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-SEMIHYPERGROUPS

S. OSTADHADI-DEHKORDI

ABSTRACT. The aim of this research work is to define a new class of hyperstructure
that we call direct system. An important tool in the theory of homological algebra
is the direct limit. We will present the construction of the direct limit of a direct
system derived from (A, G)-set on I'-semihypergroups. Also, we prove the direct
limit is unique up to isomorphism.

1. INTRODUCTION

The hypergroup notion was introduced in 1934 by a French mathematician F. Marty
9], at the 8 Congress of Scandinavian Mathematicians. He published some notes on
hypergroups, using them in different contexts: algebraic functions, rational fractions,
non commutative groups. Algebraic hyperstructures are a suitable generalization of
classical algebraic structures. In a classical algebraic structure, the composition of
two elements is an element, while in an algebraic hyperstructure, the composition of
two elements is a set. Since then, hundreds of papers and several books have been
written on this topic, see [2-4].

Recently, the notion of I'-hyperstructure introduced and studied by many researcher
and represent an intensively was studied field of research, for example, see [1,5,6,8].
The concept of I'-semihypergroups was introduced by Davvaz et al. [1,8] and is a
generalization of semigroups, a generalization of semihypergroups and a generalization
of I'-semigroups.

Key words and phrases. I'-semihypergroup, left(right) (A, G)-set, twist product, push out system,
direct system, direct limit.
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62 S. OSTADHADI-DEHKORDI

In this paper, we define the notion of left(right) (A, G)-set, (G, A, Gs)-biset, twist
product, push out systems direct system and direct limits. Also, we prove that direct
limit exists and unique.

2. I'-SEMIHYPERGROUP AND TWIST PRODUCT

In this section we present some notion of I'-semihypergroup and introduce a relation
denoted by p* which we shall use in order to define a new derived structure of
[-semihypergroup that we called twist product. These definitions and results are
necessary for the next section.

Definition 2.1. [8] Let G and T" be nonempty sets and a : G x G — P*(G) be
a hyperoperation, where a € I' and P*(G) be the set of all nonempty subset of G.
Then, G is called I'-hypergroupoud.

For any two nonempty subset (G; and G,, we define
GiaGy = U giags, Giro{z} = Giazx, {x}aGy = xaG,.
91€G1,92€G2

A TI'-hypergroupiod G is a called I'-semihypergroup if for all x,y,z € G and o, 3 € T,
we have (zay)fz = za(yfz), which means that

U ufz = U Tav.

uEzay vEYPBz
FExample 2.1. Let I' C N be a nonempty set. We define
zay = {z € N: z > max{z,a,y}},
where o € T' = {@:a €T} and z,y € N. Then, Nis a f—semihypergroup.

Ezample 2.2. Let I' = {ay,a9,...,0a,}. Then, we define hyperoperations zagy =
xykZ. Hence Z is a I'-semihypergroup.

FExample 2.3. Let G be a nonempty set and I" be a nonempty subset of G. We define
zay = {z,a,y}, where I = {@: a € T'}. Then, G is a [-semihypergroup.

Ezample 2.4. Let G be a group, H be a normal subgroup of G and I' € G be a
nonempty subset. For all g1, g9, € G and a € F where [ = {a@:a €T} we define
G102 = gragaH.
Then, G is a I'-semihypergroup.
Let G be a I'-semihypergroup. Then, an element e, € G is called a-identity if
for every x € G, we have x € e,ax N xae, and e, is called scaler a-identity if

T = e axr = rae,. We note that if for every a € T, e is a scaler a-identity, then
ray = xfy, where a, € I and z,y € G. Indeed,

ray = (zfe)ay = rf(eay) = zBy.
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Let G be a I'-semihypergroup and for every o € I' has an a-identity. Then, G is
called a I'-semihypergroup with identity.

