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The mathematics of generalized Fibonacci
sequences: Binet’s formula and identities

K L VERMA* 0000-0002-6486-8736

ABSTRACT. This article considers a generalized Fibonacci sequence {V, }
with general initial conditions, Vo = a, Vi = b, and a versatile recur-
rence relation V,, = pV,,_1+qV,,—2, where n > 2 and a, b, p and ¢ are any
non-zero real numbers. The generating function and Binet formula for
this generalized sequence are derived. This generalization encompasses
various well-known sequences, including their generating functions and
Binet formulas as special cases. Numerous new properties of these se-
quences are studied and investigated.

1. INTRODUCTION

Several generalizations of the Classical Fibonacci sequence are available
in the literature. Some authors (|2,/11,13-15,/19,25]) have altered the initial
conditions, while others ([4,/16-18,20-22,24,26,27|) have generalized the
recurrence relation. Author [8] presented an analytic proof of the classical
Fibonacci recursive formula. Fibonacci and Lucas Numbers are studied in [9]
and |10] using different approaches. Some generalized formulas of Fibonacci
are also obtained and studied in |7].

This article considers a generalization of the Fibonacci sequence by mod-
ifying both the initial conditions and the recurrence relation. By applying
appropriate restrictions to the parameters, this generalization encompasses
the Classical Fibonacci, Lucas, Pell, Pell-Lucas, modified Pell, Goksal Bil-
gici, Jacobstal, and Jacobstal-Lucas sequences. These generalizations ex-
hibit numerous fascinating properties and have applications in various fields
of mathematical sciences, including quasi-crystals, algebra, graph theory,
and computer algorithms (|1}3},5,6,14,21,[23]).

Definition 1 (Fibonacci’s Generalization). We define the generalization of
the Fibonacci sequence {V,,}°; by the following recurrence relations:

(1) Vi =pVi—1 +qVp—2
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with the initial conditions,Vy = a, V1 = b, a,b, p and ¢ are any non—zero real
numbers.

The expression for {V,,} in (1)) is true [15] for every integer n > 2.

Definition 2 (Fibonacci’s Recursion Generalization representation). Equiv-
alently, expression for {V,} in can be expressed as:

CPN
Vn _ Z < . >pn—2z—1qz b

25

n—1—2\ 22 ;
+ Z( ; >p q |la n>0,

i=0
a,b,p and g are any non—zero real numbers.

Remark 1. If n > 2 is any integer, and p =1, ¢ = 1 and V) = Fy = 0,
Vi=F,=1in , then

Evidently, for (p,q) = (1,1) and (a,b) = (1,1), (p,q) = (1,1) and (a,b) =
(2,1), (p,q) = (2,1) and (a,b =(2,1) and (a,b) = (2,2),
(p,q) = (1,2) and (a,b) = ( ) (p7Q) = (172) and (a,b) = (271) and
(p,q) = (25,752 —3) and (a,b) = (0,1), (p,q) = (28,t2 —s) and (a,b) =
(2,2s), where s and ¢ are any non — zero real numbers, the sequence {V,,}
defined in and becomes the Classical Fibonacci, Lucas, Pell, Modified
Pell, Pell-Lucas Jacobsthal, Jacobsthal-Lucas and Goksal Bilgici sequences,
respectively.

The well-known Classical Fibonacci sequence is defined by the recur-
rence relation and initial conditions is

Definition 3 (Classical Fibonacci’s Recursion). F,, = Fj,—1 + Fj,_2, n > 2,
Fy=0, Fp =1.

Some of the well-known generalizations of the classical Fibonacci se-
quences are:

e The Lucas sequence is defined as: L, = L,_1 + Ly_2, n > 2,
Lo=2, L =1.

e The Pell sequence is defined as: P, = 2P, 1+P, 2,n> 2, Py =2,
P =1 ¢,=2¢n-1+¢gn-2,n2>2,9=11 =1

e The Pell-Lucas sequence is defined is defined as: @, = 2Q,,_1 +
Qn-2,n12>2,Q0=2,0Q =2.
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e The Goksal Bilgici sequences are defined by the recurrence rela-
tion, f, = 2aq,_1 + (b* — a)gn_2,n > 2, g0 = q, q1 = 1.
and I, = 2al,_1 + (b*> — a)l,_2, n > 2, lg = 2, ¢1 = 2a.

e The Jacobsthal sequences are defined as: J, = J,_1 + 2J,_9,
n>2 Jy=0,J=1.

e The Jacobsthal-Lucas sequences are defined as: L, = L,,_1 +
2Jn,2, n Z 2, LO = 2, L1 =1.

