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Some Bullen-Simpson type inequalities
for differentiable s-convex functions

BADREDDINE MEFTAH*, SARA SAMOUDI

ABSTRACT. Convexity is one of the fundamental principles of anal-
ysis. Over the past few decades, many important inequalities have
been established for different classes of convex functions. In this pa-
per, some Bullen-Simpson type integral inequalities for functions whose
first derivatives are s-convex in the second sense are established. The
cases where the first derivatives are bounded as well as Holderian are
also provided. Some applications to numerical integration and inequal-
ities involving means are given.

1. INTRODUCTION

Let I be an interval of real numbers.
A function B : I — R is said to be convex, if for all uy,pus € I and all
h € [0,1] (see [35]), we have

B (hu1 4 (1 —b) p2) <HB (1) + (1 =) Bpz).

One of the famous inequalities for the class of convex functions is the
so-called Hermite-Hadamard inequality (see [35]), which can be stated as
follows:

Theorem 1. Let f be a convex function on the interval [y, po] with puy < us,
then we have

B2

(1) B (#1-5#2) < 1u1 /B(z) de < B(Nl);B(m)'

= fo—

M1

Since its discovery, several articles related to inequality (1) have been
published [2,6,7,12,14,16,21,24,30-34,37,41,42].
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64 ON BULLEN-SIMPSON TYPE INEQUALITIES VIA $-CONVEXITY

The concept of convexity has been also generalized in diverse manners.
One of them is the so-called s-convex function or Breckner convex function
defined as follows:

A nonnegative function B: I C [0,00) — R is said to be s-convex in the
second sense for some fixed s € (0, 1], if

B(bpy + (1 =) p2) < b°B (1) + (1 —b)" B(us)

holds for all pq,us € I and b € [0, 1] (see [8]).
In [11], Dragomir and Fitzpatrick, proved the following variant of inequal-
ity (1) which holds for s-convex functions in the second sense.

Theorem 2. Let B : [u1, p2] — [0,00) be an integrable and s-convex function
in the second sense, where 0 < uy < p2, then we have

w2
@ B < gty [ B < gl

p1

In [15], Hwang et al. established the following Bullen-type inequality

H2
L(B (1) + 2B (1322) + B (g) — L /B(a;) di
H1

<tz (|8 ()| + |8 (2)])

In [38], Sarikaya et al. gave the following Simpson-type inequality

76 (x) dx

M1

1 (B () +2B (M512) + B (n2)) —

p2—p1

ke (|B/ (M1)| + ‘B/ (M2)D .

Over the last two decades, error estimation of quadrature rules via dif-
ferent types of convexity has become an attractive and fascinating area of
research and has gained popularity. Consequently, several papers treating in-
tegral inequalities under the principle of convexity have been widely studied
by mathematicians and researchers. Regarding Newton-Cotes type inequali-
ties involving one point, see [3,4,18,23,27,28|, two-point Newton-Cotes type
inequalities see [10, 25,26, 40|, for three-point Newton-Cotes type inequal-
ities: see [1,9,17,19,29, 39|, and Newton-Cotes type inequalities involving
four points: see [5,13,20,22,36].

In this paper, we propose to study the so-called Bullen-Simpson type
inequalities, which is a five-point Newton-Cotes Rule and can be represented
as follows:



B. MEFTAH, S. SAMOUDI 65

B2
[ oo = gt (15 )+ 45 (32 25 (222)

B
+4B (%) +B(u2)>.

To do this, we first prove a new identity. Using this identity, we establish
some Bullen-Simpson type inequalities for functions whose first derivatives
are s-convex, we also discuss the cases where the first derivatives are bounded
as well as Holderian functions. At the end, we propose some applications to
numerical quadratures and inequalities involving means.