Definition 2.2. Let G be a I'-semihypergroup and p be an equivalence relation on
G. Then, p is called right reqular if zpy and g € G implies that for every t; € rag
there is t5 € yag such that tipty and for every s; € yag there is s; € xag such that
s1pse. In a same way, we can define left regular relations.

Proposition 2.1. Let G be a I'-semihypergroup and p be a reqular relation on G.
Then, [G : p] = {p(z) : x € G} is a I'-semihypergroup with respect to the following
hyperoperation

p(z)ap(y) = {p(z) : 2 € p(z)ap(y)},
where T = {a : a € T'}.

Proof. The proof is straightforward. 0

Let G be a ['-semihypergroup and a € I'. We define x oy = zay for every x,y € G.
Hence (G, o) becomes a semihypergroup, we denote this semihypergroup by G|a].

Definition 2.3. Let G; and G5 be I'-semihypergroup with identity. Then, a map
v : G — Gq is called a-homomorphism if p(xay) = p(x)ap(y) and p(e,) = eq
for every z,y € G;. If for every a € I'; ¢ is an a-homomorphism, then ¢ is called
homomorphism.

Definition 2.4. Let G be a I'-semihypergroup with identity and X, A be nonempty
sets. We say that X is a left (A, G)-set if for every 6 € A there is an action
0: G x X — X with the following properties:

(91a92)5$ = 9104(925$),
€ QT = T,

for every 1,90 € G, €', x € X and 6 € A.

In a same way, we can define a right (A,G)-set. Let G; and Gy be
[-semihypergroups and X be a nonempty set. Then, we say that X is a (G1, A, Gs)-
bisets if it is a left (A, Gy)-set, right (A, Gs)-set and

(91012)d292 = 9101 (20292),

for every (51,52 € A, g1 € Gl, go € Gy and x € X.

A TI'-semihypergroup G is called commutative when xay = yax, for every x,y € G
and o € I'. If G is a commutative ['-semihypergroup, then there is no distinction
between a left and a right (A, G)-set. A (A, G)-left subset Y of X such that YAX C Y.
Amap p: X — Y fromaleft (A, G)-set X into a left (A, G)-set Y is called morphism
if

p(gor) = gop(),
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for every z € X,0 € A and g € G. In a same way we can define a morphism of right
(A, G)-sets. An equivalence relation p on left (A, G)-set X is called congruence, if for
every r,y € X,0 € Aand g € G

zpy = (90x)p(gdy).

The quotient [X : p] is a left (3, G)-set by following operation:

gd(p(x)) = plgdz),

where A = {5\ 0 € A}. The map 7 : X — [X : p] defined by w(z) = p(z), for every
x € X is a morphism.

Example 2.5. Let G be a I'-semihypergroup and GG; be a I'-subsemihypergroup of G.
Then, G, is a left (I, G1)-set in the obvious way.

Example 2.6. Let p be a left regular relation on I'-semihypergroup GG. Then, there
is a well-defined action of G on [G : p| given by ga(p(x)) = p(gaz), where a € r
and z € G such that I' = {a : & € I'}. Hence, with this definition [ : ] is a left
(T, G)-set.

It is easy to see that the cartesian product X x Y of a left (A, Gy)-set X and a
right (A, Gy)-set Y becomes (G1, A, Gy)-biset if we make the obvious definition

7oi(w,y) = (@di,y),  (0.9)09: = (2,y0295),
where /5\1,52 € 3, re X,yeY and g1 € Gy, g2 € Gs.
Let X, Y and Z be (G, A, Gs)-biset, (Gs, A, G3)-biset, and (Gi, A, G3)-biset
(respectively). Then, the cartesian product X x Y is (G, A, G3)-biset. A map
p: X XY — Z is called §-bimap if

p(xdg2,y) = p(, g20y),
wherex € X, yeY, 2€ Z, go € Gy and § € A.
Definition 2.5. [7] A pair (P,v) consisting of (G, A, G35)-biset P and a d-bimap
Y X XY — P will be called a twist product of X and Y over G, if for every

(G1, A, G3)-biset Z and for every bimap w : X XY — Z there exists a unique bimap
w: P — Z such that wo ¢y = w.