Theorem 1. Ifn > 2 is any integer and {V,,} defined in , then

n

Z<n>‘/r:(Oé_lﬁ)pn(p—q—l—o;)n(‘/l_ﬁ%)_(p_q_i_ﬂg)n(‘/l_a‘/o).

r
i=0
Proof. Using the definition of {V,,} in (2)), we have

- (1+a)" (Vi — 6%0) — (1+ B)" (Vi — a¥o)],
ZO<> @l i 1ol

Now using

l+a=(p—qg+a®) /p, 1+B8=(p—q+p5°)/p,
we have
- n 1 2\

r=——(p— Vi — BV

—(p—q+8H)" (Vi —aWp). O

Corollary 1. If p=1,q=1 and Vo = Fy =0, Vi1 = F1 =1 is substituted
in the above expression, then

2n ,32n

n
n 1 L L «
Fo=— () = ()" =L _ R,
> (1)~ - 0 = S
which is in agreement with (Lucas) (page 157, Theorem 12.5 of Thomas
Koshy [15]).

Theorem 2. Ifn > 2, is any integer and {V,} defined in , then

n

> (7)1 = g [ - )" (% = 57— (1 ) (Vi — ava).
=0

Proof. Using the definition of {V,,} from (2), we have

. n ry,s 1 —a) . . 1 a\n —
> (0) (17 = g 1= ) (V= Vo) (1= )" (3 — )
1

= m [(1 - a)n (Vl - ﬁVO) - (1 - /B)n (Vl - OzVo)],

where o and 3 are the roots of the equation 2 — px — ¢ = 0. U
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Corollary 2. Ifp=1,q=1 and Vi = Fy =0, V1 = F1 = 1 are substituted
in the above expression, then

> (1) = g 0 -]

— (- (S25) =

where a and B are the roots of the equation x> —x —1 = 0.

Theorem 3 (Generalized Generating Functions). The generalized generat-
g function of the sequence defined in is

Z Vo — a+ (b—pa)x
(1 —px —qa2)’
Proof. Let V(zx) be the generating function of ,

(3) Viz) =Y V",
n=0

(4) V(.%') - va<x) - quV(JJ) = Z ann — px Z ann - q$2 Z anny
n=0 n=0 n=0

On simplification, we have
(1—pz—q®) V() =Vo+ (Vi —pVp) =
Hence

a+ (b—pa)z
no 2TV P O
(5) ZV (1—pz — qa?)

Theorem 4 (Generahzed Blnet s formula). The generalized Binet’s formula
for the sequence {V, } in is

n_azankl@k b—aa—i—ﬁ Zanklﬁk

k=0
_ pEVp?H4q
- 2

Proof. Consider partial fraction decomposition of the right-hand side of the
generating function of the sequence defined in

at(b-—pa)z _ (aa+b—pa)  (Ba+b—pa)
(1—-pz—q2?)  (a=p)(1-az) (a—p)1—-pzr)
On simplification we have
__a a«a B ] N (b — pa) [ 1 B 1
(@=p) [A-ax) (A=pFz)] (a=p) [(1-ax) (1-px)

where «, B are the roots of the equation x> — px —q = 0.
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we have
o n+l _ pn+l n__ Aan

0 S = [o(T) remm (55|
n=0

Thus, the generalized form of the Binet formula for the generalized Fibonacci
sequence {V,,}>7 ) is

(7) Vo=a (M) T (b po) (‘“_B> |

a—pf a—f
or equivalently expression can be expressed as
n n
(8) Vn:aZa”_kﬁk—i— (b—a(Oz—Fﬁ))Za"_k_lBk,
k=0 k=0
where a and 3 are the roots of the equation 2% — px — ¢ = 0. O

2. SPECIAL CASES OF GENERATING FUNCTIONS AND BINET FORMULA

Case 1: Fibonacci sequences

Substituting p = 1, = land a = Fy =0, b = F; = 1 in and ,

subsequently, the generating function and Binet formula simplifies to:
Fon=F,_1+ F—2 (Vn = an—l +an—2)7 n>2is

(1-pr—qaz?)  (1-z—a?)

