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On the Lichtenberg hybrid quaternions

GAMALIEL MORALES 0000-0003-3164-4434

ABSTRACT. In this study, we define Lichtenberg hybrid quaternions.
We give the Binet’s formula, the generating functions, exponential gen-
erating functions and sum formulas of these quaternions. We find
some relations between Jacobsthal hybrid quaternions, Mersenne hy-
brid quaternions and Lichtenberg hybrid quaternions. Also, Vajda’s
identity and, as consequences, Catalan’s identity, d’Ocagne’s identity
and Cassini’s identity are presented.

1. INTRODUCTION

Lichtenberg numbers are named after Georg Christoph Lichtenberg, who
studied these numbers in the 17th century. Lichtenberg numbers are denoted
by ¢,, defined mathematically by the recurrence ¢,, +¢,,_1 = 2™ —1 and have
the form

The first few terms of the Lichtenberg sequence are:
0,1,2,5,10,21,42,85,170,341,682,... (A000975).
The Lichtenberg numbers {£,,}7° , are defined by the following recurrence
relation
(1) En+3 = 2€n+2 + €n+1 — 20,

with £op =0, ¢1 = 1 and ¢y = 2 (see, e.g. |7,[12]). Also, the Binet formula for
Lichtenberg numbers is defined in two different ways, including well-known
sequences of order 2:

1 2n+2 _ (_1)n+2 1
and
1 ()" +1 1 ()" +1
_ Z|on+l _ 1 _ —_ - _x 7
) =3 [ ! 2 ] 3 [M’” ! 2 ’
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where J,, is the n-th Jacobsthal number (see [8]) and M, is the n-th Mersenne
number (see |1]).
The relation can be rewritten as ¢, = % [My4+1 — by], where b, is the

usual sequence b, = (71)# The Jacobsthal numbers {.J,}2° ; are defined
by

(4) Jnto = Jnt1 +2Jn, Jo=0, J=1

Also, the Mersenne numbers {M,,}°°; are defined by the following recur-
rence relation:

(5) Myyo = 3Mps1 — 2M,, My=0, M =1.

Additionally, these exists the following relationships between Mersenne and
Jacobsthal numbers (see, e.g. |1]):

B { 3Jn, ifn=0 (mod 2);

6
(6) In+4Jp,—1, ifn=1 (mod 2).

On the other hand, quaternions are generalizations of complex numbers
and its multiplication is not commutative. Quaternions have generally the
following form W = 19 + 117 + 1p2j + sk, where {1,14, j, k} are basis quater-
nions and 1, are real numbers for all m = 0,1,2,3. The product rule for
units of quaternions is defined by

(7) P=2=k=—-1, ijk=—1.

The author studied generalized Tribonacci quaternions numbers in their
research in |2,3] and applied it to numerous number sequences. Recently,
Ozdemir introduced the hybrid numbers and gave some of their properties
(see |10]). The set of hybrid numbers is

Rfi,e,h] = {¢o + ¢1i + ¢oe + psh: ¢, € R, r =0,1,2,3}.

The hybrid product is obtained by distributing the terms to the right, pre-
serving the order of multiplication of the units and then writing the values
of the following substituting each product of units by the equalities i = —1,
€2 = 0, h? = 1 and ih = —hi = € +i. The table [1] shows us that the
multiplication operation with the hybrid numbers is not commutative. The
author studied hybrid numbers in their work in [4] and applied it to many
number sequences of order 2.

TABLE 1. The multiplication table for the basis of R]i, &, h].

x 1 i € h
1 1 i € h
i1 -1 1—-h e+i
E € 1+h 0 —€
h h —(e+i) € 1
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Using the Lichtenberg numbers {¢,}2°,, we define Lichtenberg hybrid
numbers {h¢,}7° , and Lichtenberg hybrid quaternions {Qht, }5°, and give
some of their properties. We prove some theorems about Lichtenberg, Jacob-
sthal and Mersenne hybrid quaternions. We find generating functions, expo-
nential generating functions, Binet formulas, sum formulas of these numbers
and many other relationships between them.

2. LICHTENBERG HYBRID QUATERNION NUMBER {Qh/,}22
The Jacobsthal hybrid number {Jh,}> ), is defined as
Jhy = Jp + Jps1i+ Jpyoe + Jpysh, n>0.
Similarly, the Mersenne hybrid number {Mh,,}72 , is defined as
Mhy, = My, + My, 411+ M, 406 + My 3h, n > 0.