Suppose that p is an equivalence relation on X x Y as follows:

p={((xdg,y), (x,90y)),z € X,y €Y, g € Gs}.

Let us define X &Y to be [X XY : p*], where p* is a transitive closure of p. We denote
a typical element p*(z,y) by z © y. By definition of p*, we have xdg © y = x © gdy,
where § € A.

Proposition 2.2. [7] Let X and Y be (G1, A, Gy)-biset and (G, A, G3)-biset, respec-
tively. Then, two elements x Oy and ' Oy are equal if and only if (z,y) = (z',y') or



DIRECT LIMIT DERIVED FROM TWIST PRODUCT ON I'-SEMIHYPERGROUPS 65

there exist x1,To, ..., Tn_1 M X, Y1,Y2,- -y Yn-1 €Y, §1,92,- - -y Gn, 1, hoy ... hy_1 €
Go and 6 € A such that

T = 11001, 10y = h10ys,
x10hy = 22002, G20Yy1 = hadys,

2i0g; = $i+159i+1> gi+15yi = hi+15yi+1a

Tp_10hn_1 = 2 Ogn, InOUYn_1 =1 -

Theorem 2.1. 7] Let X and Y be (G1, A, Gs)-biset and (Ga, A, G3)-biset. Then,
(X ©Y,n) is a twist product of X and Y over Gs.

Proof. 1t is easy to see that 7 : X XY — X &Y is a §-bimap such that 7(z,y) = zOy.
Let w: X xY — Z, where Z is a (G1, A, G3)-biset and w is a -bimap. We define
w: XY —Zby

Wz oy) =w(,y).
Let 6y =21 &y By 2.2, we have

w(x,y) = w(r1dg1,y) = w(@, g10y) = W(9317915h1) == W(l"/a y,)-

Hence @(z ©y) = @(x ©y). It is easy to see that © is a é-bimap, @om = w and @ is
unique with respect. O

Theorem 2.2. Let X and Y be (G1,A,Gs)-biset and (G, A, G3)-biset. Then the
twist product X andY over Gy is unique up to isomorphism.

Proof. Suppose that (P,v) and (P',4)’) are twist product of X and Y over G,. By
definition we find a unique W : P — P and ¢ : P — P such that 1 OJ =1 and
¢ : P — Psuch ¢ o1 = 1. Since ¢ o9y 09 = 1, we have ¢’ 0 9p = Id. By a
similar argument ¢ o ¢’ = Idp. U

We can generalize the notion of twist product three bisets. Let X, Y, Z and W
be (G1, A, Go)-biset, (Go, A, G3)-biset, (Gs3, A, G4)-biset and (G1, A, G4)-biset. Then,
amap ¢ : X XY x Z — Z is called d-trimap if for x € X,y € Y and z € Z and
92€G2793€G33nd(5€A

p(2092,y, 2) = p(, 920y, 2),  p(x,ydgs, z) = p(x,y, g302).

A pair (P,v), where P is a (G1,A,Gy)-biset and ¢ : X xY x Z — P is a
)-trimap is said to be twist if for every (Gi, A, Gy)-biset W and every J-trimap
¢ : X xY x Z —s W there is a unique ¢ : P — W such that ¢ o) = ¢.
A similar argument shows that X © (Y © Y), together with the obvious trimap
(x,y,2) — 6 (y © 2) is also a twist product of X, Y and Z.
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Proposition 2.3. [7] Let X, Y, Z be (G1, A, Go)-biset, (Go, A, G3)-biset, (G3, A, Gy)-
biset, respectively. Then, X (Y &6 Z)= (XeY)o Z.