2. MAIN RESULTS

Lemma 1. Let B: I C R — R be a differentiable function on 1°, py, po € 1°
with py < pe, and B' € L' [y, o], then the following equality holds

%
e Rl G RV Y Y
12 T pa—p1
K1

1

—eggn ([ (0= )8 (0= + p25 )

+ —b) 3u1:u2 + hm;—m) dh

+ — ) 2 sy ) d

0
1
[o-3E(a
0
1
+ / (h _ %) B ((1 —b) M1-§M2 + bul-lfm) db
0
1
[6-5e(
0

Proof. Let

1
= [ (=55 (1= )+ p2epen ) an,
0

3
_ []) #12—#2 + bm;m) dba

—B) Nl‘5ﬂ2 + huﬁfuz) dh

zgz](h—?,,)zs'((l
132](5—1)3/((1
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and
1

Ii= [ (0= 35 (1= ) 52 1 ) an,

0

Integrating by parts 17, we get

B) 1=t (60— 3B (10 +p2g) |

H2—H1 b=0
1
3 +u
H2 Hl/ M+h - Q)dh
0
___ 8 3p1+
_3("‘2_”1)8( = “2) + 3(pa— #1)B(M1)
1
— st [B (=) -+ p2esgen) ay
0
3pqtua
4
=g Sprti _ 16
_3(#2—#1)6( : 2) T 30— Hl)B(Ml) (p2—p1)> B (u) du.
B
Similarly, we get
[0
2
_ 4 + 8 31+ 16
(@) I = 3(“2_/“)8 (#12M2)+3(u2—u1)8 ( “3 MQ)  (p2—m)? / B(u)du,
3uytpg
4
p1+3u9
4
8 +3 + 16
(5) Is = L (m uz) + 30— ul)B(’”Q’“") — / B (u) du
KB1tHo
2
and
K2
_ 4 8 +3 16
(6) L= WB (n2) + 3(N2*u1)B <“l 1 “2> ~ G / B (u) du.
#1ffu2

Summing (3)-(6) and then multiplying the resulting equality by F2*, we

get the desired result. O
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Theorem 3. Let B be as in Lemma 1. If |B'| is s-convex in the second sense
for some fized s € (0, 1], then we have

, o
B(u1)+48(3“lj“2)+2B(“1§“2)+4B(“1f3“2)+8(#2) L /28(95) Iy
12 T pa—m
p1

<toiimery (30 + 5 (3)7) (1B ()] + 2B (“542) | + B (u2)])
+ 2 2s+1 % % 8)( (&u:m) B/(u1+3u2> ))

Proof. From Lemma 1, properties of modulus and s-convexity of |B'[, we
have

H2
B(p1)+4B 3!‘1*#2 +2B K1tpo 4B 1+3H2 +B(u2)
e C SRLC KRN Yo
“1
<u2 ul (/h )M +b3,u1+,u2) dh
+ ‘f) _ %‘ B ((1 _ h) 3/11:/12 + hm;ruz) dh
’f) _ %’ ‘B <(1 _ h) m;ruz + f)mtf)m) dh

+

+
o\,_. O\H O\H

b—3]|B (1 —p) Lo +bu2)dh)

(}h 5 (= 0)" |B ()] +5°
0

(=)

o (%

(EECEDNEICE

| /\

o (02)

)

07| (23)] ) dy

+

-2 ((-py

=2 ((a-p)

+b°[B (42)]) d

552

+

+
O\H O\H o\)—-
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1

+ [ -3 (a-vy

0

_M2 Ml (B(Ml)

o ()

b —3|(1—b)"db

1 1
/h§b5d6+/|h§|(1b>5dh)
0

0

I — 3}bdh+/\b dh)
1

- 6°ds+ [ [b—2|(1—b)° )
o

+5°|B (2)) dh)

+[a (i)

|5 (252)

—
T o\»—n

) (|B" ()] +2[B" (#522) [ + B (n2)])

T ) () ().

