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On a generalization of the Gadovan numbers

ENGIN OzKAN*, ENGIN ESER, MiNE UYSAL

ABSTRACT. In this paper, we define (k,!)—Gadovan numbers. We give
the Binet-like formula, the generating functions, the exponential gener-
ating function of the (k,)— Gadovan numbers. Also, we derive Cassini-
like identity, Catalan-like identity, Vajda-like identity, Honsberger-like
identity and D’ocagne-like identity for the (k,)—Gadovan numbers.

1. INTRODUCTION

First, Fibonacci numbers were studied and it was seen that Fibonacci
numbers can find application in nature, many fields of mathematics and
other sciences [8-10, 12,14, 20].

Then many generalizations of Fibonacci numbers have been given. Thus,
new number sequences were defined [1,14,16]. The relation of these number
with Fibonacci sequence has been given. Thus, the newly defined number
sequences can indirectly find applications in nature, in almost every branch
of mathematics and in other sciences, which has led to an increased interest
in number sequences [17-19].

One of these generalized numbers is the Gadovan numbers [4].

The Gadovan numbers are defined by

GPyy3=GP1+GP,, n2>0,

with GPy = a, GP; = b and GP, = ¢, where a, b, c.

Diskaya and Menken defined the Gadovan numbers, which generalizes a
new class of Padovan numbers [4].

Now, before describing the generalization of Gadavon numbers, let us give
the sequences of numbers that we can derive using this generalization.

The Padovan numbers are defined by

Pn+3:Pn+1+Pn7 n >0,
with P():l, P1:0and P2:1.
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The Padovan polynomials are defined by
Ppi3(x) = 2Pyy1(z) + Po(x), n >0,
with Py(xz) =1, Pi(z) =0 and Pa(z) = z [5].
The bivariate Padovan polynomials are defined by
Pn+3(xay) :xPN+1($7y)+yPn(x7y)7 TLZO,
with PO(may) =1, Pl(l‘ay) =0 and Pg(l',y) =z [6]
Padovan numbers and their generalizations have been studied by many
researchers [2,3,7,8,12,21-25].
The Fibonacci-Pell numbers are defined as follows
Fn+3:Fn+1+Fn7 77/207
with Fo = 1, F1 =0 and FQ =2 [22]
The Lucas-Pell numbers are defined as follows
Bn+3 = Bn+1 +Bp, n=0,
with By =3, By =0 and By =4 [22].
The Gaussian Padovan numbers are defined by
GPn:GPn—2+GPn—37 n237
with GPU = 1, GP1 =1+414 and GP2 =1+ [24]
The Perrin numbers are as follows
Ryy3 =Ry + Ry, n2>0,

with RO = 3, R1 =0 and RQ =2 [21].

In this paper, we present the generalization of Gadovan numbers named
(k,1)—Gadovan numbers. We give the Binet-like formula, the generating
functions, the exponential generating function of the (k,!)—Gadovan num-
bers. In addition, we derive the Cassini-like identity, Catalan-like identity,
Vajda-like identity and D’ocagne identity-like for these numbers.

2. (k,1)— GADOVAN NUMBERS

Definition 1. We define the (k,l)—Gadovan numbers {GP(M)’n} by the
third order recurrence relation that

GPupynts = kGPupyne1 HIGPgpym 120,
with initial conditions GPy, 1) 0 = a, Gy = b and GFy )2 = c.

We show some terms of the (k,!)—Gadovan numbers in Table 1.

TABLE 1. Some terms of the (k,!)—Gadovan numbers.

n 0 1 2 3 4 5 6
GPiyn a b ¢ | kb+la | ke+1b| E*b+ kla+lc | k*c+ 2klb+ Pa
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Note that, the following exceptions occur:

1.
2.

3.

For k =1, I =1, we obtain Gadovan numbers.

For k =1,1=1,a=1,b =0, ¢c = 1, we obtain the Padovan
numbers.

For k =z,1=1,a =1, b =0, ¢ = x, we obtain the Padovan
polynomials.

For k =2,l =vy,a =1, b= 0, c = x, we obtain the Bivariate
Padovan polynomials.

Fork=1,l=1,a=1,b=1+41, c =141, we obtain the Gaussian
Padovan numbers.

Fork=1,l=1,a=3,b=0, c= 2, we obtain the Perrin numbers.
Fork=1,1=1,a=0,b=0, ¢c=1, we obtain the Perrin-Padovan
numbers.