Suppose that ¢ : X1 — X5 is a morphism and
kerlp : {(a,b) € X7 x X7 : p(a) = p(b)}.
This relation on X; is an equivalence relation and is called kernel of .
Theorem 2.3. Let G be a I'-semihypergroup, X1, Xa be left (A, G)-sets, ¢ : X1 —

Xy be a morphism and p C kerl ¢ be a congruence relation on Xy. Then, [X; : p| is a
(A, G)-set, where A = {0 : 6 € A} and there is a monomorphism @ : [X; : p] — Im .

Proof. It is casy to see that [X : p] is a (A, G)-set. We Define 3 : [X; : p] — X, by
P(p(x)) = p(z).
Let p(a) = p(b). Then,
(a,b) € p = (a,b) € kerlp = p(a) = ¢(b).
This implies that ¢ is well-defined. If ¢ € G and p(a) € [X; : p|, then

Blg0p(a)) = Bp(gda)) = p(gda) = gdp(a) = g5@(p(a)).
Hence @ is a morphism. O

Proposition 2.4. Let p; and py be congruence relations on (A, G)-set X such that
P1 g p2- Then;

[p2 2 p1] = {(p1(a), p1(D)) € [X : p1] X [X : pa] : (a,]) € pa},

is a congruence relation on [X : p1| and
[(X =]+ [p2: pul) = [X < pol.
Proof. The proof is straightforward. O

3. DIRECT LiMIT

In this section we introduce a non additive version of direct limit that is important
in homological algebra. We prove that the direct limit exists and is unique.

Let (J,<) be a partially ordered set and {X;};c; be a collection of (Gy, A, Gy)-
bisets and for all ¢, 7 € J such that ¢ < j, there is a morphism w;; : X; — X with
the following properties:

1) wi = Ix,,
2) wij o wjk = Wik
Then, we say that (X;,w;;) is a direct system of (G, A, Go)-bisets.

We say that a (G1, A, Gy)-biset X is called direct limit of this direct system if
there exist morphisms w; : X; — X such that w; o w;; = w; and if there exists a
(G1, A, Gy)- biset Y has the property that there exist a morphism )\; : X; — Y such
that \j o ay; = A\; with @ < j and a;; : X; — X, is a morphism, then there is a
unique morphism A : X — Y such that Aow; = \;.
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Theorem 3.1. Let (X;,w;;) be a direct system. Then, the direct limit exist.

Proof. Suppose that (X;,w;;) is a direct system. Without loses of generality we
suppose that the sets X; are pairwise disjoint. Let D = J,.; X; and 6* be equivalence
relation generated by the following relation:

il

di16dy <= there exists i < j, dy € X;, w;j(dr) = da,
where dy,dy € D,i,j € I. We prove that [D : 0*] is a direct limit. To see this, we
define a morphism w; : X; — [D : 0*], for each i € I by
wi(w;) = 0" (2s),

where z; € X;. We have

wj o wij () = 0% (wij(xi)) = 07 (),
for every z; € X;. Let Y be a (Gy,A,Gs)-biset and \; : X; — Y be a morphism
such that A\; o a;; = A\;. We define a morphism ¢ : D — Y by

o(z) = Ni(xy), = eX;, i€l
Let dy60d,. Then, there are 4,5 € I and w;; such that w;;(d;) = d. This implies that

p(dz) = p(wij(di)) = Aj(wij(dr)) = Aildr) = p(da).

Hence (dy, ds) € kery and by Proposition 2.4, there exists morphism ¢ : [D : §*] — Y
defined by

P07 (2:)) = (i),
where x; € X;, i € 1. Also, ¢ ow;(z;) = @(0*(x;)) = Ai(x;). This implies that
pow; = ;. If ¥ is a morphism with the same properties, then for every z; € X; and
1€ 1,
V(0% (@) = (wilz:) = Aizi) = (07 ().

Therefore, = 1. This completes the proof. U
Proposition 3.1. The direct limit of direct system (X, wij)ijer s unique up to
1somorphism.

