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POTENTIALLY GRAPHIC SEQUENCES OF SPLIT GRAPHS
S. PIRZADA! AND BILAL A. CHAT?

ABSTRACT. A sequence m = (di,da,...,d,) of non-negative integers is said to be
graphic if it is the degree sequence of a simple G on n vertices, and such a graph
G is referred to as a realization of m. The set of all non-increasing non-negative
integer sequences m = (dy,ds,...,d,) is denoted by NS,,. A sequence m € NS, is
said to be graphic if it is the degree sequence of a graph G on n vertices, and such
a graph G is called a realization of w. The set of all graphic sequences in NS, is
denoted by G'S,,. A split graph K, + K, on r + s vertices is denoted by Srs A
graphic sequence 7 is potentially H-graphic if there is a realizaton of 7 containing
H as a subgraph. In this paper, we determine the graphic sequences of subgraphs
H, where H is Sy, s, +Sry .50+ Srg,s5+ -+ 5r, 503 Sr1,50 VSiry,so V... VS 5 and
Sris1 X Srgsp X 0. XS and +, V and X denotes the standard join operation,

Tm,Sm

the normal join operation and the cartesian product in these graphs respectively.

1. INTRODUCTION

Let G be an undirected simple graph (graph without multiple edges and loops) with
n vertices and m edges having vertex set V(G) = {vy,va,...,v,}. Any undefined
notations follows that of Bondy and Murty [I]. Throughout the paper, we denote
such a graph by G(n, m). The set of all non-increasing non-negative integer sequences
7w = (dy,ds,...,d,) is denoted by NS,,. There are several famous results, Havel and
Hakimi [5, [6] and Erdos and Gallai [3] which give necessary and sufficient conditions
for a sequence m = (dy,ds,...,d,) to be the degree sequence of a simple graph G.
Unfortunately, knowing that a sequence has a realization gives no information about
the properties that such a graph might have. In this paper, we explore this question
of properties of a graph which is related to work originally introduced by A. R. Rao
[9]. A sequence m € NS, is said to be graphic if it is the degree sequence of a simple
graph G on n vertices, and such a graph G is called a realization of 7. The sequence
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7w = (di,ds,...,d,) is graphic if and only if the sequence 7’ obtained from 7 by laying
off an element is graphic [7]. Also d"**"2 means d occurs 1 X r9 times in 7. The set of
all graphic sequences in N S,, is denoted by GS,,. A graphic sequence 7 is potentially
H-graphic if there is a realization of 7 containing H as a subgraph, while 7 is forcibly
H graphic if every realization of m contains H as a subgraph. If 7 has a realization
in which the r + 1 vertices of largest degree induce a clique, then 7 is said to be
potentially A, i-graphic. The graphic sequence 7 is potentially K} i-graphic if and
only if 7 is potentially Ayyi-graphic [10]. Let o(7) =dy +da+ ...+ d,. If G and G4
are graphs, then G'|J G is the disjoint union of G and G;. If G = Gy, we abbreviate
GG as 2G. We denote G + H as the graph with V(G + H) = V(G) |V (H) and
E(G+H)=EGUEH)Jzy :2 € V(G),y € V(H)}. Let Ky, Cy, T and P
respectively denote a complete graph on k vertices, a cycle on k vertices, a tree on
k + 1 vertices and a path on k + 1 vertices. Let F} denote the friendship graph on
2k + 1 vertices, that is, the graph of k triangles intersecting in a single vertex. For
0 < r <, denote the generalized friendship graph on kt — kr + r vertices by Fj, ,
where F,,  is the graph of k copies of K; meeting in a common 7 set.