.Fork=1,1=1,a=1,b=0, c =2, we obtain the Fibonacci-Pell
numbers.

.Fork=1,1=1,a =3,b=0, c =4, we obtain the Lucas-Pell

numbers.

The characteristic equation of the (k,!)—Gadovan numbers is

22 —kr—1=0.

The characteristic equation has the following roots

and

where

3

2
Ek T
r1 = +
r

T
(1+iv3)k  (1—iv3)r

e J12r a 2/18r
(-1-iv3)k  (1+iV3)r
r3 — —

2¥18 2918

r= i’/\/§\/27l2 — 4k3 + 91

It can be easily seen that the following equations are satisfied:

r1+ w2+ 13 =0,
1% + vox3 + x173 = —k,
r1T2w3 = I,

3 =kxy +1, a3 =kao+1, x5 =krs+l.
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Theorem 1. The Binet-like Formula for (k,1)— Gadovan numbers{GP(M),n}
18

GP(kJ),n = Aac’f + Bacg + ng,

where
A C — bxg — bJJg + axox3
= 2 2 )
x“;’ — T{T2 — X{T3 + T1X2T3
B c—bry — brs — axixs
3 2 2 ’
Ty — THT3 — THT1 + L1223
c c—bxri —bry —axrixs

x§ — xlxg — x%xz + x1x2$3'
Proof. For n =0, we have
GPrno=a=A+B+C.
For n = 1, we have
GPpyy =b= Az + Brg + Cus.
For n = 2, we have
GPypn1=c= Ax? + Ba3 + Ca?.

If this system of equations is solved, then the coefficients A, B and C' are
found.
Thus, the desired result is achieved. Il

Theorem 2. The generating function of {Gp(k,l)m} 15

a+bx+ (c—a)z?

G =
(z) 1— ka2 —12°

Proof.
G (x) = Z GP(kJ)’nl’n = GPk,g + GP(]CJ)Jx + GP(k,l),2$2

(1) n=1
+ GP(kJ),?,ZL'S + -+ GP(kJ),nZEn + -

respectively multiplying both sides of this identity by kz? and lz3.

ka’G (z) = GP gy oka® + GPy ) 1 ka® + GP ) oka?

2
( ) + GP(kJ),gkiCE) + -+ G]D(k’l),nkanr2 + .-

123G () = GP o) ola® + GPey ala + GP ) ol
+ QP ala® + -+ GPp la™® + -
From (1), (2) and (3), we get

(3)
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G(z) (1 —ka® —13%) =GPy o+ GPupax + GP gy 20® — GP g ok’
+ (GP(k,l),3 — k;GP(k,l),l — lGP(kJ),Q) i
+ (GPpya— kGPgpy o —IGPg 1) ot +
After necessary calculations and using the recurrence relation, we obtain
GP(kJ),O + GP(kyl)Jl’ + GP(k,l),2x2 — Gp(hl)’okxz
1—ka?2—123
a+bx+ (c—a)z?
1—ka?2—1a%

Theorem 3. The exponential generating function for (k,l)— Gadovan num-
bers

)

G(z) =

G(z) = O

i GP(k,l),nxn — Ae™1® + Bet2® + Ce®3
n! ’

n=0
where GP ) , = Az} + Bxy + Cxy.

Proof. For the proof we use Binet formula.

i Gp(k,l), - Z A.Tl + B$2 + CLL’B)

n! n!
n=0 =

Ai .%'1$ —i—BZ 372:(} +CZ xg.%‘

We know that

n=1
oo
(w2m)"
ToT __
et =3 nl
n=1
o (z32)"
3T 3
€ - Z n!
n=1
So,
o n
ZG‘P(k,l‘),nx — Ae®1T 4 BeP2T (3T
= n!
Thus, the proof is completed. O

Theorem 4. For m,n € Z™T, there is the following equation:

m=1

> (Z) 'GP (k) = GP () 3m

n=1
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.
S

NERSS

N

3 3

)knlm_nGP(k,l)m

n=1
= m n n n m—n

-y <n> (A(kzr)" + B(kas)" + C(kz)™) 1

n=1

“ m nimm-—-n S m nimm-—-n S m nimm-—-n

— A; (n)(m) ! +B; <n>(kxc2) men C; <n>(k:x3) !
= A(kz1 + 1) + B(kxo + )™ + C(kzs + )™
= A$13m + Bl'23m + Cl’g3m = Gp(k,l),3m- |

Theorem 5. For m,n € ZT, there is the following equation.

