) be an equilibrium point of the map F where f; and
f2 are continuously differentiable functions at (Z,7). The linearized system
of (5) about the equilibrium point (Z,7) is

(6) Xp41 = F(Xn) = BX,, n=0,1,...,

where X, = (Tn, Tn—1, Tn—2, Yn, Yn—1, yn_g)T and B is a Jacobian matrix of
the system (5) about the equilibrium point (Z,7).

Definition 3. Let X be a fixed point of the system of difference equations
(6). If no eigenvalues of the Jocobian matrix B about X has absolute value
equal to one, then X is called hyperbolic. If there exists an eigenvalue of
the Jocobian matrix Jz about X with absolute value equal to one, then X
is called non-hyperbolic.

Theorem 1. Let X be a fized point of the system of difference equations
(6). If all eigenvalues of the Jocobian matriz Jr about X lie inside the open
unit disk |\| < 1, then X is locally asymtotically stable. If one of them has
a modulus greater than one, then X is unstable.

Theorem 2 (Routh-Hurwitz criterion). Assume that X, 11 = F(X,), n =
0,1,..., is a system of difference equations and X is a fized point of F,
the characteristic polynomial of this system about the equilibrium point X is
P(A) = apA\™ + a1 A"+ -+ a1\ + a, = 0, with real coefficients and
ap > 0. Then all roots of the polynomial P(X) lie inside the open unit disk
Al < 1 if and only if Ax, > 0 for k = 1,2,...,n where Ay is the principal
minor of order k of the n X n matriz

ay as as - 0
apg ag a4 0
An — 0 ay az --- 0
0o 0 0 - apn

For other basic knowledge about difference equations and their systems,
the reader is referred to [19, 20, 21].

3. STABILITY NATURE OF EQUILIBRIUM POINTS

In this section, we shall state the equilibrium points of system (3) and we
will investigate the stability character of these points. One can easily see
that the values of the equilibrium points depends on r and s.

Lemma 1. We have the following:
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- (To,7g) = (0,0) is always an equilibrium point of system (3) for all
values of r and s;
- if rs > 1, then system (3) has the unique positive equilibrium point

— =\ __ s+1 r+1
(l'lvyl)_ rsfl’rsfl)'

Before we investigate local asymptotic stability of the aforementioned
equilibrium points, we shall build the corresponding linearized form of the
system (3) and consider the following transformation

(@ns Tn—1,Tn—2, Yn, Yn—1, Yn—2) — (f, f1, f2,9, 91, 92),

where
9 2
rTs_ SYn—
f:#y:’ fl:l'?h fzz'rn*l’ g:#x:’ glzyna 92:yn71.
n— n—

The Jacobian matrix about the fixed point (Z,7) under this transformation
is as follows

€MT =2
02 0 00 -
1 0 0 0 0 0
0 1 0 0 0 0

JF(fay): 72 U )

0 0 g0 B o
0 0 0 1 0 0
0 0 0 0 1 0

where r, s € (0, 00).

Theorem 3. The zero equilibrium point (To,yy) of system (3) is locally
asymptotically stable.

Proof. The linearized system of (3) about the equilibrium point (T, ¥g) is
given by
Xnt1 = Jp(Z,7) Xn,

_ T
where X, = (@, Tn—1, Tn—2, Yns Yn—1,Yn—2)" and

00 0 0 O0O0

1 000 0O

_ 01 0 0 0O
JF(x0>yO) = 00000 O
000100
000010

The characteristic equation associated with Jg(Zo,7g) is
P(\) =X =o.

All roots of P()\) are equal to zero. Since all eigenvalues of the Jacobian ma-
trix Jp about (0, 0) lie inside the open unit disk |A| < 1, the zero equilibrium
point is locally asymptotically stable and this completes the proof. O
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Theorem 4. Ifrs > 1, then the positive equilibrium point (T1,7;) is unsta-
ble, namely saddle point.

Proof. The linearized system of (3) about the equilibrium point (Z1,7;) =

s+1  r41) ; :
(25, =57 is given by

Xn+1 = Jr(T1,71)Xn, n=0,1,...,

_ T
where X,, = (xna Tn—1,Tn—2,Yns Yn—1, yan) and

02 0 00 -2
10 0 00 O
_ 01 0 00 0
JF(xlayl): 00 =L 02 o
00 0 10 0
00 0 01 0

—~

Zo,Yo)(T1,7,) is as follows:

)\674)\4+4)\2—i:0.

rs

The characteristic equation of Jg

From this characteristic equation, we obtain

O 0 0 O 0 0
1 -4 4 =L 0 0
O 0 0 0O 0 0
Box6=1 0 1 _4 4 _1 g
0 0 0O 0 0
o 0 1 -4 4 -1

rs

It is clear that not all of Agxg > 0. Therefore, by Theorem 2, the unique
positive equilibrium point (Z1,%;) is unstable. But as the product of roots
equals _Tlsv we conclude that there is at least one root with modulus less
than one. Therefore, (Z1,7;) is a Saddle point.

