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Fixed point theorems in complex
valued b-metric spaces

DINANATH BARMAN, KRISHNADHAN SARKAR®,
KALISHANKAR TIWARY

ABSTRACT. In this paper, we have proved common fixed point theorems
using Hardy and Rogers type contraction condition in complex-valued
b-metric spaces The results of the paper extend the results proved in
S. Ali [1].

1. INTRODUCTION

In 1922, Banach first proved a fixed point theorem in a complete met-
ric space. This theorem is known as Banach’s fixed point theorem. After
the work of Banach, many researchers (|6,11,12,15|, etc.) have proved sev-
eral fixed point theorems in many branches of mathematics. The notion of
complex-valued metric space was introduced by Azam et al. [2]. Rao et al.
[14] extended the notion of complex-valued metric space to complex-valued
b-metric space. Dubey et al. [7], Berrah et al. [3], Dubey and Tripathi [8], Ali
[1], Sitthikul and Saejung [19], Singh et al. [18], Rouzkard and Imdad [16],
Bhardwaj and Wadhwa [4], Hamaizia and Murthy [9], Saluja [17], Bouhad-
jera [5] have proved several fixed point theorems in complex valued metric
spaces and complex-valued b-metric spaces using different conditions on the
operators.

It is further observed that Hardy and Rogers [10] have extended Banach
fixed point theorem in complete metric spaces. Hardy and Rogers’ notions
have also been generalized by various researchers. Recently, Mukheimer [13]
has proved a uniqueness common fixed point in complete complex valued
b-metric spaces.

In this paper we have proved some common fixed theorems using Hardy
and Rogers type contraction mappings. Our theorems have generalized the
available results in [1].
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2. PRELIMINARIES

With the usual notation N, R, C, let z1, z0 € C, we define a partial order
=< on C as follows:

21 2 z9 if and only if Rez; < Rezo and Imz; < Imzo.

Thus we can say, z1 3 2o if one of the following holds:
(i) Rezy = Rezy and Imz; = I'mz,,
(ii) Rez; = Rezo and Imz; < Imzy,
(iii) Rez; < Rezo and Imz; = Imzy,
(iv) Rez; < Rezg and I'mz; < Imzs.
We write 21 3 22 if 21 # 22 and any one of (ii), (iii) and (iv) is satisfied. If
only the condition (iv) hold, then we write z; < 2.
It is clear that
(i) z1 3 22 and 29 < z3 implies z1 < z3,
(ii) a,b € R and a < b, then az 3 bz, for all z € C,
(iii) 0 2 21 3 22, then |z1] < [22].

3. DEFINITIONS
Azam et al. [2]| defined the complex valued metric space as follows.

Definition 1. A complex valued metric on a non-empty set X is a mapping
d: X x X — C such that for all x,y, z € X, the following conditions holds:
(i) 0 2 d(x,y) and d(z,y) = 0 if and only if x = y,
(i) d(z,y) = d(y.x).
(iii) d(z,y) T d(z,z) +d(z,y).

Then the pair (X, d) is called a complex valued metric space.

Definition 2 ([14]). A complex valued metric on a non-empty set X is
a mapping d : X x X — C, such that for all z,y,z € X, the following
conditions holds:

(i) 0 3 d(x,y) and d(z,y) = 0 if and only if x =y,

(ii) d(z,y) = d(y, z),

(iii) there exists a real number s > 1 such that d(z,y) 3 s[d(z,z) +

d(z,y)]-

Then the pair (X, d) is called a complex valued b-metric space with coefficient
s> 1.

Example 1 ([14]). Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = |r —y|> +i|lz —y|?, for all 2,y € X. Then (X,d) is a complex
valued b-metric space with s = 2.

Definition 3 ([14]). Let (X,d) be a complex valued b-metric space and
A C X. We recall the following definitions:
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(i) a € A is called an interior point of the set A whenever there is
0 < r € C, such that

N(a,r) C A,

where N(a,r) ={z € X : d(a,y) < r}.
(ii) A point x € X is called a limit point of A whenever for every 0 <
recC,
N(z,r) N0 (AN {z}) # 0.
(iii) A subset A C X is called open whenever each element of A is an
interior point of A.
(iv) A subset A C X is called closed whenever each limit point of A
belongs to A.
The collection F' = {N(z,r) : x € X.0 < r} is a sub-basis for a topology
on X. The topology is denoted by 7. It is to be noted that this topology 7
is Hausdorff topology.