Proof. Suppose that X and Y are direct limits of direct system (X;,w;;)ijer- By
definition we have a unique A : X — Y and \ : Y — X such that w; o A = ); and
\; o\ = w;. Hence

wio(AoX)=(wioA)oX =X\o\ =uw,
Aio(NoX) =\,
Therefore, \o X = Iy and N o A= Iy and so X =Y. ]

Proposition 3.2. Let (X,,,w,) be a direct system and [D : 6*] be the direct limit of
the this direct system. Then, the map B, : X, — [D : 0*] is one to one if and only
iof the maps w,, are one to one.
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Proof. Suppose that all maps w, : X,, — X, 41 are one to one and [,,,(a,,) = B (bin)-
This implies that 0*(a,,) = 5*(b,,). Hence

there exists x1,29,...,2, € D : ay, = 1, by, = 2, and x;0z;4 4.

By the definition of 6, since every w, is one to one it follows that a,, = b,,. This
implies that 3, : X,, — X1 is one to one. Conversely, suppose that for some
n, wy, is not one to one and [, is one to one. Hence for some a, # b, we have
wn(ay) = wy(b,). By definition a,0b, and 6*(a,) = 0*(b,) and so B*(a,) = B*(b,)-
That is contradiction. 0

Proposition 3.3. Let (X;,w;;) be a direct system (Ga, A, G3)-biset, D be the direct
limit of this direct system and Hy, Hy be (G1,A,G3), (Gs, A, Gy)-biset, respectively.
Then, H1 © D & H, is the direct limit of direct system (Hy © X; & Hy, Iy, Sw;ij © 1p,).

Proof. Suppose that
IHl@wij@[HQIHl@XZ’@HQ —>H1@X]’@H2,
Iy, ©wi©ly, - HHoX; 0 Hy — Hi© D © H,.
Obviously,
(U ©wi ©Im,) o (I Swij © In,) = I, S w; © Iy,

for i < j. Let @ be a (G1,A,Gy)-biset and o; : Hy © X; © Hy — @ such that
Iy, ©wij © Iy,)00j = oy, for all i < j and T is the disjoint union X; and 6* is the
equivalence relation generated by the following relation:

d10dy <= there exists i, j € I w;;(d) = d.
We know that w;(z;) = 0*(x;) for all z; € X;. We define pu: Hy x T' x Hy — @ by
p(hi, ti, ha) = oi(h1 ©t; © hy).
We have
p(hy,wi(ti), ho) = oi(hy © wij(t;) © ha)
=0;(Ig, ©wij © Ip,)(h ©1; © hy)
=0i(h1 ©t; © hy)
= u(hy,t;, ho).
Hence p induces a map 1 : Hy x T x Hy — @ defined by
w(hy, 0% (t;), ha) = oi(hy ©t; © ha).
For all g, € G5 and t; € T we have
11(h16ga, 0" (t:), ha) = 0i(h1dg2 © 1; © ha) = 0i(h1 © ga0x; © ha) = [i(ha, 9207 (1), ha),
and similarly, for every g3 € G5 we have

p(hy, 0%(t:), g30he) = fi(hy, 0%(t;)0 g3, ha).
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Hence pi induces a map £ : H; & T & Hy, — () given by

It is easy to see that & is morphism and (Ig,w; © Iy,) o £ = 0; and & is unique. This
completes the proof. O

Suppose that X;, X, X3, Xy are (A, G)-sets and ¢; : X1 — X, ¢; : X; — X4
are morphisms for 2 < ¢ < 3 and 2 < j < 3 such that 15 0 p; = 13 0 y. If there
are ¥y : Xo — X, and 15 : X3 — X, such that 15 0 0y = 1, 0 oy, then there is a
morphism \ : X; — X such that Aoty = by, and Aot)3 = 15. A system [X;, ¢;, V]
for 1 <i<4,1<j<2,1<k<2is called push out.