Given a graph H, what is the maximum number of edges of a graph with n vertices
not containing H as subgraph? This number is denoted by ex(n, H), and is known
as the Turan number. In terms of graphic sequences, the number 2ex(n, H) + 2 is the
minimum even integer [ such that every n-term graphic sequence 7 with o(7) > [ is
forcibly H-graphic. Erdés, Jacobson and Lehel [2] first considered the following vari-
ant: determine the minimum even integer [ such that every n-term graphic sequence
7w with o(m) > [ is potentially H-graphic. We denote this minimum [ by o(H,n).
A sequence m = (dy,dy, . ..,d,) is said to be potentially K, -graphic if there is a
realization G of 7 containing K, i as a subgraph. If 7 is a graphic sequence with a
realization G containing H as a subgraph, then there is a realization G' of ™ contain-
ing H with the vertices of H having |V (H)| largest degree of w [4]. Let S,, = K, + K,
be split graph on 7 + s vertices, where K, is the complement of K, and + denotes
the standard join operation. As seen in [I1], S,; = K,;; and so the graph S, ; is an
extension of the graph K,.;. A sequence m = (dy,ds, ...,d,) is said to be potentially
Sy s-graphic if there is a realization G of m containing S, ; as a subgraph. Yin Jain
Hua and Haikou [I] obtained a Havel-Hakimi type procedure and a simple sufficient
condition for 7 to be potentially S, s-graphic. We have the following definitions.

Definition 1.1. [§] For the graphs G, G5 with disjoint vertex set V(G1), V(G2) the
cartesian product is a graph G = G; x Gy with vertex set V(Gy) x V(G3) and an
edge ((uq,v1), (ug,v9)) iff u; = uy and vyvy is an edge of Gj.

Definition 1.2. [11] The standard join of S,, s,, Sy,.s, is & graph S = Sy, 5, V. Sr, s,
with vertex set V (S, 5,)UV (Sy,.s,) and an edge set consisting of all edges of S, 5, and
Sry s, together with the edges joining each vertex of K, of S, s, with every vertex of

Srys, and sy vertices of S, 5, are joined with only vertices of K,, in S,, s,.
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Definition 1.3. [§] The join ( complete product) of Gy and G5 is a graph G = G1V Gy
with vertex set V(G1) U V(G2) and an edge set consisting of all edges of Gy and G
together with the edges joining each vertex of GG; with every vertex of Gs.

Definition 1.4. [9] The split graph K,+K, on r+s vertices is denoted by Sy,s where +
denotes the standard join operation and K is the complement of K. A non-increasing
sequence ™ = (dy,ds,...,d,) of non-negative integers is said to be potentially S, ;-
graphic if there exists a realization G' of 7 containing S, s as a subgraph.

Definition 1.5. If 7 has a realization G containing K, ,; on those vertices having
degree dy,ds, ..., d.11, then 7 is potentially A, -graphic.

Definition 1.6. [10] The tensor product (conjuction), denoted by G = G1 A Gs, is
the graph with vertex set V' = V] x V4, and for any two vertices w; = (uy,v1) and
wy = (ug,ve) in Vi uy,ug € Vi and vy, vg € Vi, there is an edge wiwy € E(G) if and
only if ujus € E; and vivs € Fs.

2. MAIN RESULTS
We start with the following result.

Theorem 2.1. If m = (di,ds,...,d}) is potentially K, -graphic and m =
(d3,d3,...,d2%) is potentially K,,-graphic, py < m and py < n, then the graphic
sequence m of G = Gy X Gg is potentially p1 + pa — 2 reqular graphic.

Proof. Let m = (di,d3,....,d,) and my = (d3,d3, ..., d2) be respectively K, -graphic
and K,,-graphic. Then there exists graphs G; and G respectively realizing 7, and 7y
and respectively containing K, and K, as subgraphs. Let G = G; X G5 be the carte-
sian pI‘OdUCt of G1 and GQ and let T3 = (dH, dlg, c. 7d1m7 dgl, dQQ, .. ,dgm, C ,dml,
2, - -, dmn) be the graphic sequence of Gy x Gy. Then dj; = dj +d; for 1 <i<m
and 1 < j < n where d;; is the degree of i vertex in G. We have to show that
the realization G of m contains p; + p, — 2 as a regular subgraph. To prove this, it
is enough to show that sum of degrees of this subgraph is equal to pips(p1 + p2 — 2).
Clearly,

