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Differential subordination and superordination
results for generalized “Srivastava—Attiya”
fractional integral operator

AMIT SONI

ABSTRACT. In this paper, we derive some subordination and superordi-
nation results for the generalized “Srivastava- Attiya” fractional integral
operator. Some interesting corollaries for this operator is also obtained.

1. INTRODUCTION AND PRELIMINARIES

Let ‘H(U) denote the class of analytic functions in the open unit disk
U={z€C:|z] <1} and S(U) denote the subclass of H(U) consisting of
functions which are also univalent in U. Further let H[a, p] be the subclass
of H(U) consisting of function of the form

f(2) :a+apzp+ap+1zp+1 +..., (aeC,peN={1,2,3,...}).
Let A, denote the class of all analytic functions of the form
o
1) f =7+ Y mt (peN).
k=p+1

For simplicity, we write A; := A.

Given two functions f € H(U) and g € H(U), we say that f is subordinate
to g or g is superordinate to f in U and write f < g, if there exists a Schwarz
function w, analytic in U, with w(0) = 0 and |w(z)| < 1, z € U, such that
f(z) = g(w(2)) in U. In particular, if g(z) is univalent in U, we have the
following equivalence:

f(z) =9(z), (z€U) <= [f(0)=g(0)and f(U) C g(U)].

Supposing that h and k are two analytic functions in U, let ¢(r, s, t;2) :
C3 x U — C. If h and ¢(h(z), zh/(2), 221" (2); 2) are univalent and if h and
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d(h(2),zh (2), 22" (2); z) are univalent functions in U and h satisfies the
second-order superordination

(2) k(2) < ¢(h(z), 21 (2), 2°h" (2); 2),

then k(z) is said to be a solution of the differential superordination (2).
A function ¢ € U is called a subordinant of (2), if ¢(z) < h(z) for all the
functions h satisfying (2). A univalent subordinant that satisfies ¢(z) < ¢(z)
for all of the subordinants ¢ of (2), is said to be the best subordinant.
Recently, Miller and Mocanu [6] obtained the sufficient conditions on the
functions k, ¢ and ¢ for which the following implication holds:

k(z) < ¢(h(2), 20! (2), 220" (2);2) = q(2) < h(2).

Using results of Miller and Mocanu [6], Bulboaca [2] considered certain
classes of first order differential superordination as well superordination-
preserving integral operators [3] . Ali et al. [1] have used the results of Bul-
boaca |2] to obtain sufficient conditions for normalized analytic functions to
satisfy

2f'(2)
f(2)
where g1 and g9 are given univalent function in U. Also, Shanmugam et al.
[10] obtained sufficient conditions for a normalized analytic f(z) to satisfy

f(2)
2f'(2)
2 p1
Z1'(z)
() < 28 <o),
(f(2))?
where ¢; and g2 are given univalent function in U with ¢;(0) = 1 and
¢2(0) = 1. Further subordination results can be found in [7,8,11-13].
The fractional integral operator (see [20]) of order A(A > 0) is defined for

a funtion f by

®) DTG = s e

where f is analytic function in a simply-connected region of z-plane con-
taining the origin and the multiplicity of (z —t)'= is removed by requiring
log(z — t) to be real, when R(z — t) > 0.

Recently, Srivastava and Attiya [21] introduced and investigated the linear
operator: Now for f € A,b € C\Z; and s € C, we define the function G, (%)
by

(4) Gop(z) = (1+b)°[®(2,5,b) —b"°], (2€U).

q(z) < =< q2(2),

q(z) < < q2(2),

We also denote by
Jsp(f): A— A
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the linear operator defined by
(5) Js,b(f)(z) = Gs,b(z) * f(Z), (Z el; f S -’4; be (C\Zaa s € C)

in terms of the Hadamard product (or convolution).
We note that

(6) Jopf(z —z+z<ij_z> apz®, (2€U;beC\Zy;s€Cs f e A).

Remark 1. It follows from (5) and (6) that one can define the operator
Jsp(f) for b € C\Z; . Therefore, we may use the following limit relationship:

(7) Joof(2) = i { T (1)(2)}

Motivated essentially by the above-mentioned “Srivastava-Attiya” opera-
tor, Wang [22| introduced the operator for the class A,.

which is defined as
b S
(9) T _ZP+Z ‘”p (pi;rb) apir T (2 €T),

where (v) is the Pochhammer symbol defined by

1, k=0,
(10) (W“:{WV+D~%V+k—U=k€N

Recently g-extension of “Srivastava-Attiya” operator have been studied in
[19], the mathematical applications of g-calculus, fractional g-calculus and
the fractional g-derivative operators can be seen in [15]. Srivastava et al.
[18] also reconnoiter the not-yet-widely-known fact that the so-called (p, q)-
variation of classical g-calculus is a rather trivial and inconsequential vari-
ation of classical g-calculus. For more detail and related works one can see
in ([9,14,16,17]).