1
T, (s) =/|h—§|<1—h>8dh=/1§—h1wdb

0 0
s— s+2
(7) :3(s—|—1)(ls+2) + (s+1)2(s+2) (3)
and
1 1
ta(s) = [ o= 3oy = [ 13~/ (1= 0"y
0 0
s s+2
(8) :3(sf1;?i+2) + (s+1)2(s+2) (%) :

The proof is completed.
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Corollary 1. In Theorem 3 using the s-convexity of |B'|, we get

B(u1)+4B 3u1+u2 +2B H1tHg +4B u1+3u2 +B(u2) 3
e U R o IETR N YA

p1

p2—p 25524 85+4—2° 4 25+35+2S+3+23*5>
= 48(s+1)%(s+2) 29 35+l

9) < (|B" (u1)| +2 (B (52) [ + B (12)])

(414227 ) (pa—p) (25524854425 4 2+3sqpetiggize
= 48(s+1)3(s42) 28 3sF1

x (|B" ()] + B (2)]) -

Corollary 2. For s =1, Theorem 3 becomes

. M2
B(u1)+48(%%)+23(“1;’“2)+4B(“1+43“2)+B(u2) R / (2) dx
12 H2—p1
1

B’(‘”Z‘”"”)HSlB’(uzn)

B’(SMZ”Q ) )+16

B (1152|429
90

< Bp2—pm) 818" (1) +29
— 72

Corollary 3. In Corollary 1, if we take s = 1, we obtain

o
Blpn)+4B( 212 ) 1op (11712 ) 4 ap (1122 ) 1 B (yup) ) /2 (2) dz
12 T ope—m
238

<P (1B ()| +2[B (1522)] + |8 (2)])
(10) <222 (|B' ()| + |B' (12)]) -

Theorem 4. Let B be as in Lemma 1. If |B'|? is s-convez in the second
sense for some fized s € (0,1] and ¢ > 1 with % + % =1, then we have

H2

B(Hl)+43<3ﬂlz’ﬂ2)+23(HI;MQ>+4B<ﬂ1‘z3ﬂ2)+3(#2) )
12 - L2 — i1 /B(.%') d.f
M1
q 1
< k2= <1+2p+1>; (BI(M)%r B (2 )| )q
>"14 \ 3(prD) s+1

B/ 3u1+u2 )+

1
B/ K1t q
e

u1+u2 B’(“?”)‘q % B/(m-ﬁfuz)‘qﬂlg/(m”q %
( e N G
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Proof. From Lemma 1, properties of modulus, Holder’s inequality and s-

convexity of |B'|?, we have

B(u1)+48 3u1tpg +2B H1tpo 4B H1+3pg +B(u2) h2
e R SRIC T (Y

12
1
v /1 ‘
<t 4P — ) o + pee ) 7 db)
3
i (/o) (
1 % 1 q
+ b?),pdh> ( 3#14—#2 +h#1+#2 qdb)
({ [P
1 s/ A
+ ‘h % ) ( ,u1+,u2 +hu1+3u2 qdh)
i [P
1 1
i —
0 0

1
1 p

IN

\w\H
N}
~—

]
S
N}
+
\
Wl
S
N}

((1=5)|B (u)|" +b°

o (1g2)

" dh)é

0| (1522)[1) d

o\}—‘

X
—

Q=

(-

r ((3pitpe \|?
5 (2ee)

Q=

(=75 () "+

o (1)

Y

1
q

+
o\»—A o\»—t o\»—-

+
7~

CED)

B ()

"0t B (2)]") db)
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B/<3u12—u2)‘q) é

144\ 3(p+1)

e (1e2rtt) e |B" (1)l"+
- s+1

Qe

n ( B’(&q:uz)fjll%’(“l;“?)‘q)

N ( B/(WTMQN(ZJF B/<u14;3uz>‘q>¢11 N < B’<“123”2>‘q+|8'(u2)|q>;
s+1 s+1

The proof is completed. O

Corollary 4. In Theorem 4, using the s-convezity of |B'|%,

B(u1)+48 3p1tpa B Hitre B #t3re B(p2) e
(o) +4B( 212 ) pop (1102 ) b4 (11522 ) 4 By —Mlm/B(w)dm‘

we get

12
p1

<= (1+2p+1>§ (((45+3S)|l’>”(u1)|‘1+|l’>”(u2)|q)‘11
— 144 3(p+1) 45(s+1)