m

MY n—rm
< . > k l GP(k,l),n—T :GP(k,l),n—i-Zm'

r=1

> <m) K" GP (i)
r
= Z (m> k"7 (A} 4 Bah T 4 Cay ) ™
<m> km—rxgn—rlm Z (T) k,m—rxg@—rlm] ng—m

r=1

"™+ B

m=1 m
m—r,_ . m—rim n—m
(r)k g M xg
1

i m i m
:A k melm n—m B k me’lm n—m
;(T)wl) ]x ¥ r:1<r>($2) ]x
m=1 m
+C (r>(kx3)mrlm xy ™
r=1

= A(kx1 +1)" 27 ™™ + B(kxg + 1)y ™™ + C(kxz + 1) ay™™

= A1z " TP 4 Bray" TP 4 Oyt = G P (1.1 nt-2m-
Thus, the proof is obtained. O
Theorem 6 (Cassini-like Identity). For n > 1, we have,

GP ety ms1GP gy -1 — GPpn’

— kol (ABxg,”_l(a;l — 29)? + BCxy" N1 — x3)% + BCx " (xg — 1‘3)2)-
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Proof. For the proof, we use the Binet-like formula.
GP )t 1GP k-1 — GPupn
(Aa:’fJrl + Bxdt 4 Cx"“) (Ax?_l +Bxl 4 ng_l)
— (A} + Bxh + Ca)?
= A%z 4 AB" 2l 4 ACET 2t + BAgD e + B2l
+ ch"“ B CAx"“ T4 CB$”+1 ot 02 n
— A% — ABCEl xy — AC:L‘3$1 — BAx}xY — BBy %a3"
— BCala%y — CAzxly — CBahah — C*a3"
= ABxVa} (2 + 2 2) + AC2Ta? (2 + 3 2)

x1 I

+ BCxhxh <i2 + ? - 2) + AB(z122)" N1 — a2)?
3 X2

+ AC(x123)" (21 — 3)? + BC(x923)" (22 — 23)°

+ ABkn_lxgn_l(xl — $2)2 + ACk:”_lxgn_l(a:l — x3)2

+ BCE " 'z" Yxy — a3)?
=kt (AB.%'gn_l(.iUl — acg) + ACzs"™ (xl - xg) + BCx "z — ac3)2) )
So, the desired is obtained. O
Theorem 7. (Catalan-like Identity) For n > t, we have,

n— n— 2
Gp(k,l),n—i-tGP(k,l),n—t — GP(k,l)mQ =k t(ABHJg t(aclt — .%'Qt)

+ ACxo" ! (mlt — xgt)z + BCx ™t (:CQt — $3t)2>.
Proof. For the proof, we use the Binet-like formula.
GP 1) nstGP oyt — GP ey
(A:U?H + Bahtt + Cx"“) (Ax?ft + Bt + C’:Cgft)
— (A2 + Bah + Ca)?
= A222" 4 ABg™ el ! 4+ ACTI Mt BATHant + B2yl
+ BCxy M + CA$n+t T+ CBx”+t 5+ 02 o
— A2 ABxl:J:Q — AC$3x1 — BAxzh — B2
— BCalxy — CAxtal) — CBalhxl — C2a3"

t t
= ABx 'z <i1 + 22 2> + ACz 'z <zl + 3 2)
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+ AC($1$3)n_t (CClt - ZL‘3t)2 + BC(%Q.CEg)n_t (.Z‘Qt — .Tgt)2
+ ABE" gt (.CElt — xgt)z + ACK™ gyt (:zzlt — azgt)Q
+ BCK™™ by (CL‘Qt — $3t)2

— (ABxsn_t (1" = 29")” + ACz" " (0" — 25")

+ chlnit (xgt — .Cvgt)2> .

So, the desired is obtained.
If we take k = 1, we get the Cassini-like identity. O

Theorem 8 (D’ocagne-like Identity). Let n and m be any integers. Then
the following identity is true.