The Binet formulas of the Jacobsthal and Mersenne hybrid numbers as fol-
lows:

1
(8) Jhy = g[2"(1+21+45+8h)—(—1)”(1—i+e—h)]
and

(9) Mhy, =2"(1 +2i +4e + 8h) — (1 +i+¢e +h).

For more details on these two types of hybrid numbers see [13,/14].

Here, we introduce some properties Lichtenberg hybrid quaternions. We
find some relations between Lichtenberg hybrid quaternion, Jacobsthal hy-
brid quaternion and Mersenne hybrid quaternion.

Definition 1. The Lichtenberg hybrid number is defined as follows:
(10) hep, =Ly + Lnqi+ bnqoe + lpysh, n >0,

where {i, e, h} are hybrid units, and ¢, is the n-th Lichtenberg number.
Definition 2. The Lichtenberg hybrid quaternion is defined as follows:
(11) Qhly, = hly, + hlyi1i+ hly0j + hly sk, n >0,

where {i, 7, k} are quaternion units, and h#, is the n-th Lichtenberg hybrid
number.

The Lichtenberg hybrid quaternion can be written as follows:
Qhly, = hly + hlp 19+ hlniof + hlp sk
=lp+ lpp1i+ b0 + lyish
+ (g1 + lnyoi+ lpyse + lpigh)i
+ (£n+2 + £n+3i + £n+4€ + €n+5h)j
+ (Uny3 + Lpyai + lnyse + Lnych) k
= Qb + Qlp1i + Qo + Qlyysh,
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where Q¢, = ¥l + lnt1t + lnioj + €nysk is the classic n-th Lichtenberg
quaternion number.

Theorem 1. For all n > 0, the Binet’s formula of the Lichtenberg hybrid
quaternion is given by:

1
(12) Qht, = 6[(—1)n+lalb1 —|—2n+23.2b2 — 3a3b3],
where
ay=1—1t1+e—h, bi=1—-14+j5—k,
ap — 1+ 2i+4e +8h, by —1+2 +4j + 8k,
a3:1+i+€+h, b3:1+i+j+k.

Proof. Using Binet formula of Lichtenberg number ¢, and , we have
hfn = fn + €n+1i + €n+25 + €n+3h

= é[ —1)" 4 2n 2 3]

—~

+ [(_1)Tl+2 + 2?’1+3 _ 3]i

+ - [(—1)" 4 2mH - 3]e

[ NN e N e N

[(_1)n+4 + 2n+5 _ 3]h

—~

ol +

[

wherea; =1—i+e—h,as =1+4+2i+4e+8handag =1+i+e+h. Now,
using Binet formula of Lichtenberg hybrid number hA¢,, and , we have

Qhly, = hly + hlpi1i + hlnsoj + hln sk

—1)”“a1 + 2"+2a2 — 3a3],

[( 1)n+1a1 + 2n+2a2 o 383]

+ é[( 1)""2a; + 2"*a, — 3ag]i
+ é[( 1)"3a; + 2" ay — 3ag);j
o

where by =1 —i+j—k, by =1+2i+4j+8k and bg =1+i+j+ k.
Thus, the proof is completed. O

Using Theorem [I} we can deduce the following result.
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Corollary 1. For the n-th Lichtenberg hybrid quaternion, we have

1
(13) Qhly, = 3 [QJ iz — azbg],
where QJhy, is the n-th Jacobsthal hybrid quaternion.

Theorem 2. The following equation is provided for Lichtenberg hybrid quater-

nion:

(14) Qhl, + Qhl,_1 = 2"as by — agbs.

Proof. Using , we have
1

Qhl, + Qhl,_1 = 6 [( 1)"+1a1b1 + 2n+282b2 — 3a3b3]
1

+ 6 [(—1)”&1]2)1 + 2”+1a2b2 — 3a3b3]
1
6 [3 2”+1a2b2 - 6&3b3]
=2" a2b2 — a3b3.

Thus, the proof is completed. O

Remark 1. The sequence 2™asbs — agbs in Theorem [2] is recently studied
by Ozkan and Uysal in |11]. Furthermore, this sequence is called Mersenne
hybrid quaternion and is denoted here as QMh,,. Other references on the
hybrid quaternions are [9,/15].

Remark 2. A general sequence of order 2 is introduced by Dagdeviren
and Kiiriiz (see [5]) considering hybrid and quaternion numbers. Also, the
authors defined the Horadam hybrid quaternions and presented some of their
properties. In fact, this new quaternion system is a combination of complex
quaternions, hyperbolic quaternions and dual quaternions, and it can be
viewed as a generalization of these quaternion systems (see [6]).