+ (IB/<u1>|q+<4s+3s>|6'<uz>|q)3 + <(3S+2S>B’(m)*?+<1+2-9)8'<m>q)5

45(s+1) 45 (s+1)

1
1+2°)|B T+(3542%)|B (u2)|? | ¢
b (U)o ))

Corollary 5. In Corollary 4, using the discrete power mean inequality, we
get

"
B(py)+4B( 22 ) pop(#1tr2 ) 4 4B ( 11E32 ) L B(yuy) ;
12 - ,u2i,u1 B(.’E) dﬂj

M1

1 1 1 1

<tp—p1 (142PFL P 1445437 V@ | (143°42°01 )@ [B' (p) | +[B (p2)]? | @
> 7 3(p+1) 25 (s+1) I5(s+1) 2 :

Corollary 6. Taking s =1 in Theorem 4, we get

B(u1)+4B 3p1tpg 128 H1tH2 4B p1+3p9 +B(u2) g
- ( - ) <122 ) ( . ) - N2iﬂl/ (SU)dSE

M1
1
L
< p2—p (1421 v IB’(u1)|q+B'(W)) q
= 144 3(p+1) o) +

B/(3u1zu2)’q+
q 3 q L
. (B,(mgw)‘ —;B’(’”Z u2)’ >q . (

1
B (pitr2 )7\ ¢
et

B/<M1—23“2)‘q+8/(,u2)q> q
2
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Corollary 7. For s =1, Corollary 4, gives

2
B(u1)+48<3ﬂlrﬂ2)+23(H1;M2)+4B<M123H2)+B(u2) )
: -t [ B@)d
p
1 1 1
< H2—in (1+2p+1)5 ((7IB’(M1)|q +[B' (p2)|* ) + (\B’(M1)|q+7\3’(u2)|q>5
="144  \3(p+1) 8
N <5|B’(M1)|q;3|3’(uz)lq>é N (36'@1)‘1;56'(“2)‘1)«?) ,
Corollary 8. Taking s =1 in Corollary 5, we get
3up+ + +3 1z
s (2 ><>< B 1 6
p2—p1
I

1
<up—py (14201 1B’ (1) |7+ IB’(/tz)lq q
=736 3(p+1)

Theorem 5. Let B be as in Lemma 1. If |B'|? is s-convez in the second
sense for some fized s € (0,1] and ¢ > 1, then we have

o

B(M)HB(%#%23(%)%8(%%8(#2) 1 /23(96) da
12 o H2— 1

H1

<5(u2—u1) 2x35t1g—9x3s+1425+4 \B’ )‘q 4x35+1s+2x35+1+4 B 3m+u2
— 288 5x3%(s+1)(s+2) 5x35(s+1)(s+2)

)

+ 4x35H1s42x35t1 44 B 3p1+po q_'_2><36+1s 2x35t1lpostd ‘B/ u1+u2 “1
5%x3%(s+1)(s+2) 4 5x3%(s+1)(s+2)

)1
¢

i (2x35+1s 2x 35+l 4 95+4 \B’ (eruz)‘q 4x35H stax35+1 44 ’B/ <u1+3u2>

5x3%(s+1)(s+2) 5%x3%(s+1)(s+2)
1
+ 4x35+1s42x35+144 B m+3u2 + 2x35Ft1g—9x3st1s+4 \B’ ‘ q
5%x3%(s+1)(s+2) 5%3%(s+1)(s+2) :

Proof. From Lemma 1, properties of modulus, power mean inequality and

s-convexity of |f'|?, we have
2
Bu1)+4B( 2112 ) 2B (11712 ) 4B (112 ) 1 B(yug) .
: -t [ B@)d
p1
1- 1