This completes the proof. O

4. GLOBAL STABILITY OF THE ZERO EQUILIBRIUM POINT

Consider the subsets I}, j € {1,2,3,4} in R, where

Theorem 5. If rs > 1, then the subsets Iy =|0,T1[x|y;,00] and [» =
1Z1,00[x]0, 7 are invariant subsets of R? for system (3).
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Proof. We show that I is an invariant subset of R? for system (3). The
proof is by induction on n.
Let (z_,y—;) € I for i € {0,1,2}. Then

T$2_1 Tf% _
T = < — =2
1+ Yy—2 1+ Yi
and
Sygl Sy% _
Y1 =Y

= >

l1+z_o 1+
That is (z1,y1) € I1. Suppose that for a fixed n € N we have (x,,—, yn—i) €
I, for i € {0,1,2}. Then

2 —2
T+l = < — = I
and
_ SYn—1 syt
Ynt+1 = =Y.

14+ x,-9 147
That is (2n11,Ynr1) € 1. Therefore, I; is an invariant subset of R? for

system (3).
Similarly, we can show that I is an invariant subset of R? for system (3).
This completes the proof. O

We have shown that the zero equilibrium point is locally asymptotically
stable. In the following results, we shall show that the zero equilibrium point
is a global attractor with basin as well as it is globally asymptotically stable.

Theorem 6. Assume that r < 1 and s < 1 in system (3). Then the equi-
librium point (To,¥o) is a global attractor with basin |0, 1[2.

Proof. Suppose that the initial points (x_;,y_;) €]0,1[%, i € {0,1,2}. It
follows that

2
X, _
—nml < ra:i,l < TrTp—1-
1+ Yn—2

Then the subsequences {z2,+i}22 1, ¢ = 1,2 converges to zero and so the
T, — 0asn — oo.

Similarly y, — 0 as n — oo. Therefore {(x,, yn)}o2 5 converges to the
zero equilibrium point (0,0) as n — oo. This completes the proof. O

Tn+1 =

We put the following result without proof.

Theorem 7. Consider system (3) and let x_;,y—;, i € {0,1,2} be nonneg-
ative real numbers. Then for allm > 1, we have



MEeHMET GUMUS, RAAFAT ABO-ZEID 87

and

n—1 n+1
< SQTszr, n=13...
Yn = 2(3)-1 o%
s vg o, n=24,...

Theorem 8. Assume that r < 1 and s < 1. Then the equilibrium point
(ZTo,Tg) of system (3) is globally asymptotically stable.

Proof. The proof is a direct consequence of Theorem 3 and Theorem 7. [

In the following result, we shall show that there exist unbounded solutions
of system (3).

Theorem 9. Let {(xn,yn)}02 5 be a solution of system (3). If rs > 1, then

we have the following:
(1) If (x—s,y—i) € I3, i € {0,2} and (z_1,y—1) € I, then the subse-
quence {(zan, Yon)}ooy converges to the point (0,0) and the subse-

quence {(Tan41,Yant1) }orpo diverges to (0o, 00).

(2) If (v—i,y—i) € I, i € {0,2} and (x_1,y—1) € I3, then the sub-
sequence {(Tan+1,Yon+1) fory converges to the point (0,0) and the
subsequence {(xan, yon) tory diverges to (0o, 00).

Proof. We shall prove (1). The proof of (2) is similar and will be omitted.
The condition (x_;,y—;) € I3, ¢ € {0,2} and (z_1,y—1) € I4 is equivalent
to
T_9,20 <T1 <x_1and y 2,90 <Yy <Y-1.
Then we have

rr_q S T -
xr1 = r_1 —X_1 =T X
1+ Yy—2 1+ Yi
and B
rxry TrT1 —_
T3 rKL =21 >T_1>21.

= xr1 > —
1+ Yo 1+ Y1
Using induction on n, we can obtain

1 <21 << Top—1 < Topg1 < -0

Similarly,

Y1 <y-1<- <Y1 <Yont1 < .
That is the subsequence {(z2n+1,Y2n+1) }oeq diverges to (oo, 00).
By the same argument, we can obtain
X1 >XTg > > Xoap—2 > Ty > -0,

and

(5 >Yo > > Yn—2 > Yo > 0
That is the subsequence {(z2n, y2n)}7o, converges to the point (0,0). This
completes the proof. O
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5. PERIODICITY

In the following result, we show that under certain conditions, system (3)
possesses period-2 solutions.