Theorem 3. The recurrence relation of the Lichtenberg hybrid quaternion
as follows:

(15) Qhlois = 2Qhbn s + Qhly iy — 2Qhly, n > 0.
Proof. We will use and for the proof. We have

QMpy3 = hlnig + hlpyai + hlni55 + hp ek
— Ohlio + hlniy — 21l

+ (2hln43 + hlpio — 2Rl 41 )i
+ (2hlpa + hlyys — 2Rl o) j
+ (2hlps5 + hlpya — 20l 3)k
= 2(hlnsa + hlnygi + hlyyaj + hly sk)
+ hlyi1 + Wlpyoi + hlyi3j + hlyiak
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— 2(h£n + h€n+1i + h€n+2j + h€n+3]€)

— 2QNlns2 + Qi1 — 2Qhl.
Thus, the proof is completed. O
Theorem 4. The generating function of the Lichtenberg hybrid quaternion
s given by:
(16)

Z QMO + (Qhty — 2Qhly) x + (Qhly — 2Qhty — Qhly) x?
Qhlyx
1—2x — 22+ 223

Proof. Suppose that the generating function of the Lichtenberg hybrid quater-
nion sequence has the form g(Qhl,;x) = Qhly + Qhl1x + Qhlax® + -+ +
Qhl,z™ + --- . Now, multiplying by "3 and then taking summation
over 0 to oo, we get

0="> " (Qhluiz — 2Qhlns2 — Qhlyi1 + 2Qhty)
n=0

= g(Qhln;x) — Qhly — Qhlyz — Qhlyz?
—2[g(Qhln;x) — Qhly + Qhlyz]w
— [9(Qhty; z) — Qhly)x”
2(g(Qhln; )] 2

hty + (Qhy — 2Qht hity — 2Qhty — Qhly) 22
g(QhEn;:c):Q 0 + (Qhty Ci 02)90+(2Q 23 Qhly — Qhly) x
—2r —x°+ 2z

Thus, the proof is completed. O

Theorem 5. The exponential generating function of Lichtenberg hybrid
quaternion has the form:

Zh 1
(17) Z Qht,, (n,) = ~(—arbi +dagbye™ — 3agbye™)e .

n=0

Proof. Using Binet formula of the Lichtenberg hybrid quaternion Qh¢, in
Theorem [I} we have

> " 1< n n "
> Qhty <n'> =5 [(—1)"*'a;by + 2" 2asb, — 3agbs] —

[—alblz(n' +4 bz —3abng:

n=0 n=0

—aijbie ™ + 4agb2€2x - 3agb36x]

—a1by + 43.21)26 — 3&3b362x] e ”.
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Thus, the proof is completed. O

Theorem 6. The sum of the Lichtenberg hybrid quaternion is given by:

n

(18) S Qht= 1 [Qhlus — (n+ Dby — caby — e,

r=0

where ag, bg as in Theorem cp = i+ 4e+9h, and co = (1 4+ 31+ be +
11h)i+ (4 + 8¢+ 16e + 32h)j + (9 + 193+ 37 + T5h)k.

Proof. Using @, we have
n n+2
Z [Z Jr —(n+2)
r=0

[Jn+4 - (2n + 5)]

— | L\’)\»—t

= §[£n+2 —(n+ 2)]a

where J, is the n-th Jacobsthal number. Then, we can obtain the next
result
n

Z = Z [ 4 lry1i + Lo yoe + Loy 3h]
r=0 r=0

n+1 n+2 n+3
- +<Z€T>i+<26r—1>s+<2&—3>h
r=0 r=0 r=0

r=0

S

—_

=3 [lyi2 — (n+ 2)ag — c1],

where ¢; = i + 4¢ + 9h and a3 as in Theorem
Finally, using , we have

Z Qhl, = Z (Rl + hlysi + hlyyog + hly i 3k]
r=0

n+1 n+2
= ZM + <Zh£ —h€0> i+ (ZM — hiy —h€1)
n+3
+ (Z he, — hly — hly — h€2> k

r=0

1
=3 [Qhly 12 — (n+ 2)azbs — c1bs — ¢2],

where ¢y = (14 3i+5e+11h)i+(4+8i+16e+32h)j+ (9+19i+37e+75h)k
and bg as in Theorem [T} Thus, the proof is completed. O



38 ON THE LICHTENBERG HYBRID QUATERNIONS

Theorem 7. For the n-th Lichtenberg hybrid quaternion, the following equa-
tions are provided:

(19) Qhly 2 = Qhly 1 + 2Qhtl, + agbs

and

1 2QMhn+1 — a1b1 — a3b3, an =0 (mod 2),
6 | 2QMhyp41 +arby —asbs, ifn=1 (mod 2);

where QM hy, is the n-th Mersenne hybrid quaternion.
Proof. Using , we will prove the identity in . Then

1
Qh£n+1 + 2Qht, + azbg = [(—1)”+2a1b1 + 2"+3a2b2 — 333b3]

6
1
+ 6 [2(—1)"+1a1b1 + 2n+332b2 - 6a3b3} + azbs
1
= 6 [(—1)”+3a1b1 + 2”+4a2b2 — 3a3b3]
- Qh£n+2~
Similarly, the proof of can be done. O

For simplicity of notation, let
(21) HL, = (—1)”+1a1b1 + 2n+232b2.