Unless otherwise mentioned, we assume throughout this paper that the pa-
rameter s, b, p and « are constrained as follows:

(11) s€C; beC\Zy; peN and a> —p.

From (3) and (9), we get the fractional integral operator ©; )‘Jap (2)
defined as

F(p + 1) Z)\er

'A+p+1)

Z(a+pr Tp+k+1) p+b \° DR
+g; kKU T\ +ptk+1) \p+hk+b) P

DA f(2) =
(12)
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for A4+p+1>0, a+p>0. Also, it is easily verified from (12) that
!/
(13) = (@;Uj»f (z)) = (A= D NP F(2) + (a +p)D NS P f(2).

Definition 1 (Miller and Mocanu [6]). Denote by @ the set of all functions
f(2) that are analytic and injective on U\ E(f), where

E(f)={ne€dU: ;E}r:]f(z) = oo},
and are such that f/(n) # 0 for n € QU\E(f).
To prove our results we shall need the following lemmas.

Lemma 1 (Bulboaca [4]). Let q(z) be convex univalent in the unit disk U
and 0 and v be analytic in a domain D containing q(U). Suppose that

L R[0'(q(2))/v(q(2))] > 0 for z € U,
2. 2¢'(2)Y(q(z)) is starlike in U.

If f(z) < H”)’}f[q((;), 110 Q with p(U) € D and 0(p(2)) + 2p'(2)¢(p(2)) is uni-
valent in U an

(14) 0(q(2)) + 2d (2)1(a(2)) < 0(p(2)) + 2P (2)1(p(2))-

then q(z) < p(z) and q is the best subordinant of (14).

Lemma 2 (Frasin [5]). Let the function p(z) and q(z) be analytic in U and

suppose that q(z) # 0 (z € U) is also univalent in U and that Z;IES) is starlike

univalent in U. If q(z) satisfies

a . 22 N2 nen - Zq/(z) zqu(z)
(15) §R<1+6q()+ ) " ) - S q/<z>>>0
and
co+e1p(z) +ea(p(2))? + -+ enlp(2)" + BZZI;;S)
(16) ) 2q'(2)

< co+c1q(z) + e2(q(2))” 4 -+ enlq(2)" + 8
(Z € U;CO,Cl,CQ,...,Cn,B € (CHB # 0)7

then p(z) < q(z) (z € U) and q is the best dominant.

q(2)

We now first prove the following subordination result involving the oper-
ator D AP f(2).

2. SUBORDINATION RESULTS FOR ANALYTIC FUNCTIONS
Theorem 1. Let the function q(z) be analytic and univalent in U such that

q(z) # 0, (z € U). Suppose that Z;]ES) is starlike univalent in U and the
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inequality (15) holds true. Let

Q;’n(607615027 "'Cnaﬁaaa )‘7pa f)

e TA+p+1) D f(2) . T\ +p+1) D)\
any T T+ A T+ A
T +p+1) D))" e (C)

+-+ep A+p+1) /\f ( + B(a+ p) _,\+(—1 .
I'lp+1) 2P DI f(2)

If q(z) satisfies
QT(CO7 C1,C€C9,...Cp, B’ a, A7])7 f)

(18) < co +1q(z) + c2(q(2))* + -+ + enla(2))" + B
(z € U;cp,c1,C2,...0n, 8 € C; 5 #0),

2q'(2)

q(2) ’

then

TA+p+1) D f(2)
F(p+1) At

) <q(z), (2 € U\{0}),

and q is the best dominant.

Proof. Define the function h(z) by
T +p+ )9 f(2)

h(Z) - F(p + 1) Z)‘+p ’ (Z € U\{O})
Then a computation shows that
W DI f ()
ile) _ 0 ~ (A +p).

=) T DNINF()

By using the identity (13), we obtain

zh(z) QQAJL:;FLPJC(Z) B
h(Z) - (Oé+p) ( @Z—)\Jzi)p (Z) 1 ’

which, in light of hypothesis (16), yields the following subordination
zh (z)

h(z)

2q'(2)

q(2) ’

co + c1h(2) + ca(h(2))* 4 ... + cp(h(2))" +

=< co+c1q(2) + e2(q(2))* + -+ eala(2))" + B

and Theorem 1 follows by an application of Lemma 2.

n
For the choices ¢(z) = iigz, -1 < B < A<1andgq(z) = (H—z) ’

0 < p <1 in Theorem 1, we get Corollaries 1 and 2 below. O
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Corollary 1. Assume that (15) holds true. If f € A, and

QT(Co,Cl,CQ, s 7cnaﬁ7aa>\ap7 f)

1+ Az 14+ Az\?
<Co+C1<1+Bz>+C2<1+Bz> +
e (1+Az>"+/8 (A—-B)z
"\1+ Bz (1+ Az)(1+ Bz)’

(ZG[U, CO,Cl,CQ,-H,Cn,BG(C; B#O)a

where QT(CQ,Cl,CQ, cesCny By, \p, f) is as defined in equation (17), then

T\ +p+1) D NP f(2) 1+ Az
I'(p+1) AP 1+ Bz’
and %igz 15 the best dominant.