Theorem 10. Assume that rs > 1 in system (3). Then we have the follow-
mg:
D Ifeg=x0=0,0_1=2% (s =z0=12, 2_1=0) and y_» =
y—1 = yo = 0, then system (3) possesses the period-2 solution

{...,(0,0),(%,0),(0,0),(2,0),... }.

(2) Ifro=x_1=a0=0andy—s=y=0,y-1=1 (yo=yo =1,
y_1 =0), then system (3) possesses the period-2 solution
{...,(0,0),(0,1),(0,0),(0,1),... }.
B)Ifro=20=0,21 =7 (r2=20=71,71=0)andy 2 =
Yo = Y1, Y1 = 0 (y—2 = yo = 0, y—1 = Yy), then system (3)

possesses the period-2 solution

{' ) (07y1>7 (fl,()), (0@1), (Ela 0)7 s }

(4) Ifr o=20=0,2_1 = % (T2 =120 = %, r1=0)andy 2=y =
0, y_1 = % (y—2 = yo = %, y—1 = 0), then system (3) possesses the
period-2 solution

{0,005, 1), 0,0), (L),
=T (z- 2—960—351,36 1=0) and y_o =

-1
Yo = Y1, Y1 (y2 = yo = %, y-1 = Uy), then system (3)
possesses the period-2 solution
71

{ ( 7(‘77173) (0 yl) (‘Tlaé)?"'}'

6) Ifro=x0=21 21 =71 (xo =20 =71, 21 = %) and y_» =
Yo = Y1, Y1 = 0 (y—2 = yo = 0, y—1 = 71), then system (3)
possesses the period-2 solution

{' ) (%7?1)7 (fl,o)’ (%’yl)’ (51,0), cee }
Proof. Suppose that

(7) {(p1,q1), (P2, @2), (1, 01), (P2, 42), - - - }

is a period-2 solution of system (3), where at least p; # p2 or ¢1 # g2. Then
we have

b2 = ") p1= 2l
1+q’ 1+¢’
(8) 5 5
545 _Sqy
q2

Tl T
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If p;, q; are positive real numbers for ¢ = 1,2, then after some calculations
using (7) and (2) we can obtain p; = po = 71 and ¢1 = ¢2 = ¥; which is a
contradiction of our assumption. This means that, period-2 solution of the
form (7) with positive real numbers p;, g;, i = 1,2 does not exist.

(1) Suppose that y_o2 = y_1 = yp = 0. Then from system (3), we have
Tptl = mci_l, yn =0, forall n>0.
Using (7) and (8), we get

qQ=q=0, p= rp% and pg = rp%.
Taking into account that p; # pa, we get

pr=0, pp=7 or pp=0, pi=r.
Therefore, if z_o =29 =p1 =0, 21 =p2 =% (z_2a =20 =p2 = L,

x_1 =p1 = 0), we get the period-2 solution

{...,(0,0),(%,0),(0,0),(2,0),... }.

(2) The proof is similar to (1) and will be omitted.
(3) Suppose that p; = g2 = 0. Using (7) and (8), one of the nonzero so-
lutions for ¢; and ps is ¢1 = ¥; and py = Z1. Therefore, if x_9 = xg =
0,21 =p2 =71 (x_2 =39 =p2 =71, 21 = 0) and y_o = yp =
@1 =Y1,Y-1=0(y-2=1y0=0,y-1 = q1 =), then system (3) pos-
sesses the period-2 solution {...,(0,7;), (Z1,0), (0,7,), (Z1,0),... }.
The proof of (4), (5) and (6) is similar and will be omitted.
This completes the proof. O

6. RATE OF CONVERGENCE

In this section, we shall study the rate of convergence of a solution that
converges to the equilibrium point (0,0) of the system (3). The following
result gives the rate of convergence of the solution of a system of difference
equations:

(9) X1 = [A+ B(n)]Xa,

where X, is a six-dimensional vector, A € C%%% is a constant matrix and
B :Z%T — %6 is a matrix function satisfying

(10) |B(n)|| — 0, when n — oo,

where ||.|| denotes any matrix norm which is associated with the vector norm.
Also ||.|| denotes the Euclidean norm in R? given by

Iz, 9l = Va? + ¢
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Theorem 11 ([25]). Assume that condition (10) holds, if X, is a solution
of (9), then either X,, =0 for all large n or

0= lim /| X,
n—oo
exists and 0 is equal to the modulus of one the eigenvalues of the matrixz A.