1
< H2— i _1 dh 3/ (1—h) b3u1+u2 db
7 [\ 1 (/» 3|5 (=) e )|

Q|
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1

o (1w ) )

+

+
N

[ =3

1

q q
dh)

B ((1h)‘“+f“2+bu2)qdh) )

—
|

Q Q|-
—

\H O\»—A

[ =3

B ((1 _ uﬁz-uz + hm-lfm)

[ =3

+
/

al o\._- =]

" db)i

=31 (=) B ()| +°

o (52

Na)
|
wiho
QU
Nay)
SN—
T
Q=

1

b8 (07| (o) ) )

o= (1= 0)"]8 (2522) 1 o

) db)q
"0t B (n2)]7) db) )

o ()

X

o ()

|
=
)
5
=
—
—~
&oler
~—
T
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1
( [B' (1) \b—%\(l—h)sthr B’(W)\q/\b—é\hsdb
0
1 1
+ ( s [l 2] 1= vy an + |5 (232" [ |5 - 3] 0%
0 0
1 1
+ ({B’ (Hage2) \h—%\(l—b)sder B (”123“2>‘q/!h—§,!h5dh
0 0
1 1 %
+ (| (M*;EM)(q/\b—3\(1—b>5db+\8'(u2)\q/\h—§\h8dh
0 0
_ 5(p2—p1)
288

% 2x35tlg—ax3stlygstd \B/ )‘q 4x35+1s+2x35+1+4
5x3%(s+1)(s+2) 5x35(s+1)(s+2)

o () )

1

q 1 s+1_4 gs+4 q

! 3u1+u2 2x35t1s—2x3st1 25+ /o p1tp2 )9 ¢
B( )] + B (tte)|

_l’_

4x35H1s4ax35+144
5x3%(s+1)(s+2)

5%x3%(s+1)(s+2)

+ 2x35+t1g—ax 351425+ ‘B/(mwz)‘q 4x35H1s42x 35+ 44
5x3%(s+1)(s+2) 5x3%(s+1)(s+2)

+ 4x35H1s42x 35144
5x35(s+1)(s+2)

1
/ u1+3u2 2x35t1s—ax35 142544 |4 q q
B ( >’ TS e ) 552 B’ (n2)| ;

where we have used (7) and (8). The proof is completed.

Corollary 9. For s =1, Theorem 5 becomes

Buytug p1tng 43y i
B(,u1)+43< ok u2)+23(u1122u2>+48<u1 . uz)—l—B(Hz) _ /B () dx

p2—p1
1
B/<3u1+u2)‘q> q
1

p1
45

/ q
< 5u2—p) 16]B' (u1)]*+29
>7 088

/(3#1:H2>‘q+16 B’(%)‘q %
+ 45

N (16 B’(”l‘g“?)’ :529 B'<“1+3#2)’q> : N (29 B’(“113“225‘q+16|8’(u2)|q) i

Q=

Q|
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Corollary 10. In Corollary 9, using the convexity of |B'|?, we get

H2
B(m)+43<3”14+”2)+2B(”1;“2>+4B<”1Z3”2>+B(u2) ) /
- B (z)dx
12 H2—H1
M1

1
|4+61]B" (p2)|? ) 4
180

<amm)<(wu@mnﬂmmwwaw>3+(1wm%m)
— 288 180

(GBI 9B )|\ 5 (2908 u)|"+1511B (o) 3
180 180 :

Corollary 11. In Corollary 10, using the discrete power mean inequality
we get

w2
B (z)dx

B(H1)+4B<3u1zu2)_,_ZB(M;MQ>+4B<M1J;3u2)+5(“2) )
12 T ope—p
11

1
< 5(p2—m) (lB'(Ml)quB’(m)lq) a
D) 2 :

3. FURTHER RESULTS

Theorem 6. Let B be as in Lemma 1. If there exist constants —oo < m <
M < +o00 such that m < B' (x) < M for all x € [p1, u2], then we have