Definition 4 ([14]). Let (X,d) be a complex valued b-metric space and
{zn} be a sequence in X and z € X. We call

(i) the sequence {z,} converges to x if for every ¢ € C with 0 < ¢ there
is N € N such that for all n > N, d(zp,x) < c¢. We write this as
lim,, o0 T, = X O, Ty, —> T aS N — OO;

(ii) The sequence {z,} is a Cauchy sequence if for every ¢ € C with 0 < ¢
there is N € N such that for all n > N and m € N, d(xy, z,) < ¢;

(iii) The metric space (X, d) is a complete complex valued b-metric space
if every Cauchy sequence is convergent in X.

Azam et al. [2] established the following lemmas.

Lemma 1. Let (X,d) be a complex valued b-metric space with coefficient
s > 1 and {z,} be a sequence in X. Then {x,} converges to x if and only
if |d(xp,z)| = 0 as n — oo.

Lemma 2. Let (X,d) be a complex valued b-metric space with coefficient
s> 1 and {z,} be a sequence in X. Then {xy,} is a Cauchy sequence if and
only if |d(zy, Tnem)| — 0 as n,m — oo.

4. MAIN RESULTS

Our main results are as follows.

Theorem 1. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f,g : X — X be self-maps satisfying the following
condition:

d(fz,gy) < ad(z,y) + ﬂmax{d(m, Y), d(lx_’kf;}dﬁ/éj? }

+ ymin{d(z, gy),d(y, fz)},

(1)
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where a+ B+ sy < 1, a,B,7 > 0. Then f and g have unique common fixed
point in X.

Proof. Let xg € X be an arbitrary. We construct a sequence {x,} in X such
that

Tont+1 = fTon, Ton42 = GTon+1-
Now,
d(xon+1, Tant2) = d(fTon, 9Tan+1)

= Oéd(ﬂfgn, x2n+1)

d(xan, fron)d(Ton+1, 9T2n+1) }
1+ d(fzon, 9Ton+1)
+ ymin{d(z2n, gr2n+1), d(T2n11, fT20) }

= ad($2n7 -772n+1)

+ 5maX{d($2n, Ton41),

d(T2n, T2ny1)d(T2n 41, T2n42) }
1+ d(@2n+1, T2n+2)
+ ymin{d(zan, Ton+2), d(T2n41, Tant1) }
= ad(xan, Tant+1) + Ld(Ton, Toan+1) + 7.0
= (a+ B)d(z2n, Ton+1)-

+ ﬂmax{d(mn, Ton41),s

Therefore,
|d(x2n 41, 2ont2)| < [(a + B)d(z2n, Tont1)]
< (a+ B)*|d(z2n-1, 20)]
<..
< (a+ B)*" Hd(wo, 21)].
Thus,

lim |d(z2n+1,Ton+2)| =0 | since a + 8 < 1].
n—oo

Again let, n,m € N,n > m. Then,

d(anrla merl) = d(fajm ga:m)

o ottt
+ ymin{d(zy, 9Tm), d(Tm, fr,)}
d(l‘n, $n+1)d($ma $m+1) }

1+ d(l'nJrl, xm+1)

= ad(zy, Tm) + ﬂmax{d(a:n, Tm),

+ymin{d(xn, Tm11), d(Tm, Tni1)}
d(l‘n, xn+1)d($ma merl) }
1 + d(l’n+1, l‘m+1)
+ ymin{s[d(zn, Tm) + d(@m, Tm+1)], S[d(@m, Tn) + d(2p, Tni1)] }-

= ad(Tp, Tm) + ﬂmax{d(xn, Tm),
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Therefore,

i [d(nst, men)] < (@ + B) T [d(n, )| + T s [d(an, )]

implies
lim |d(xn, zm)| < (a+ B+ s7) le |d(xp, Tm)|

n—oo
implies

nll_}H;O |d(xp, zm)| = 0.