B an+1_ﬂn+1 Ozn_[@n
(10) V"_O<a—ﬁ >+(1_0)<a—,8)

Therefore, @D and represent the generating function and Binet formula
for the well-known classical Fibonacci sequences.
Case 2: Lucas sequence
Substituting p = 1,g = land a = lp =2, b =11 = 11in , then the
generating function in , simplifies to:

Iy, =2l 1+l o,n>2is

> 2—x
11 L —
( ) 7;)71'% (1—56—372)’

(12) I, =a" 4+ 5",

where «, 8 = 1i2\/5' Thus, and represent the generating function
and Binet formula for the well-known Lucas sequence. This is in agreement
with the generating function for Lucas sequence.

Case 3: Pell sequence

Substituting p = 2,g = landa = P =0,b= P =1in , then the
generating function in , simplifies to:

00
F0+(F1—pF0):L' 1
9) > Pt = =
n=0
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P,=2P, 1+ P, 2, n>2is

(e 9] " 1
(14) Pn:an:gn, a,f=1+V2.

Thus, and represent the generating function and Binet formula for
the Pell sequence. This is in agreement with the generating function and
Binet formula for Pell sequence.

Case 4:Modified Pell sequence

Substituting p = 2,¢g = land a = fy =1, b= f; = 1 in , then the
generating function in , simplifies to:

fo=2fn-1+ fn—2,n>21is

= n 1—-2z
(15) nzz;)fnx :m.
(16) m=a"+8", af=1+V2

Thus, and represent the generating function and Binet formula
for the Modified Pell sequence. This is in agreement with the generating
function and Binet formula for Modified Pell sequence.

Case 5: Pell-Lucas sequence Substituting p = 2,¢ = 1 and a = Q¢ = 2,
b=0Q1=21in , then the generating function in (3 simplifies to:

Qn=2Qn-1+Qno, n>2is

=, . 2 — 2z
(17) ;)fnx eyt
(18) = Qn =2 [(O‘M;_gw) — <O‘;_gn>] =2, @,f=1+V2.

Thus, and represent the generating function and Binet formula for
the Pell-Lucas sequence. This is in agreement with the generating function
and Binet formula for the Pell-Lucas sequence.

Case 6: Goksal Bilgici sequences

Substituting p=2a, g=b—a? and Vo= fo =0, Vi = fi=1

and p=2a,g=b—a’>and Vy =1y =2, V; =14 :Qain,thenthe
corresponding generating functions for the Goksal Bilgici sequences are:

fn:2afnfl+(b_a2)fn72> n>2
and
ln=2al, 1+ (b—a*)lp o, n>2



K.L. VERMA 119

are
> T
19 o =
(19) g%fx (1— 20z — (b— a?)z2)
and
> 2 —2ax
20 Iy = .
(20) T;) . (1 —2ax — (b—a?)z?)

Thus, and are in agreement with the generating function for the
well-known Goksal Bilgici sequences

_ a — ,Bn
(21) o= W
and
(22) I, =a"+ g™

Thus, and are in agreement with the Binet’s formul for the Goksal
Bilgici sequences.

Case 7: Jacobsthal Sequences Substituting p = 1,¢ = 2 and a = Jy = 0,
b=Jy =1in , then the corresponding generating functions for the
Jacobsthal sequence is

o0 n x

(23) Z;%ﬂ =0z o)
_ an+1 _ 6n+1 a — Bn
(24) L“‘2< a B >‘a—5’

L,=a"+p"(20—-1=3,286-1=-3, a—f3=3).

Here a and f8 are roots of the equation z? — z — 2 = 0, this formula is the

same as is in [12]. Thus, and represent the generating function and
Binet formula for the Jacobsthal Sequence. This is in agreement with the
generating function and Binet formula for the Jacobsthal Sequence.

Case 8: Jacobsthal-Lucas Sequences Substitutingp =1, ¢ =2 and a = Jy =
2,b=J;y =1in , then the corresponding generating functions for the
Jacobsthal-Lucas sequence are

> 22—z
25 . S —
(25) nz:o . (1—2—222)

(26) L,=a"4+3"(2a—-1=3, 26—-1=-3, a—p=3).

This is in agreement with the generating function and Binet formula for the
Jacobsthal Sequence. Here a and § are roots of the equation 22 — 2 —2 = 0,
this formula is the same as is in [12]. Thus, and represent the

generating function and Binet formula for the Jacobsthal Sequence. U
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Theorem 5. Ifn > 2 is any integer and

N S
Vn: Z < . >pn—21—1qz b+ Z ( . >pn—2z—2qz a,
1=0 =0

where a, b, p and q are any non—zero real numbers and

o Vn+2 Vn—i—l
Kn = <Vn+1 Va > ’

then
det K = (—=1)" (¢"?b(b — ap) + ¢"'a?).