H2
B(u1)+48<3”14+”2)+23<’”;“2>+4B<”1Z3”2>+B(u2) )
- — B (z)dx
12 H2—H1
p1
5(pz—p1)(M—m)
< 144 :
Proof. From Lemma 1, we have
2
B(u1)+4B 3uy+pg 128 p1tpo 4B H1+3p9 +B(u2)
(o eas(oe) (s, F
12 H2—H1
H1

1

g ([ (0= 3) (B (0 s ety ar) gy

(5 3) (5 (0 3y mpt gt

(- 4) (B ((1 - by g 4 prrtdn) _ mght 4 med) g
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1
e [o-2) <5/<(1b)‘ﬁ3“2+hu2)”‘§1‘4+m§]‘4)db)
0

=
¥

|
=
=

1
i (/(hé) (B (1 =)y + peee ) — My D) g
0

_l_
—
N2
|
Wi

) (B ((1— ) B g piafun) — mgd oy b)) g

_l’_

(0= 3) (5 (1) 2 e ) — mght 4 g )

_l’_

(6= 5) (B (0~ ) g o prectes ) — mght oy g )

_l’_

O'\»—A O\.—- o\;_n o\,_.

~—~
N=)
|

2) (B ((1— ) te 4y ) — 2 ) db)

1
(/ (b= 5) (B (1= )y + piefre ) - mad) gy
0

(b—3) (B (1) 2 4 prafee) - mgd) gy

=
¥

|
=
=

Ju—
=}

_l’_

+

o\r—- o\»—l o\»—t
=
ol

= 1) (B (1 - ) e 4 praien ) D) g

(11)

_l’_

(6= 3) (B (1 —b) 52 4 by ) — 2500 ) db) :

where we have taken into Consideration that

7 dh+/h )dh+/ dh+7

Using absolute value on both sides of (11), we get

B(u1)+4B 3u1+u2 4oB(Mtr2) 1an M1+3H2 +B(u2) 2
oy (5 e

H1
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1
<t (/h%, B/ (1 - b) pr +pere ) — mat gy
0
1
4 / ’h o %’ B/ ((1 o b) 3#12‘#2 + h#l‘;ﬂ&) _ mJgM‘ dh
0
1
+ / ’h _ %’ B ((1 _ h) m;—uz + hm—&fuz) _ m—iz-M‘ dh
0
1
(12) +/\b—§\ B’(<16>W+hu2)Wdh).
0
Since m < B (x) < M for all z € [, 2], then we have
(13) B (1= ) Pt ) — mpd| < M,
(14) B/ ((1 - b) 3,u14+,u2 + hm;r,uz) _ m-;M‘ < M;m’
and
(16) B ((1— ) e 4y ) — | < Mo,
Using (13)-(16) in (12), we get
w2
B(u1)+48 3pg+uo 128 |2 +4B H1+3pg +B(u2)
e ETC ETI
p
1 1
sl ( Jlo=3las+ [ | §da)
0 0
— Sp2—p)(M=m)
144 ’
where we have used
1 1
1 _ 2 _ 5
Jlo=31dn= [1o-31dr= 5.
0 0
The proof is completed. O
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Theorem 7. Let B be as in Lemma 1. If B’ is r-L-Hélderian function on
[p1, po] (i-e. there exist L > 0 and 0 < r < 1 such that |B' (x) — B (y)| <
Lz —y|"), then we have

B(u1)+4B Suitre \ o H1tre ), yp( K1tk B(p2) e
N

12
%}
(p2—p)"™  (r249r42 | 1427H2
§4"+M12(rﬁi)(r+2)< 2 T me )L'
Proof. From Lemma 1, we have
w2
B +4B 3u1+u2 +2B H1tpg +483 u1+3u2 +B
() +aB(Hife2 ) (12 ) +aB (22 ) 1 B(ua) /B ) da
T pe— #1
M1
1
—tagn ( [ =) (B (0=t p252) = B ) + 8 o))
0