Thus {z,} is a Cauchy sequence. Since X is a complete complex valued
b-metric space, there exists an uv € X such that

lim z,, = u.

n—oo
Therefore,
lim fx, = lim z,_1 =u = lim gx,.
n—o0 n—oo n—0o0
Now,

d(fu,u) < sld(fu,zps1) + d(xpi1,u)]
= s d(fu, gz,) + sd(xni1, )

d(u, fu)d(zn, gzn) }
1+ d(fu,gan)
oy min{d(w, g), d(zn, f)}] + sd(zasr, )
d(“v f’U,)d(IEn, xn-f—l) }
1+ d(fu,znt1)
+ymin{d(u, Ty11), d(Tn, fu)}] + sd(zpi1,u),
which implies, limy, o0 |d(fu,w)| — 0.
Thus, |d(fu,u)| = 0 implies fu = u. So u is a fixed point of f.
Again,
d(u, gu) = s[d(u, Ty11) + d(Tp41, gu)]
= sd(u, Tni1) + sd(frn, gu)

= slad(u, ) + ﬁmax{d(u, Zn),

= slad(u, ) + ﬁmax{d(u, Tn),

d(xp, fxn)d(u,gu)}

< sd(u, Tpy1) + slad(zn, u) + ﬁmax{d(wm u), 1+ d(fan, gu)

+ymin{d(zn, gu), d(u, fza)}]

d nydn d )
= sd(u, Tpi1) + slad(z,, u) + ﬁmax{d(arn, u), (f_,_fi(;lil(i]ug)w }
+ v min{d(zy,, gu), d(u, Tp4+1) }],

which implies

lim_ |d(u, gu)| =0,

n—oo
implies
qu = u.
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Thus v is a common fixed point of f and g.
Let, v be another common fixed point f and g. Then,

d(u,v) = d(fu, gv)

< ad(u,v) + Bmax{d(u, v),

d(u, fu)d(v, gv) }
1+ d(fu,gv)
+ ymin{d(u, gv),d(v, fu)}

= ad(u,v) + fmaxq d(u, v), w}

+ ymin{d(u,v),d(v,u)}
= (a+ B +7)d(u,v)

implies
(1—a—=p8—=9)du,v) =0,
implies
|d(u, v)| =0,
ie, u=w.
Thus f and g have unique common fixed point in X. 0

Corollary 1. Let (X,d) be a complete complex valued b-metric space with
coefficient s < 1 and f,g : X — X be self-maps satisfying the following
condition:

d(z, fx)d(y, gy)
d ) —< d ) 9 9
(F.g9) < pme{d(z,y), L
where 0 < B < 1. Then f and g have unique common fized point in X.
This result is Theorem 1 of S. Ali [1].

Corollary 2. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:

d(z, fz)d(y, fy)
d(fz, fy) < ad(z,y —l—ﬂmax{da:,y, }
(o fu) = el ) O d(e f)
+ymin{d(z, fy), d(y, fz)},
where a + B+ sy < 1, o, B,7 > 0. Then f have unique fixed point in X.
Corollary 3. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:

(z, fx)d(y, fy) }

d(fz, fy) 2 ad(z,y) + 5 ma"{d(“” ) dl +d(fx, fy)

where o+ 5 < 1, a, 5 > 0.
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Corollary 4. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:
d(fz, fy) < ad(z,y),
where 0 < o < 1. Then f have a unique fixed point in X.
This result is Banach Theorem in complete complexr valued b-metric
space.

Example 2. Let X = Cand d : X x X — C be defined by d(z,y) = i|lz—y|>.
Also let f,g: X — X be given by fr = 35,97 = 3.
Then clearly
(i) 0 2 iz —y|? = d(z,y) and d(z,y) = i|lz — y|*> = 0 if and only if
lr —y|=01ie, x=uy.
(i) d(z,y) = d(y,z).
(i) d(z,y) =iz —y?| = il(z — 2) + (2 = y)* Zifle — 2P + [z —y[* +
20z — zllz —y[} 3 2ifjx — 2> + [z — y[] = 20d(z — 2) + d(z — y)].
Thus (X, d) is a complex valued b-metric space with coefficient s = 2.
Now consider the sequence {z,}, where z,, = n%rl fori =0,1,2,..., with
initial approximation xg = 1 given by z, = fx,—1 and x,11 = gx,.
Again,