D dy=> Y di+d=(d+d)+ ...+ (d+d)+ ...+ (d), +d2).

i=1 j=1 i=1 j=1
This is true for all m and n. In particular, it holds for m = p; and n = py. Therefore
pP1 P2
SN diy=(di+d) +(di+d3)+ . (A )+ () + )
i=1 j=1
= —14p—D+mi—1+p—1)+...+(p1—1+p2—1)
+oo P —14+p—1)

= pip2(p1 + p2 — 2).
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Theorem can be generalized as follows.
Theorem 2.2. If m; = (di,d}, - - ,d;j) is potentially K, -graphic fori,j =1,2,...,r
with p; < nj, then the graphic sequence ™ of G = G X G X ... x G, 1s a potentially
> pi — r reqular graphic.
i=1

Proof. The proof follows by induction on r. OJ

Theorem 2.3. If m = (di,d3,...,d}) is potentially K, -graphic and m =
(d3,d5,...,d2) is potentially K,,-graphic, pr < m and ps < n, then the graphic
sequence m of G = G1 + Gy 1s potentially K, 1p,-graphic.

Proof. Let m; = (dj,d}, . ..,d.) be potentially K, -graphic. Then there exists a graph

(1 which realizes m and will contain K, as a subgraph. Let m = (d3,d3,...,d?)

be potentially K, — graphic, so there exists a graph Gy which realizes my and will

contain K, as a subgraph. Let G = G; + G be the join of G and G5 and let

m = (di,ds,...,dnn) be the graphic sequence of G = G7 + G3. Then we have
di=d +nfori=12,....,m

(2.1) dmij=d; +mfor j=1,2,....n

We have to show that the realization of m contains K, ,, as a subgraph. To prove
this it is enough to show that

Zd +de+] (p1 +p2)(p1 +p2 — 1).

We take the summation to the equatlons 1n respectlvely from 1=1,2,...,m
and j = 1,2,...,n and get Zd = Zd1+2nand deﬂ = Zd2+2m These

i=1 i=1 i=1 J=1
two equations imply

(2.2) i i +mn
i=1 =1
and
(2.3) Z At = Z d? + nm.
j=1 j=1

As (2.2)) and ([2.3) is true for all m and n, therefore, in particular it is true for m = p;
and n = py. So,
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p1 P2 p1 D2

Zdi + deﬂ‘ = Zdzl + den-‘,-j + 2p1p2

i—1 =1 i—1 i—1
=di+dy+...+d +di+di+...+d, +2pipo
=p-D+...+mr—D+@2—1)+...+(p2—1)+2pip2
=pi(p1 — 1) + pa(p2 — 1) + p1p2 + p1p2
=pi(p1 +p2— 1) +pa(p2 +p1 — 1)
= (p1+p2)(p1 +p2—1).

Theorem [2.3] can be generalized as follows.

Theorem 2.4. If m; = (d,dy,...,d. ) is potentially K,,-graphic fori = 1,2,...,r

with p; < nj. Then the graphic sequeﬁce mof G=Gi+Gy+ ...+ G, is potentially
K -graphic.

£ grap
Proof. This can be proved by induction on r. 0

Theorem 2.5. If m; is potentially S,, s,-graphic fori=1,2,...,m, then
(1) The graphic sequence m of G = Gy + Gy + ... + G, is potentially

i=1 =1
(2) The graphic sequence of Sm & forj=1,2,...,m is
A 7,71 Si

=1

i=

(3) Also, o) = (gri)zm(gm) (§s> - (§r>

Proof. Let m be potentially S, s,-graphic for i = 1,2,...,m. Then there exists a graph
G; which realizes m; and will contain S, ;, as a subgraph. Let G = G1+Ga+...+G,,
be the graph obtained from G4, G, ..., G,, by using join operation. Therefore, clearly
the graphic sequence 7 of G is potentially S noo -graphic follows from Theorem