+

—~
Ney

_ %) (B/ ((1 _ h) 3#12-% + hm;/n) - B <3M1+#2> +B (%12-#2)) dh

_ %) (B' ((1 _ h) uﬁz-uz + hm-lfm) - B (m—gm) +B (uﬁz-uz)) dh

+

_l_
O\»—A C’\H O\»—\
=

D00 ) () () )

1
= o (/ (h—1) (B’ ((1 —b) 1+ hgﬂﬁ%) - B (Ml)) db

0

_l_

—
=

- (- g ) o )

§) (B (- gyt 4 i) - 5 (522) ) dy

+

+
=
|

—~
N}

= 3) (B () e oy — B (1522 ) )
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1 1
+ B (111 / 1) db +B’ 3“1+“2 /
0 0
1 1
+ B/ M1+M2 / dh +B, u1+3u2 / 7% db)
0 0

1
[o=3) (5 (1= ma+piapm) - 5 ) ay
0

_M2—u
16

4
=
|

D ( (- s rvsgs) - (157

—3) (B (1w g g ) - g (1) )

+

_l_
=

—~
Nay

=3 (B (- e o) - 5 () ) a

—
i
~3

=

4 (8 () - (B2 ) 3 (8 (22) - 5 (2522 )

Using the absolute value on both sides of (17) and the fact that B’ is r-L-
Holderian on [puq, 2], we obtain

B(H1)+4B<3M1:N2>+2B<N1‘2H42>+4B(M14;3H2>+B(u2) . 12

5 prEE— B (z)dx
_M216N«1 (/h

1
‘b _ %‘ B ((1 _ b) 3#14+#2 + hm;ruz) _-B <3u14+u2>

—b) m +b?’“1“‘2) B’(m)(dh

db

+

db

B/ ((1 o h) #1-5#2 4 h#l—&fuz) _ B/ (%)

+

+
O\H O\H o\)_-
=
|
ol

=3[ [5 (0 —m e+ by ) — 7 (152

db
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+

B (i) - B (22| + 4

B (1) - B () |)
1 1

<emgen (esgn) | [ =4y + [ Jo = 3]yan+
0 0

=L (B2) " (T, (1) + X1 () + 3)

_ (pp—p) ! r2+9r+2+1+2r+2 L
T AT (r 1) (r+2) 12 3r+2 ’

where we have used (7) and (8). The proof is completed. O

Corollary 12. For B’ L-Lipschitzian function, we have

. B
Blpa) H4B(22 ) 128 (152 ) +4B (M2 ) +Bka) / B (x)ds
12 T pe—p

H1

(n2—p1)?
<o)y,

4. APPLICATIONS

Let T be the partition of the points p1 = ¢g < ¢1 < -+ < ¢, = g of the
interval [u1, u2], and consider the quadrature formula

B2
/B(u)du:)\(B,T)JrR(B,T),

w1

where
A(B,T) =§:§“’1;‘" (B (60) + 48 (280} 4 op5 (2

i+30i
+ 4B (%) + B(¢z‘+1))
and R (B, Y) denotes the associated approximation error.

Proposition 1. Let n € N and B be as in Theorem 1. Then we have

n—1
(¢iv1—0i)* (25524854425 | 25354 0s+3 93—
[R(B,T)| < 48(s+1)%(s+2) 25 + 35F1
;=0

1=

< (1B (0:)] +2

B (%)‘ + (B (¢i+1)|> :
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Proof. Using the inequality (9) of Corollary 1 on [¢;, ¢i41] (i =0,1,...,n— 1)
of the partition T, we get

) Pit1
B(gi)+aB( 22t )+25( Pititl )+a5( $it39it1 )+ (#i41) . /
- B(z)dx
12 Git1—Pi
®i

<_ Pit1—¢i 25524 854+4—2°% +25+38+25+3+23_s
— 48(s5+1)%(s+2) 2¢ 3s+1

X (’B, (¢i)] +2 ‘B' (%JFTW)‘ +|B (¢i+1)‘) :