- ,L|‘T - y|2a

d(z,
d(fr,gy) =i|fr — gy|* = i|% — 4

y) =

)=
d(x, fz) = ilz — fz|* = i|lz — & = i|5[*,
d(y, fy) = ily — gyl* = ily — 4 = i| %P,
d(z, gy) = ilz — gy|* = ijz — 4,
dly, fr) =ily — fal* =ily — .

Since

d(l‘,fﬂj) (y fy) - /L|2’22’ ‘2 |%y 9
d(.’L‘,fl') (ya fy) - 2
d ’ ) =d 5 = - .
max{d(a,y), T = d(w,y) = il ]
Also, min{d(zx, gy),d(y, fr)} = d(z,y). Therefore the condition of (1) is

satisfied. So by Theorem 1, f and g have unique common fixed point
0 + 0.

Theorem 2. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:

d(fl’, fy) = Oéld(x, y) + OéQd(QS‘, f.’,U) + Oégd(y, fy) + Oé4d($, fy) + 045d(y7 fx)v

where each of a; > 0 and a1 4+ sas + ag + 2say + sas < 1. Then f have a
unique fized point in X.
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Proof. Let xp € X be an initial point. We construct a sequence {z,} € X
such that x, = fx,_1 for all n € N.
At first we show that lim, e |d(2n, Try1)| = 0.
Since,
d(Xp, Tpt1) = d(faxp—1, fry)
= ald(xn—la xn) + a2d(xn—17 fwn—l) + a3d(xn7 fxn)
+ 044d(:17n—1; fxn) + O‘Bd('rnv fxn—l)
- ald(xn—la xn) + a2d(xn—17 1'71) + 043d(xn7 xn—&—l)
+ 044d(xn—1; xn—&—l) + 045d(.an, xn)
= (al + Oég)d(.Tn_l, wn) + Oz3d(l’n, xn—&—l)
+ ausld(zp—1, 2y) + d(Tn, Tni1))] + as.0
= (a1 + ag + saq)d(xp—1,xn) + (a3 + sayg)d(xn, Tpi1)

which implies
(1 — a3 — saq)d(Tn, Tny1) = (1 + @ + saq)d(Tp—1,Ty)
implies

a1 + ag 4+ say

d(xn—laxn) = ( 1— o3 — so

)d(Tp—1,Tn)

= kd(zp—1,z,), where k= <0z1+a2—|—80z4)

1 — a3 — say
= kZd(ﬂfn—% !Tn—l)

j k”d(xo, xl).

Therefore,

im [d(zn, 741)| = 0.

Now let, n,m € N and n > m. Then

ATy, Tn) = d(fTm—1, fTn-1)

< a1d(Tm—1,Tn-1) + a2d(Tm—_1, frm—1) + a3d(Tn_1, fTn_1)
+ aqd(Tm—1, frn—1) + asd(Tp—1, frm-1)

= a1d(Tm—1,Tn-1) + @2d(Tm-1,Tm) + asd(Tn_1,xs)+
oy d(Tm—1, Tpn) + asd(Tp_1, Tm)

< a1d(Tm—1,Tn-1) + a2d(Tpm—1, Tm) + agd(xn_1, Ty)
+ aysld(Tm—1,Tm) + d(Tm, Tn)]
+ assld(zn—1,xn) + d(TpTm)].
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Taking modulus and limit as n — oo, we get
lim |d(Tm, zn)| < o1 lim |d(@pm—1, Tn-1)| + @2.0 + 3.0
n—oo n—o0
+ (a4s + ass) Uim |d(xm,, z,)]
n—oo

implies
(1 -1 —oaus —ass) lim |d(zp,z,)] <0
n—oo

implies

lim |d(xm,zn)| = 0.
n—oo

Thus {z,} is a Cauchy sequence in X. Since the space is complete, there
exists an x € X such that lim,_, |d(2y, z)| = 0. Now we show that z is a
fixed point of f.