Then, the Binet formula of the Lichtenberg hybrid quaternions is given by
1
(22) Qhl, = 6 [H0, — 3agbs],

where H{y = —a;by + 4asbs and H{; = ajby + 8asbs.
The Vajda’s identity for the sequence {H/,,},>0 and Lichtenberg hybrid
quaternion sequence {Qhty,},>0 are given in the next theorem.

Theorem 8. Letn, u and v be integers such thatn > 0, u > 0 and n+v > 0.
Then, we have

23
( ) = 3(—2)n+2Ju [2va1b1a2b2 — (—l)vagbgalbl],
Qhly Qi y — QR QRL 4 yt0
1
(24) = E{(—2)n+2ju [2°aibiasby — (—1)"azbsai by

+ agbglCEn (’U,) - K€n+v (u)agbg},
where Kby (u) = Hep — Hlp v
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Proof.
: Using , aj, as, by and by as in Theorem (1|, we have
HEnJru,HEnJrv - HﬁnﬂgnJrquv
— ((_1)n+u+1a1b1 + 2n+u+2a2b2) ((_1)n+v+1a1b1 + 2n+v+232b2)
. ((_1)n+1a1b1 + 2n+2a2b2) ((_1)n+u+v+1a1b1 + 2n+u+v+2a2b2)
= 3(—2)n+2Ju [2”a1b1a2b2 — (—1)va2bgalb1},

where J,, is the u-th Jacobsthal number. Note that a;bjasby # asboa;b;
in above equation.

: By formula (22]) and , we get
36[ Qb Qhlnsy — QhlyQhly s
= [H€n+u — 3a3b3] [H€n+v — 3a3b3] — [Hﬁn — 3a3b3] [H€n+u+v — 3a3b3]
=HlpruHlpry — HlH iy + 3 [agbglCﬁn(u) — ICEnJrU(U)ang]
= 3(—2)”+2Ju [2“a1b1a2b2 — (—1)”a2b2a1b1]
+3 [a3b3K:€n(’U,) — Klpt (u)agbg],
where Kl (u) = Hlp — Hlp . O
It is easily seen that for special values of v and v by Theorem [8] we get

new identities for Lichtenberg hybrid quaternions:

e Catalan’s identity: v = —u and n > wu.
e Cassini’s identity: u =1, v=—1 and n > 1.
e d’Ocagne’s identity: u =1, v =m —n and m > n.

Corollary 2. Catalan identity for Lichtenberg hybrid quaternions. Let n >
0, u > 0 be integers such that n > u. Then

Qhlyn o Qhly_y — QhL?

1 —u —u
= ﬁ{(—Q)n+2Ju [2 a1b1a2b2 — (—1) agbgalbl]

+ agbs kil (u) — /czn_u(u)agbg}.

Corollary 3. Cassini identity for Lichtenberg hybrid quaternions. Letn > 1
be an integer. Then

Qb 1Qhly_y — QhL2
1
— E{(—Q)n—i-l [alblang + 2&2b231b1]

+ agbykln(1) — /czn,l(l)agbg}.
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Corollary 4. d’Ocagne identity for Lichtenberg hybrid quaternions. Let
n >0, m > 0 be integers such that m > n. Then

Qhln1Qly — QL Qb1

1
= E{(—Q)TH_Q [Zm_”alblagbg — (—1)m_”a2b2a1b1]

+ agbykln(1) — /czm(1)a3b3}.

3. CONCLUSIONS AND REMARKS

In this paper, we discussed the Lichtenberg hybrid quaternions and their
properties. We obtained the Binet’s formula, the generating function, expo-
nential generating function and sum formula of these numbers. Further, we
found some relations between Lichtenberg hybrid quaternion, Jacobsthal hy-
brid quaternion and Mersenne hybrid quaternion. In the future, the study of
quadratic properties in this type of numbers could be encouraged, including
the study of hybrid numbers with Lichtenberg hybrid number coefficients.
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