Theorem 12 ([25]). Assume that condition (10) holds, if Xy, is a solution
of (9), then either X,, =0 for all large n or

Xl
0 = lim
n—oo || X ||

exists and 0 is equal to the modulus of one the eigenvalues of the matriz A.

Assume that limy, o , = T and lim,_,o ¥y, = ¥ and consider the error
vector

—

€n Tp — T
1 _
6111_1 Tp—1— T
E — €n_9 o Tp—2 — T
n — 2 - -
63_1 Yn—1—UY
€h—2 Yn—2—Y

,’:h
Q_.

We shall find a system satisfie
the relations

2
Tpyl — T = Z Am xn—i - + Z Bin yn i —@),
Yn+1 — y—z Cm xn i— X +Z Din yn z_g)-

by the error terms. The error terms satisfy

(11)

where
Apn = 0, Ay = M, Agp = 0,
1+7y
Bon =0, Bin=0 Bop = s
e T U 1)
2
SYn—1
Con =0, Cin =0, Cop = —
on 1in 2n (1+xn_2)(1+x)
DOn 207 Dln = S(yle_H—y)v D2n =0.
+

We can write system (11) as
2 2
1 — el 2
€n+1 - Zi:o Alnenfi + Zi:O anenfzﬁ
2 2
2 _ 1 2
€nt1 = Zi:o Cznen_i + Zz‘:o Dmen_i.

Taking the limits of A;,, Bin, Cin, Din, i = 0, 1,2 we obtain
2rx
1+7y

)

lim A;, =0 for i € {0,2} and lim A, =
n—0o0 n—oo
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2

. . . rT
JLIEOBW—OforZE{O,l} and JEEOBQ”__W’
lim Cin — 0 for i € {0,1} and lim Cyp — — L
Jm Cop=0for i€ {01} and lim Con =~ /s,
2sy

nhﬁ\m Dj, =0 for ¢ € {0,2} and hm Dy, = T3

That is we can write

2rx rz?
in 1+y+an> 2n (1+y) + Op,
2
y 2sy
Coy, = ——— Dy, = —=— +d
where a, — 0, b, — 0, ¢, — 0 and d,, — 0 as n — oo.
Then we can write
Eni1 =K + By,)E,,
where ,
- _
02 0 0 0 —gE
1 0 0 0 O 0
0 1 0 0 0 0
E=14 o S0 2L
T (1+7)2 1+z
0 O 0 1 0 0
0 O 0 0 1 0
and
0 a, 0 O 0 b,
0O 0 0 0O 0 o0
B _ 0O 0 0 0 0 o0
10 0 ¢ O0d, O ’
0O 0 0 0 0 o0
0O 0 0 0 0 O

with || B,|| — 0 as n — oo.
Thus, the limitting system of error terms about an equilibrium point (Z, )

can be written
2

- _
e 0 = 0 0 0 -75p el
el 1 0 0 0 0 0 i .
eb s | [0 1 0 0 0 e o
2 - 72 257 2
enéu 0 0 —(1“:?_%)2 0 1% 0 gn
on 0 0 0 1 0 0 g 1
€n—1 0 0 0 0 1 0 n—2

System (6) is similar to the linearized system of system (3) about an equi-
librium point (Z, 7).
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System (6) about the equilibrium point (0,0) can be written as

[y

el 000000 el
el 100000 el |
ekl 1010000 el
e, | [ ooo0oo0oo0o0 e?
e2 000100 e2
ez, 000010 ez,

The matrix K is the same as the Jacobian matrix evaluated at the zero
equilibrium point. Using Theorems 11 and 12, we have the following result.

Corollary 1. Let {(xn,yn)}0>_o be a solution of the system (3) such that

lim x, =0 and lim y, = 0.
n—0o0 n—oo

Then the error vector

1
€n Tn
1
E _ en72 _ xn—Q
n — 2 -
26n Yn
6371 Yn—1
en72 yn—2

of the solution {(xy, yn)}5° _o of the system (3) satisfies both of the following
asymptotic relations:

lim
n—oo

2 2
VIEnll = Zx%ﬂ + Zygﬂ' =0
i=0 i=0

and

2 2
L 1Bl \/ im0 Tni1—i T Xm0 Yni1—i
1m = = s

n—00 E 2 2
| Eul \/Zz':o Th i+ 2o Vi
where the eigenvalues of the Jacobian matriz evaluated at the equilibrium
point (0,0) are all equal to zero.