Again,
d(fr,z) 2 sld(fz, fen) + d(fon, )]
3 sland(z, ) + aod(z, fz) + asd(zy, fr,) + asd(z, fo,)
+ asd(zp, fr) + d(zpi1, )]
= slard(z, zn) + cod(z, fo) + azd(zn, Tng1) + cud(, pgt)
+ asd(xn, fr) + d(Tng1, )]
implies
nl;ngo ld(fz,z)| < s[a1.0 + aold(fz,z)| + a3.0 + 4.0
@) + as nh_)n;o |d(xn, fz)| + 0].
Again,

d(xn, fz) = d(frn-1, f2)

< ad(zp-1,2) + aed(xp_1, frn—1) + asd(z, fx)
(3) + agd(zp—1, fz) + asd(x, frn—1)

= a1d(Tp—1,) + aod(zp_1,2,) + aszd(z, fx)

+ agd(zp—1, fz) + asd(x, zy).

If d(xp—1, fr) < d(x, fz), then from (3) we have
d(xp, fr) 2 aqd(xp—1,2) + asd(xn—1,x,) + (a3 + aq)d(z, fx) + asd(z,, x).
Therefore,

lim |d(zy, f2)| < (s + aq)|d(z, f2)].

n—oo
From (2), we get
lim_|d(z, fx)| < (a2 + a3 + as)|d(z, f2)]

implies |d(z, fz)| =0, i.e., fr = =.
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Again if d(z, fr) < d(xy—1, fz), then from (3), we get
d(zp, fz) < a1d(Tn-1, )+ aod(zp—_1,zn)+(as+as)d(zp—1, fr)+asd(x,, ).
Therefore,
Jim [dan, £2)] < (as + ) Jim dCan-1, 2

< (o3 + aq)? lim d(zp—2, fz)

< (ag+ay)" ! nh_)rglo d(xo, fx).

Therefore,
lim |d(zy, fz)| = 0.

n—oo

Thus we get from (2),
|d(fz,2)| < sagld(z, f)]
implies
(1 — ags)|d(fx,x)] <0

implies |d(fx,z)| =0, i.e., fx = z. Therefore, F' have a fixed point.
To show that z is unique let, y be another fixed point of f. Then we get

d(x,y) = d(fz, fy)
= Oéld([l’), y) + OéQd(l‘, fZE) + Oégd(y, fy) + O44d($7 fy) + a5d(y, fl')
= Oéld([l’), y) + OéQd(l’, $) + Oégd(y, y) + Oé4d(l‘, y) + a5d(y, ZL')

implies
(1= a1 —as—as)ld(z,y)| =0
implies, x = y.
Thus f have a unique fixed point in X. O

Corollary 5. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:
d(f337 fy) = Olld(l‘7 y),
where each of 0 < a3y < 1> 0. Then [ have a unique fixed point in X.
This result is Banach contraction condition in complex valued b-metric
space.

Corollary 6. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:

d(fx, fy) 2 as[d(z, fz) + d(y, fy)],
where each of ag > 0 and say = agz < % Then f have a unique fized point
mn X.



D. BarmaN, K. SArRkAR, K. TTwARY 95

This result is Kannan contraction condition in complex valued b-metric
space.

Corollary 7. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:
where each of ay > 0 and say = say < % Then f have a unique fixed point
mn X.

This result is Chatterjea contraction condition in complex valued b-metric
space.

Corollary 8. Let (X,d) be a complete complex valued b-metric space with
coefficient s > 1 and f : X — X be self-map satisfying the following condi-
tion:
d(fz, fy) 2 ard(z,y) + ad(z, fz) + asd(y, fy),

where each of a; > 0 and oy + sag + as < 1. Then f have a unique fized
point in X.

This result is Reich contraction condition in complexr valued b-metric
space.

5. CONCLUSION

In this article we have extended Hardy and Roger’s [10] result in complex-
valued b-metric spaces. This result has also extended the results of Kannan,
Chatterjea, Reich, etc. We have provided an example in support of con-
dition used in our theorems.

Further, the obtained results scope for extension of many results available
in the literature in future.
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