Corollary 2. Assume that (15) holds true. If f € A, and

QEH(CO,Cl,CQ,. . .,cn,ﬁ,a,/\,p, f)

1+ 2\* 142\
<co+1 + co +
1—2z 1—2z

1+ 2\  2B8uz
+cn( ) 4 261

1—z 1— 22’
(z € Uscp,c1,¢2,...,0n,8 € C; 8#0),

where Q;n(C(],Cl,CQ, cesCny By, \p, f) is as defined in equation (17), then

(F(A+p+1)9zU§f£p (Z)) ) <1+z)“

I'(p+1) 2P 1—2

1+

1> s the best dominant.

and

For q(z) = e“4%, (|eA| < 7), in Theorem 1, we get the following result.
Corollary 3. Assume that (15) holds true. If f € A, and

A 2eA A
QT(CO>ClaC27"'>Cn767a7)‘7p)f) <CO_‘_CI€6 Z+026 ¢ Z+Cnen€ Z+ﬁ6AZa

where Q;-"(co,cl,cQ, ooy Cny By, A p, f) is as defined in equation (17), then

T\ +p+1) DM f(2)
I'(p+1) 2P

) < e (zeU\{0}),

€Az

and e 1s the best dominant.
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3. SUPERORDINATION FOR ANALYTIC FUNCTIONS

Next, applying Lemma 1, we obtain the following two theorems.

Theorem 2. Let q be analytic and convex univalent in U such that q(z) # 0

and ZZES) is starlike univalent in U. Suppose also that

%(gﬂa+ﬁﬁ«aﬂ+m+ﬁ?@aw)>a

(z € Usco, c1, 2, ...Cn, B € C; B #0).

(19)

IffeA

”D?Jf’p z
(F(?(;ii)l) zAfp : )> € MHq(0),1] N Q

and Q;-”(co, Cl,C2y .y Cn, By, A\, p, f) defined in (17) is univalent in U, then
the following superordination:
¢ (2)

q(z)

co+c1q(2) + e2(q(2)* + -+ enla(2))" + B

20
( ) '<Q}TL(CO,Cl,CQ,...,Cn,ﬁ,a,A,p,f>,

(z € U;co,c1,¢2,...0n, 8 € C; B #0),

implies that

r DD AP (=
o(2) < A+p+1) b f(2)
I'(p+1) 2P

> (e U\{0}),

and q(z) is the best subordinant.

Proof. Let

w/

O(w) = cg + clw + cw? + ...cpw™ and Y(w) == f—.
w
Then, we observe that 6(w) is analytic in C, 1(w) is analytic in C* = C\{0}
and that ¥ (w) # 0 (w € C*). Since ¢ is a convex univalent in U, it follows
that

PG g (O o 222 s P
R (S~ (Gate)+ 2202 4+ ) >

(z € Ujcp, c1,¢2,-..,¢n, B € C; 8 0).

Theorem 2 follows as an application of Lemma 1. (|

Combining the results of differential subordination and superordination,
we state that the following sandwich result.
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Theorem 3. Let q; be convex univalent and g be univalent in U such that
q1(2) # 0 and q2(z) # 0 (z € U). Suppose also that g2 satisfies (19) and q1
satisfies (15). If f € Ay,

(F()\ +p+ 1) DT f(2)

) € H[g(0),1]NQ

T'(p+1) 2P
and
o N 2

o (TP DAIEY (P4 + ) D) .
0T TR+ 1) AP \ T+ e’

T(\ 1 @Z—)\JSOW O\" @Z—AJ;X—&-LPJC p
+"'+Cn ( +p+ ) /\f () +/8(Ck+p) -\ {; ()_1 )

T(p+1) 2P D f(2)

(Z e U7 607017627"'70717/8 E C? /8 #O)
s univalent in U, then the subordination given by
2qy(2)
@ (2)

co + c1q1(2) + ea(@(2))* + - + eul@ ()" + 8
921 <Q}”(co,cl,c%...,Cn,ﬁ,a,)\,p,f)
2y : e
< co+c1g2(2) + e2(q2(2))" 4 -+ + cnlq2(2))" + B

a2(2)
(Z € U;COaclacQw"aCn)B € (Caﬁ#o)a

implies that
TA+p+1) DM f(2) <o)
T(p+1) AP &A2)s

and q1 and qo are respectively, the best subordinant and the best dominant of
(21).

q1(z) <
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