7. NUMERICAL SIMULATIONS

In order to verify our theoretical results we consider several interesting
numerical examples in this section. These examples represent different types
of qualitative behavior of solutions of the system (3). All plots in this section
are drawn with Mathematica.

Example 1. Figure 1. shows that if » = 0.7 and s = 0.5 (r < 1 and
s < 1), then a solution {(zn,yn)}>> _, of system (3) with initial conditions

x_9=23,x_1=13,20=15,y_o =12 y_1 =0.5 and yg = 2 converges
to the zero equilibrium point (0, 0).
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] T T T T T T T T — T — T .

1.0 B

I T T S S
10 20 30 40

0.722 _ 0.5y2 _
FIGURE 1. Tpn4+1 = Wn—i’ Yn4+1 = L

1+zy_2

1x1027 | _
8x107° -
6x1070 1 -
4x1070 -

2><]()276 L _

10 20 30 40

2

2z,
FIGURE 2. Tn4+1 = lﬂ;ﬁ’ Yn+1 =

3%2171
14252

Example 2. Figure 2. shows that if » = 2 and s = 3 (rs > 1 and
(7,7)=(0.8,0.6)), then a solution {(zy,yn)}o>_, of system (3) with initial
conditions x_2 = 0.3, x—1 = 0.3, zg = 0.5, y_2 = 1.2, y_1 = 1.5 and yg = 2
((x—i,y—i) € I =]0,0.8]x]0.6,00][, where i € {0,1,2}) stay in the same
subset I;.

Example 3. Figure 3. shows that if » = 0.8 and s = 1.3 (rs = 1.04 > 1),
then a solution {(xy,yn)}o2 5 of system (3) with initial conditions z_o =
To = % =125, 21 =0, y_2 =yo =0 and y_; = 0 is periodic with prime
period-2. The solution is of the form

{(1.25,0), (0,0), (1.25,0), (0,0), ... }.
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0.6 —

04 .

00— T T . T T . T o T 1]
5 10 15 20 25

0827 _, L3yl ,
FIGURE 3. Tp+1 = m, Yn+1 = FE—

0.8a7_, L3yn_,
FIGURE 4 Tn+1 = m, Yn+1 = T4, o

Example 4. Figure 4. shows that if » = 0.8 and s = 1.3 (rs = 1.04 > 1),
then a solution {(xy,yn)}o> 5 of system (3) with initial conditions z_o =
xg = 0, x—y = 57.5, y_o = yg = 45 and y_; = 0 is periodic with prime
period-2. In fact the solution is

{(0,45), (57.5,0), (0, 45), (57.5,0), ... }.

8. CONCLUSION AND SOME OPEN PROBLEMS

In this paper, some properties of a higher dimensional difference system of
equations were studied. Namely, we investigated the equilibria of the system
(3) in details. Also, we investigated the stability character of these points
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using the linearization method . The main goal of dynamical systems theory
is to approach the global behavior and the rate of convergence. Therefore,
here we studied the global asymptotic stability and the rate of convergence
of the zero equilibrium point of the system. Also, the existence of unbounded
solutions and the periodicity of solutions of the system were studied. Even
if it will be possible to obtain analytical results, it would be quite difficult to
deal with them. So, numerical simulations were used to verify the correctness
of analytical results.

Finally, we conjecture that our study can be extended to a system with
higher order. We shall give some interesting open problems for difference
systems of equations.

We conjecture that the obtained results are satisfied to the system

2
ALy _ok—1 BYn_ok—1
Tp4+1 = ) 1= - 07 17 )
nr 1+ Yn—21 Yndt 1+ Tp—21
where the parameters «, 8 are non-negative real numbers, the initial condi-
tions x_;,y_; are non-negative real numbers, i = 0,1,..., max{2l,2k + 1}

and with natural numbers I > 1, k > 1.

Open Problem 1. Investigate the global behavior of the system of differ-
ence equations

p p
ax
In+1 = nl y Yn+1 = Bynil , = Oa 17 ceey
1+ yn—2 1+zp—o

where the parameters «, 8 are non-negative real numbers, the initial condi-
tions z_;, y_; are non-negative real numbers, ¢ = 0,1,2 and p is a positive
integer.

Open Problem 2. Investigate the global behavior of the system of differ-
ence equations

2 2
AnTy 4 y B’ﬂyn—l
Btk Ut i v
I+ yn—2 > o 14+ zy2 7
where a,, 8, are sequences (these sequences can be chosen as convergent,

periodic or bounded), the initial conditions z_;,y_; are non-negative real
numbers for i = 0, 1, 2.

n=0,1,...,

Tnt+1 =
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