Corollary 3. On Substitutingp=1,q=1and Vo =Fy =0, V1 = F} =1,
the above results reduce to

det K = (—1)".

Theorem 12.4. (Lucas Formula, 1876). If a =0, b =1, p = ¢ = 1, then
V(n) reduces to Lucas formula, 1876 (see page 175].

Theorem 6. If n > 2 is any integer and {V,} defined in (2), then

zn: (Z) (=) Vigm

= (I—a)" (Vi —=BW)B™ - (1=8)"(Vi—aVp)a™

1
(a—=5)
[(1—a)"a™ (Vi = BVp) — (1 = B)"B™ (Vi — aW)],

where o and 3 are the roots of the equation 2 — px — ¢ = 0. OJ
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Corollary 4. On substitutingp =1, g =1 anda = Fy=0,b=F, =1,
the above results are reduced to

det K = (=1)",
3 (5) 0P = e (250 ) =

i=0
where o and B are the roots of the equation x> —x — 1 = 0.

Theorem 7. If n > 2 is any integer and {V,,} defined in , then

i<1 B 1)—1+1—1+ 1
Vit Vo) Vi Ve b pbtag

Proof. We have

S ) (E D) (L)
=\ Va1 Vo i Voo V4 V3 Vs
1 1

- 4+
%1 2
1 1

= : O
b+pb+aq

Corollary 5. On substitutingp =1, g =1 anda = Fy=0,b=F, =1,
the above results are reduced to

= 1 1 1 1 1 1

> - -+ =42=2

o \fn1 Fa R K 1 1

Theorem 8. Ifn > 1 is any integer then using the Binet’s formula in ,
we have

Vi —aVp_1 =" (b—aa),

Vi = BVyo1 =™ (b— Ba),
where a and B are the roots of the equation > — px —q = 0.
Proof. Using the Binet’s formula , for n > 1 we have

n+l _ on+1 n __ A3n
Vnaanza(aty_ng> +(b7(a+ﬁ)a) <Oéa_g)

o5 st (1557

On simplification we obtain

Vi —aVp_1 =" (b—aa).
Similarly

Vn - ﬁVn—l = anil (b - ﬁa) )

where o and 3 are the roots of the equation z2 — pzr —q =0 . U
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Corollary 6. On substitutingp=1,q=1anda=Fy=0,b=F, =1, in
the above expression we obtain the corresponding expression for n-th classical
Fibonacci number [5].

F, —aF, 1= Bn_17

Fn - /BFn—l = anfl,
where o and B are the roots of the equation x> —x — 1 = 0.

Theorem 9 (Linearization). If n > 1 is any integer, then using the Binet’s
formula in we have

1
"= 7 (BVa + ¢Vi1 — qa)
1

1
o = vl (Oan + an,1 - qa) y

where a and B are the roots of the equation x> — pxr —q = 0.
Proof. Using the expressions obtained in the above theorem,
Vi —aVyu_1 =" (V] - aa),
Vi — BVyp1 =" (Vi — Ba).

We have
1
p" = 5 (BVa+qVa-1 —qa),
1
1
a" = — (aVn +qVh-1 — qa) )
Vi
where o and 3 are the roots of the equation 2 — px — ¢ = 0. U

Corollary 7. On substitutingp=1,qg=1anda=Fy=0,b=F =1, in
the above expression we obtain the corresponding expression for n-th classical
Fibonacci number [5]

Fn—akb, 1= ﬁn_la
F,—BF,_1 =a" !,

where a and B are the roots of the equation x> —x —1=10 .

3. DISCUSSION AND CONCLUSION

In mathematics, the most fascinating sequence of number is the Classical
Fibonacci sequence. For mathematicians, it offers various opportunities for
new inferences. In this paper, an advanced generalization of the Fibonacci
sequence is introduced, where unlike other generalizations, its parameters
a, b, p, and ¢ for initial conditions and recurrence relations can be any
real numbers. Considering this generalization of the Fibonacci sequence,
we present the generalized sequence’s term formula, generating function,
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Binet’s formula and some well-known identities in their generalized form.
Any reader can employ this generalization for any existing or new identities.
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