KRAGUJEVAC JOURNAL OF MATHEMATICS
VoLUME 38(1) (2014), PAGEs 163-170.

THE LAPLACIAN SPECTRUM OF CORONA OF TWO GRAPHS
QUN LIU -2

ABSTRACT. Let G1,G2 be two connected graphs. Denote the corona and the edge
corona of G1, G2 by G; o Go and G = G1 ¢ G4, respectively. In this paper, we
compute the Laplacian spectrum of the corona Go H of two arbitrary graphs G and
H and the edge corona of a connected regular graph GG; and an arbitrary graph Gs.

1. INTRODUCTION

Throughout this paper, we consider only simple graphs. Let G = (V(G), E(G)) be
a graph with vertex set V(G) = {v1, va,...,v,} and edge set E(G) = {e1,e2,...,em}.
The adjacency matrix of G denoted by A(G) is defined as A(G) = (a;;), where (a;;) =
1 if vertices ¢ and j are adjacent in G and 0 otherwise. The Laplacian matrix of G,
denoted by L(G) is defined as D(G)— A(G), where D(G) is the diagonal degree matrix
of G. The Laplacian spectrum of L(G) is defined as L(G) = (u1(G), u2(G), . . ., pn(G))
where 0 = u1(G) < ua(G) < -+ < p,(G) are the eigenvalues of L(G). There is
extensively literature available on works related to Laplacian spectrum of a graph.
See [4,5, 6] and the references therein to know more.

The following two definitions come frow [2,9]. Let G; and Gs be two graphs on
disjoint sets of ny and no vertices, m; and ms edges, respectively. The corona G1o0G,
of G and G, is defined as the graph obtained by taking one copy of G; and ny copies
of G, and then joining the ith vertex of GGy to every vertex in the ith copy of Gbs.
The edge corona G ¢ Gy of G and (G5 is defined as the graph obtained by taking one
copy of GGy and m; copies of G, and then joining two end-vertices of the ith edge of
(G1 to every vertex in the i-th copy of Gj.
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Note that the corona G o G has ny(ny + 1) vertices and my + nq(ms + ns) edges,
and that the edge corona G ¢ G has n; + myny vertices and my + my(msg + 2ns)
edges.

There have been some results on the corona and the edge corona of two graphs.
Barik et al. [1] provided complete information about the adjacency spectrum of G;0Gs
for a connected graph GG; and a regular graph G,, and complete information about
the Laplacian spectrum of G o G5 using the spectrum (and the Laplacian spectrum,
respectively) of G; and Gs. In 2010, Hou and Shiu [7] considered the adjacency
spectrum of G ¢ Gy for a connected regular graph G; and a regular graph G, and
the Laplacian spectrum of G ¢ G5 for a connected regular graph GGy and a graph Gbs.
Recently, McLeman and McNicholas [3], by introducing a new invariant called the
coronal of a graph, also discussed the spectrum of G o Gs.

Motivated by these researches, we discuss the Laplacian spectrum of GGy o G and
G o Gy. We also consider the spectrum of G; ¢ Go when (G is regular. This paper
is organized as follows. In Section 3, we introduce a new invariant, the L-coronal
of a Laplacian matrix, and use it to compute the characteristic polynomial of the
Laplacian matrix of GG; o G5. Using this result, we give a complete description of the
Laplacian eigenvalues of G; o G5 when G is an arbitrary graph and G, is also an
arbitrary graph. In Section 4, we give the characteristic polynomials of the Laplacian
matrix of G; ¢ Gy for a regular graph G; and any graph G,. Using these results,
we give a complete description of Laplacian eigenvalues of GGy ¢ Gy when G is an
ri-regular graph and G, is an arbitrary graph.

2. PRELIMINARIES

The Kronecker product of matrices A = (a;;) and B, denoted by A ® B, is defined
to be the partition matrix (a;;B). See [8]. In cases where each multiplication makes
sense, we have MMy @ MsMy = (M; @ M3)(Ms @ My).

This implies that for nonsingular matrix M and N, (M®@N)™' = M@ N~ Recall
also that for square matrices M and N of order k and s, respectively. det(M @ N) =
(detM)*(detN)*

If M, is invertible, then

M, M _
det( M; Mj ) = det(My)det(M; — My M, ' Ms).