GP ) m+1GPrtym — GP ) mGP ki) ne1 = AB (z1 — 22) (z7"2y — 25'27)
+ AC (1 — z3) (2’2 — 25'2]) + BC (9 — x3) (xh'ay — x5'xy) .
Proof. For the proof, we use the Binet-like formula.
GP1)mt1GP w1y — GP ) mGP k1) ni1
= (A" + Bt + Ca§™) (Aa} + Baly + Cal)
— (Ax" + Bzy' + Cxy') (A:U?H + Bajt + Cx"“)
= A2 4 ABa el + AC2T T al + BAa ! + Bt
+ chm“ 5+ CAzy el + CBaytlaly + CP m+"+1
— A%’{*"H ABai'z "+1 — ACz'x ”+1 — BAzait! — BRaptrt!
— BCaJai™ — C Az x"“ CBz3'x) "'H C2x§"”+"+1
= ABa'xy (x1 — x2) + BAzy 2 (29 — xl) + ACx'2y (21 — x3)
+ CAx3'al (x3 — 21) + BCxy'as (v — x3) + CBay'xy (3 — x2)
= AB (z1 — x2) (a]'xy — 5'2]) + AC (1 — z3) (2]'25 — x5'2])
+ BC (z2 — x3) (z5'xy — x5'25) .
So, the proof is complete. O

Theorem 9 (Honsberger-like Identity). Let n and m be any integers. Then
the following identity is true.

GP.ymGPeyn + GP ) me1 GP (k) ms1
= A% (1 +27) + B0 (1 + 23) + C2a ™™ (1 + 23)
+ AB (1 + z122) (2] + x52]")
+ AC (1 4 zq23) (22 + 25'2])
+ BC (1 + xox3) (z5'x5 + x5'xh) .
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Proof. For the proof, we use the Binet-like formula.

GPuy,mGPkyn + GPr)ms1t GP (k1) nt1
= (AxT" + Bzy' + Cx3') (Az] + Bl + Cxf)

(Axan-i-l + me—&-l + me-i—l) (Ax?—H + Bwn—i—l + C’xn+1)
= A%z 4 ABaV'al + ACx'aly + BAzY'ah + Bt

+ BCxy'a% + CAz§a’! + CBa§wly + C2ayt™

A2 m+n+2+Ame+1 n+1+Ame+1 n+1+BA$m+1 n+1
2 m+n+2
+ C%xy

+chm+1 n+1+CAJJm+1 n+1+Cme+1 n+1

A2 m+n (1+x1> +B2 m+n (1 _|_x2) 02 m+n (1+x§)

2 _m4n+2
+ Bz,

+ AB (1 + z122) (2f2y" + x52]") + AC (1 + 1‘1:63) (x'zhy + 25'a])

+ BC (1 + xox3) (zy'xy + x5'x5) .

O

Theorem 10 (Vajda-like Identity). Let n and m be any integers. Then the

following identity is true.

GP .0y nemGP ) ntr — GP ey nGP (k1) nm4r

= k" [ABxg_” (1™ — ™) (ah — a)) + ACxy" (2" — 23™) (x5

+ BCa™ (2™ — 23™) (2 — xg)] .
Proof. For the proof, we use the Binet-like formula.

GP 1) ntmGP k) nir — GPu)) nGP 1) ntmar

(Ax?'”"“ + B:c"'”” + C’a;”+m) (Ax”'” + Bx"'” + C’a:"'”)
— (Az} + Bal + Caf) (Ax ™™ 4 Bt *" 4 Caly )

— A2$2n+m+r + Aan+m n+r + AC$n+m gl+’l”
+ BAzy T2 4 B 2”+m+7“ + BOzy ™yt
+ CA$n+m n+r + Can+m n+r + 02 2n+m+r
— A% 2"+m+7" - ABx?xgm“ - Acx’fxgm”
_ BAJ:” n+m+r BQx%n-i-m—i—r _ chgxg-i-m—&-r
— CAxy :U"er“" — CBalalytmtr — g2gantmir

= ABxait" (2" — 2') + BAzha ™" (25 — 27)

+ ACxYay ™ (27! — o) + C Az}t (2 — 2T)

+ BCzhayt" (25" — 2§') + CBaah " (2 — 2b)

— 1)

= AB (1™ — xo™) afwy (3 — a7) + AC (27" — x3™) afay (x5 — 27)

+ BC (z2™ — x3™) xhah (ah — x5) .
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= k" [ABz3™" (21" — 22™) (2} — ) + ACz3" (2" — x3™) (x§ — 2)
+BCx™ (xo™ — x3™) (25 — ah)] .

So, the proof is complete. O

3. CONCLUSION

We introduced the (k,l)—Gadovan numbers and some identities of the
(k,1)—Gadovan numbers. We obtained relation to some numbers, binomial
sums, the generating functions. We obtained the Cassini-like, Catalan-like,
Vajda-like, Honsberger-like and D’ocagne-like identities, which are impor-
tant identities related to number sequences.
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