Multiplying both sides of above inequality by (¢;+1 — ¢;), summing the ob-
tained inequalities, for all 4 = 0,1,...,n — 1, and using the triangular in-
equality, we get the desired result. O

Proposition 2. Let n € N and B be as in Theorem 2. If |B'|? is a convex
function, then we have
!R(B 1)

1

1 1
¢>z+1 0:)? (1—%—2?“)5 ((7|B'(¢z‘)q+|B'(¢>z‘+1)|q>q + (|B'(<l>z‘)\q+7|5'(¢i+1)|q)E
8 8

L (5|B'<¢i>q+§>6'<¢i+1>Q>3 . (3|B/<¢z->|u85|s'<¢i+1>lq)3) ,

Proof. Using Corollary 7 on [¢;, ¢i+1] (i =0,1,...,n — 1) of the partition
T, we get

Pit1
B (z)dx
@i
1 I( I( 1 I( I( 1
z <(7|B 4B @)t} 5 y (IE @ @)}

B(i)+aB( 2L ) o (2L ) g (YL 4 (g .
12 Dit1—bi

< bit1—0i (1+2P+1>
> 3(p+1)

+ (BB )1 N <3|B’(¢i)|q+85|8'(¢¢+1>|q>3).

In a similar way, multiplying both sides of the above inequality by (¢;+1 — ¢;),
summing the obtained inequalities, for all ¢ = 0,1,...,n — 1, and using the
triangular inequality, we get the desired result. O

Proposition 3. Let n € N and B be as in Theorem 3. If |B'|? is a convex
function, then we have

Qe

n—1
|R(B,T)| < 25(¢i+;;¢i)2 (\8'(¢¢)|q+£8'(¢i+1)\Q)
i=0
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Proof. Using Corollary 11 on [¢;, ¢i+1] (i =0,1,...,n — 1) of the partition
T, we get

36t e 134, Pit1
B(¢i)+46(%>+28<¢1+§1+1)+4B(¢1+34¢z+1)+f(¢i+1) 1 B(z) dz
12 T bir1—Pi

o

1

< 3(Pit1=6:) (\B/(¢i)|q+\3/(¢i+1)\q ) a
— 72 2 :

And again, multiplying both sides of the above inequality by (¢i+1 — @),
summing the obtained inequalities, for all ¢ = 0,1,...,n — 1, and using the
triangular inequality, we get the desired result. (]

Application to special means
For arbitrary real numbers u1, uo, i3, ta, we have:

The Arithmetic mean: A (u1, pp) = 21742 and A (ul,ug,l,ug,/u;) = i

p+1_ p+1

D
The p-Logarithmic mean: L, (p1, p2) = <(pﬁi1)(ugl—u1)> s 1, o > 0, pp #
p2 and p € R\ {—1,0}.

Proposition 4. Let 0 < p1 < po be real numbers, then we have

|A (13, 13) + A% (1, p2) + 2A% (i, o, pia, i) + 2A% (i, pia, pia, i)
—6L3 (p11, pi2) |
<3 (13 — i)
Proof. 1t suffices to apply inequality (2.8) of Corollary 3, to the function
f(z) =22 O
Proposition 5. Let 0 < p; < pg and g > 1, be real numbers, then we have

|A (13, 13) + A% (11, p2) + 2A% (pa, o, pia, i) + 24% (pia, pio, o, i)

_GL% (/1‘17 :U’Q)‘

< 5(%-#%(#3—#%) .

Proof. Tt suffices to apply Theorem 6, to the function B (x) = z3. O

5. CONCLUSION

In this study, we have considered the Bullen-Simpson type integral in-
equalities. We have proved a new integral identity. Based on this identity,
we have established some new Bullen-Simpson type inequalities for functions
whose first derivatives are s-convex. We have also discussed the cases when
the first derivatives are bounded as well as Holderian, and we derived some
special cases. Some applications to numerical quadratures and inequalities
involving means are provided at the end.
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