Let j, be the column vector of size n with all entries equal to one, 0,, a column
zero vector of size n, and I,, the identity matrix of order n. Let e; be the i-th unit
column vector of size ny for i = 1,2, -, n;. For a vertex u of a graph G, let dg(u)
be the degree of vertex u in GG. For vertices v and v in a graph, u ~ v means that v
is adjacent to u.

For graphs G; with n; vertices and G5 with ny vertices we have

(21) L(G1> - (,ulalu% e '7Mn1>>L(G2) - (617527 o '767L2>‘
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3. THE LAPLACIAN SPECTRUM OF CORONA

In [3], McLeman and McNicholas introduced a new invariant, the coronal of a graph
G of order n. It is defined to be the sum of the entries of the matrix (A, — A)™!,
where I, and A are the identity matrix of order n and the adjacency matrix of G,
respectively. Now we shall generalize this concept to Laplacian matrix of graph G.

For a graph G on n vertices, the Laplacian characteristic polynomial of G is fg(\) =
det(\,, — L(G)).

Definition 3.1. Let G be a graph on n vertices, with the Laplacian matrix L(G).
Note that, viewed as a matrix over the field of rational functions C'(\), the characteris-
tic matrix ((A—1)I,— L(G)) is invertible since its determinant det((A—1)I,,— L(G)) =
fa(A—1) # 0, The L-coronal xg(A) € C(A) of G is defined to be the sum of the entries
of the matrix. Note this can be calculated as xyg(\) = 5L (A — 1)L, — L(G)) " J,.

Our main theorem is that, beyond the spectra of G and H, only the coronal of H
is needed to compute the spectrum of G = G o H.

Let G be a graph with V(G;) = {1,2,---,n1} and G be a graph with ny vertices.
Let G = G o G5. Then

_ A(Gl) 152 ® Inl
AlG) = ( (Jmy © In))T A€G2) ® I, )

L(G) L(Gl) + nQIm _jgz ® ]m
B _(jrjz; ® Im)T (]TLQ + L(GQ) ® Im

Theorem 3.1. Let Gy be a graph with ny vertices, G5 be a graph with no vertices.
Let xg,(A\) be the L-coronal of Go. Then

fG10G2 ()‘> = (fG2<)‘ - 1))nlfG1()‘ —Ng — XGz()‘))'

In particular, the Laplacian characteristic polynomial of G o Gy is completely de-
termined by the Laplacian characteristic polynomials fo,(N\) and fg,(\) and the L-
coronal of X, (N).

Proof. 1t is easily seen that
fG10G2()‘> = d€t<)‘]n1(n2+1) - L<G1 o GZ))

_ det /\Inl — L(Gl) — 7’L2[n1 jgb; & [nl

(ny ® Iny)" Ming = (Iny + L(G2)) @ I,
_ d@t >\In1 — L(G1> — n2[m jz; & [nl

(jr:,;g @ Im)T (>‘In2 - (Inz + L(G2>) ® ‘[nl

=det((AMn, — (In, + L(G2))) ® I,,) x det(Al,, — L(G1) — nal,,
- (];{2 ® ]m)(()‘lnz - (Inz + L(G2))) ® Inl)_l(jZQ ® Im)T
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=det((A — 1)1, — L(G5))" x det(Al,, — L(G1) — naly,,
- (jgg(A]nz - [nz - L(G2))_1)jnz) ® Im)
= det((A = 1)1, — L(G2))" det((A = Xa,(A) = n2)ln, — L(G1))
= (fao (A = 1))" fa, (A = n2 — X (),
as desired. 0

The following Theorem 3.2, first addressed in [1], is an immediate consequence of
Theorem 3.1. We remark that here our method is straight-forward and different from
that of Theorem 2.4.