Ti, Z Sg
i=1 i=1

2.4} To prove part (2), we use induction on m. For k = 1, the result is obvious. For
k = 2, we have G = G + (5. Therefore, in particular Sy, 1y, 5,45, = Sris1 + Sryso-
Now by Theorem [2.4] we have for every ¢ = 1,2,...,7 and i = 1,2,3,...,7r, and
7=1,2,3,...;s1and j =1,2,3,...,59

(24) d_i:di—FTQ—i-Sl—i-Sg
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and
(25) d_j:T1+T2,

where d; and d_] are respectively the degree of W and vJTh vertex in Sy, 4ry s +s, and d;
is the degree of i'" vertex in K,,. Equations (2.4) and (2.5) hold for every i, j. Thus

r ro S1 52
7T2:<(’r1+7”2+81+82—1) ,(7”1—1—7‘2—1-81-1-52—1) ,<T1+7’2> 7(7”1"‘T2) )
2 rj 2 s
() (5))
i=1 =1

This shows that the result is true for £ = 2. Assume that the result holds for £k = m—1,

m—1 m—1

therefore 7™~ ! = (( Z(TmLsi)) ,(Z ri> ), for j =1,2,...,m — 1. Now for

i=1 i=1
k = m we have that G = S, 5, +Spp50 +. ..+ 5, = A+ 5, 5m;

A=S56 +Smsm+. o+ 5 s

Since the result is proved for every £k = m — 1 and using the fact that the result
is proved for each pair and since the result is already proved for £ = 2, it follows by
induction hypothesis that the result holds for £ = m also. That is,

This proves part (2). To prove part (3), we have for j = 1,2,...,m that

1= (S ) oo (30)

=1 =1

Zn—i—s) T]—f-sj( Tz)
1

i=1 i=

-

1:1 j=1 j=1 =1

e < JE) ()

m—1,Sm—1 + STm,Sm Where

0
Theorem 2.6. If m; = (di,ds,...,d%) is potentially S,, s -graphic and my =
,d3, ..., d%) is potentially S,, s,-graphic. Then
&, &, ..., d2) is potentially S, ,,-graphic. Th
(1) Ts,xs, Of S1 X Sy is graphic,
(2) the graphic sequence of Si X Sy is Ty sy = (dif "™, dij ™™, di} ™", di}**), where

d;; is the degree of ijth vertex in S; x Ss.
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Proof. Let m = (d},d},...,d.) be potentially S, ,-graphic. Then there exists
a graph G which realizes m and will contain S,, 5, as a subgraph. Let m =
(d3,d3,...,d%) be potentially S,,,-graphic so that there exists a graph G5 which
realizes my and will contain S,, s, as a subgraph. Let G = GG X G4 be the cartesian
product of G and G5. Then we have d;; = d; +dj for 1 <¢<mand 1 <j <n.
This relation is true for every vertex of the graph G, therefore it also holds for the
graph S = S; x Sy. Thus we can write S = S,, 5, X S;,,- We have

(2.6) dij=di+d; for 1<i<r;+s and 1<j<ry+ss.

for1<i<ri+siand 1 <7 <ry+ so.

If d; is the degree of ith vertex of ry in S, s, and d; is the degree of jth vertex of ry
in S, s,, it can be seen by construction that degree of ¢jth vertex of r x ry in S is d;;,
where d;; is defined above and this term occurs in r; X ry in g, xg,. Similarly other
degree terms of the sequence occurs in r; X s9, 51 X 79, S1 X So by using definition
of cartesian product of graphs. Thus my, ., = (dij "™, di} ™", 3", di;*). This
completes the proof of the theorem. O

The following result is a generalization of Theorem whose proof follows simply
by induction.