Theorem 3.2. Let G be any graph with njvertices, my edges and Gy be any graph
with my vertices, ms edges. Suppose that L(Gy) = (p1, p2, - fn,) and L(Gg) =
(01,02, ...,0n,). Then the Laplacian spectrum of G1 o Gy is given by

i) The eigenvalue 6;+ 1 with multiplicity ny for every eigenvalue §;(j = 2,...,ns
j j

Of L(GQ)v
(miFna+1)t/ (na+1+mu:)2—4p;
2

(ii) Two multiplicity-one eigenvalues

,uz(@ = 172, ce ,nl) Of L(Gl)

Proof. Since the sum of all entries on every row of Laplacian matrix is zero, we have

L(G2)Jny = 0jn,, and then (A — 1)1, — L(G2))jn, = (A — 1)jn,. Thus

for each eigenvalue

() = ST = Dy = LG, = Tz = 12
XGQ _jnz no 2 jng_)\_l_)\_l

The only pole of x¢,(A) is A = 1. By Theorem 3.1, §; + 1 is an eigenvalue of
L(Gy o Gy) with multiplicity of ny for j = 2,...,ny. The remaining 2n; eigenvalues
are obtained by solving A — ny — "3 = ;, the theorem is proved. 0J

Now, we give an alternative proof of the above theorem by an idea from [10].

Theorem 3.3. Let G be a graph with nqy vertices and G be a graph with no vertices,
and their Laplacian spectrum are as in (2.1). Let

+ (mitne + 1) £/ (e + 14 p:)? — 4

)\iyAi:
2
fori=1,2,....,ny. Then L(G) is
Si+1, Ga+1, o Gt 1 AL AL s A, A
ny, ny, ny, 1, 1, 1, 1 ’

where entries in the first row are the eigenvalues with the multiplicities written below.

Proof. Let Zy, Zs, ..., Z,, be the orthogonal of L(G3) corresponding to the eigenvalue
0 = 01,09,...,0p,, respectively. Then for ¢ = 1,2,...,ny and for £ = 2,... ,ny , we
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have
L(G) ( z,?%? e ) - ( (In, +L(Gz)>og [ny)(Zi @ €i) )

On,
B ( (Iny + L(G2)) Zy @ I, €4 )

O,
=60 (., )

and thus we obtain n(ny — 1) eigenvalues and corresponding eigenvectors of L(G).
Let X3, Xs,...,X,, be the orthogonal eigenvectors of L(Gl) corresponding to

the eigenvalues piy, fia, . .., fin,, respectively. Let F; = (XZT7 T 1X§ ) for i =
1,2,...,ny. For any vertex u in the s-th copy of Go, F;(u) = )1(
Xi S
)= 3" Be) = (doy () + DE(w) — Xi(5) — des () _( ) \E)

v~NU

For any vertex u in G, we have dg, (u)Xi(v) = 32, ., vev(a,) Xi(v) = i Xi(u), thus

)= SR = ey (0 +m)Xiw) = > X)X

v vu,veV (Gr)

= (g, (u) +n2)Fi(w) = > F)— Y Fv)

vuweV (Gr) v~u,wgV (Gr)

)Xi(u) + (i = dg, (u)) Xi(u)

n
= (dg, (u) + 12 — 5 _QAi

It follows that dg, (u)F;(u) — ZUNUF( v) = N Fj(u) for every vertex u in G. Sim-

ilarly, if F; = (X7, 1XA 1{31_) then dg(u)Fi(u) — 32, Fi(u) = piFi(u) for

every vertex u in G. Therefore we obtain 2n; eigenvalues \;, \; and corresponding
eigenvectors F; and F; of L(G) for i =1,2,...,m;

Now we have obtained ni(ny + 1) eigenvalues and corresponding eigenvectors of
L(G) and it is easy to see that these eigenvectors of L(G) are linearly independent.
Hence, the proof is completed. 0

4. THE SPECTRUM AND LAPLACIAN SPECTRUM OF (1 ¢ Gy

Let GG; be a r;1— regular graph with n, vertices, m; edges and G5 be any graph
with ny vertices, ms edges. Also let L(G;) and L(G3) be the Laplacian matrices of
the graphs GG; and G, respectively. Then the Laplacian matrix of G = G ¢ G5 is

B L(Gh) + rinely,, —R(G1) ® jn,
L&) = ( ZURG) @ gl T @ (2 + L(Ga) )
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where R(G1) = (r;) is the vertex-edge incident matrix with entry r;; = 1 if the vertex
¢ is incident the edge e; and 0 otherwise.