Theorem 2.7. If m; = (d},db, ..., d. ) is potentially S,, s,-graphic, then

Y nj

(1) the sequence m of G = Sy sy X Srysp X .. X Sy s 1S graphic,
y ; . 71 XT2 X . XT T1 XT2X ... XTm—1XSm
(2) the graphic sequence of T is sy xsyx..xsm = (dijp o "™ g .

d51><52><53><...><sm71><7’m d§1><32><...><sm)’ 'U)h@r@ dljkm — d1+d]+dk+ ) +dm

ijk..m 1 Pigk..m

Proof. This can be proved by induction on r. 0

Theorem 2.8. If 7; is potentially S, s -graphic fori=1,2,...,m, then

iyS1

(1) the graphic sequence ™ of G = G4V Go V ...V Gy, is potentially Sm — m -

i, > Si
i=1 =1
graphic, where V denotes the join operation in Gy,Gs, ..., Gy,
(2) the graphic sequence of Sm — m s
Tiy D, Si
=1 =1
m Tj m m Sj
- (Z(n—i—sz—l)) ,(Zri—i— Z 32> , for g =1,2,...,m,
i=1 i=1 1=1,i#j

(3) and o(n") = (Zm) +23 1> s+ (Zsz) + Zsj( > si> — >
i=1 =1 j=1 i=1 j=1 i=1,i#j i=1

Proof. Let m be potentially S,, ;,-graphic for i = 1,2,...,m. Then there exists a graph

G; which realizes m; and will contain \S,, 5, as a subgraph. Let G = G1 VG V... VG,

be the graph obtained from G, G, ..., G,, by using join operation. Therefore, clearly

the graphic sequence 7 of G is potentially S noa -graphic.
i=1 “i:lSi
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To prove part (2), we use induction on m. For k = 1, the result is obvious. For
k =2, we have G = (G1V Gy, therefore, in particular we take the normal join operation
between graphs .S,, s, and S;, 5,. Thus we have 515 = S, 5, VSr,.s,- Now by Theorem
2.6 we have for every i =1,2,...,rpand1=1,2,3,...,rpand j =1,2,3,...,s; and
7=1,2,3,...,89

(27) dz :di+T2+81+82
and
(2.8) dj =1 +712+ 82,

where d; and d_] are respectively the degree of W and vah vertex in Sy, 4y s +s, and d;
is the degree of i vertex in K,,. Equations (2.7) and (2.8) hold for every 7, 5. Thus
for j =1,2

T1 T2
7T2:<<7"1+7’2+51—|—82—1) ,(7’1+T2—|—81+82—1) ,
S1 52
(7’1+T’2—|—82) ,(7’1+7’2+81)

() (S £2))

i=1 i=1,i#j

This shows that the result is true for ¥ = 2. Assume that the result holds for

m—1 T m—1 m—1 Tj
k =m — 1, therefore 7! = (( Yo(ri+ s — 1)) , ( o+ Y, si> ), for all
i=1 i=1 i=Tij

j=1,2,...,m—1. Now for Kk = m we have that G = 5,, 5, VS5, V...V S0 1 .5ms
Srism = AV S, o where A =5, 6, VS, V...VS, s 1

Since the result is proved for all £k = m — 1 and using the fact that the result is
proved for each pair and since the result is already proved for k = 2, it follows by

induction hypothesis that result holds for k£ = m also. That is,

i=1 i=1,i#j

\

This proves part (2). To prove part (3), we have for all j =1,2,...,m

o(n') = (i( b= 1) sy 3t i)

i=1 i=1 i=1,i#£j
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O

Remark 2.1. Let m = (di,d} . ..,d.,) be potentially K, -graphic m = (d},d5--- ,d2,)
be potentially K, graphic. Then the graphic sequence 7 of G = G'1 AGy is potentially
H,-graphic, where H), is a p- regular graph and p depends upon p; and ps. If p; =3
and ps = 2, then m of G = G A G is potentially Hs-graphic. If p; = 3 and py = 3,
then m of G = G N\ Gy is potentially Hy-graphic. If p; = 4 and py = 4, then 7 of
G = G1 N Gy is potentially Hy graphic. If p; = 3 and p, = 4, then 7 of G = G; A G,
is potentially Hg-graphic. From this we conclude that p depends upon p; and ps.
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