Theorem 4.1. Let Gy be an ri— reqular graph with ny vertices, my edges and G5 be

any graph with ny vertices, my edges. Also let xg,(\) be the L-coronal of Go. Then
A — 710y — 211X, (A — 1))[1

oN) = e A = 201 fo (KT — X, (= 1))

In particular, the Laplacian characteristic polynomial of G1 ¢ Gy is completely de-
termined by the characteristic polynomials fa,(\) and fa,(X) and the L-coronal of

XGz()‘)'

Proof. Note that, viewed as a matrix over the field of rational functions C'()\), the
following equalities make sense. If A is not a pole of x¢,(A — 1), then

feroa, (A) = det( My, 1min, — L(G1 0 Gy))

= det < A[nl - (L(G1> + Tan[nl) R<G1) ®jn2 )
B (R(G1> ®jn2)T Ajm1n2 - (]ml ® (2In2 + L<G2))
_get [ A= rme) Lo, — (Gl) R(G1) ® jny

(R(G1) @ ju)T Iy ® (A= 2)I,, — L(Ga)
— det(L, @ (A —2)I,,, — L(G5)) x detB,

where B = (AL, 4myng — L(G1)/(Im, @ (A —2)1,, — L(G3)) is the Schur complement
with respect to I,,, ®((A—2)1,,—L(G2)). Using many elementary results of Kronecker

prcc)iduct of matrices, one has det(l,,, ® (A —2)1,, — L(G2)) = (A —=2)I,,, — L(G2))™
detB = det[(An, ymin, = L(G1)/(Im, @ (A = 2)1n, — L(G2))]
= det{(A = ring)ln, — L(G1) — (R(G1) © jn,)
(1 ® (A= 2) — L(G2)] M (R(G1) ® jiny) "}
= det{(\ — riny) L, — L(G1) — (R(G})L,n, R(G1)T)
® (Jna (A = 2) 1y — L(G2)) ™', )}
= det{(\ — rn2)l,, — L(G1) — (2r1l,, — L(G1)) @ xa,(A — 1)}

= det{(A —riny — 27“1><GQ(A — D)y — (1 = X6 (A = 1)) L(G1)}
A —7ring — 2rixe,(A — 1)

- 1= xa,(A— 1™
fG1< 1_XG2()\_1) )[ XG2< )]
where R(G,)R(G1)T = 2r1,, — L(G,). Hence, the Laplacian characteristic polyno-
mial of G is fa(A) = [fo,(A = 2)]™ fo, RS 1 - xo,(A — D). O

The following Theorem 4.2, first addressed in [9], is an immediate consequence of
Theorem 4.1. We remark that here our method is straight-forward and different from
that of Theorem 2.4.
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Theorem 4.2. Let Gi be an r1— reqular graph with nqvertices, my edges and Gs
be any graph with ny vertices, my edges. Suppose that L(G1) = (u1, f2, -« *5 fny ),
L(G5) = (01,09, -, 0p,). Then the Laplacian spectrum of G = Gy o Gy is given by

(i) The eigenvalue &; 4+ 2 with multiplicity my for every non-mazimum eigenvalue

0;(1=2,...,n92) of L(G3),

(ii) Two multiplicity-one eigenvalues
value p;(i = 1,2,...,nq) of L(Gy) and
(iii) The eigenvalue 2 with multiplicity my — ny (if possible).

r1n2+m+2i\/(r1n2+ui+2)2—4(ni+2)m
2

for each eigen-

Proof. Since the sum of all entries on every row of Laplacian matrix is zero, we have
L(G2)jn, = Ojn,, and then xq,(A) = . The only pole of xg,(A) is A = 1, which is
equivalent to the minimial Laplacian eigenvalue A — 2 = 0 of Gs.

Suppose that A is not the only pole of x¢,(\). By theorem 4.1, one has:

(i) The mq(ne—1) eigenvalues are 6,42 with multiplicity m, for every non-minnimal
eigenvalue §; (j = 2,...,n2) of L(Gy)

(ii) The 2n; eigenvalues are obtained by solving A — riny — 2r1y2 = (1 — %)
for each eigenvalue p;(i =1,...,ny).

(iii) Now we obtain mq(ny — 1) 4+ 2n; Laplacian eigenvalues of G. The other n; +
ming —mi(ny — 1) — 2ny; = my — ny Laplacian eigenvalues of G must come from the
only pole A = 2 of x¢,(A — 1). This completes the proof of the theorem. O
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