Proposition 3.4. Let X1, X5, X3 be (A, G)-sets, p1: X1 — Xy and o : X7 — X3
be morphisms. Then, there is a push out system and xs € Xy, 13 € X3, ho(3) =
s(x3) implies that xo € Tm ;.

Proof. Suppose that p is a following relation on X = X; U X, U X3 of disjoint (A, G)-
sets.

zpy < x € X; and y = p1(x) or x € X; and po(z) = v.

Let p* be equivalence relation generated by p and [X : p*] be the quotient set on X
by p*. We define ¢y : Xo — [X : p*] and 93 : X5 — [X : p*] by

Pa(2) = p*(22), ¥3(w3) = p*(x3).
It is easy to see that [X, X, ¢;, ¢x] is a push out system.
Let to(z2) = 3(x3), then p*(x2) = p*(x3). This implies that there are
ai,as,...,a, € X such that a; = x9, a, = x3 and a;pa;; 1. Hence a; € X; and
v1(a;) = a1 or po(a;) = a;p1. This implies that x5 € Im ;. O

Let G; be a I'-subsemihypergroup of G, X; and X, be a (A, G1)-set and a (A, G)-
set, respectively and X = Xy, © G, and ¢ : X; — X5 be a morphism on G;. We
define the following relation on X as follows:

(d1©g1)€E(dy© g2) <= there exists t1,ty € X1, o(t1) = di, p(tz) = da, 11091 = t20gs.
Suppose that £* is an equivalence relation generated by . Hence [X © G : {*] is a
(A, G)-set and is called extension of X by G.

Proposition 3.5. Let Gy be a I'-subsemihypergroup of G, Xy be a left (A, G)-set,
Xy be a left (A, Gh)-set and ¢ : X1 — X3 be a morphism and T = [X, © G : £7],
where A CT'. Then, X1 6 G, Xo0 G, X1,T, where po I : X160G — X0 G, :
X10G@—X1,0: X1 —Tand 7 : Xo © G — T defined as follows:

pol(r109)=¢(r)og, V(v 6g)=u1xdy,

Blar) = £ (p(r1) O es), m(x2©9) = (220 9),
1s a push out system.
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Proof. Suppose that 1 & g € X; © G. Hence

To(pol)(z10g)=n(p(r1)©g) =& (p(r1) ©9),

and

This implies that B0y = 1o (p©1). Let T" be a (A,G)-set, 8 : X; — T and
0:X,6G — T such that 0o (po1I) = o For every 21,2, € X; and 9,9 € G
such that &*(p(z1) © g) = £*(p(x)) ©g'). We have

m(p(z)eg)=mo(pel)(z10g) =B otz ©g)

It follows that ) induces a unique morphism w : T — T" by following definition:

w((r209)) =7(z2©9).

On the others hand

wo fr1) = w(g(p(1) O es)) = mo (p(z1) O €5)

This completes the proof. O

Lemma 3.1. Let Gy be a I'-subsemihypergroup of G and G has the extension property
in G and ¢ : X1 — X5 be a morphism on Gy and x2 © eq = p(x1) ©g. Then,
Ty € Im .

Proof. Suppose that X, Xo, T are (A,G)-sets and ¢ : X7 — Xo, dy : Xo — T
and \ : Xo — T are a push out system. Hence X; 6 G, Xo 6 G, TG, p g :
Xl@G—)XQQG,A@[GXg@G—)T@G&Hd(Sg@[GXQ@G—>T@GIS
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also push out system. Since s S e, = ¢(x1) © g in Xy © G, we have
02(x2) © e = (62 © 1) (12 © €a) = (02 © ) (p(21) © 9)
= 02(p(21)) © 9
= Aep(1)) ©
= (e lg)(y (961) S9)
= (A0 1g)(z2 O €q)
= Az2) © e,.
Since (G has the extension property in G the map X, — X, 6 ¢, from X, to Xo 6 G
is one to one. This implies that A(z3) = d2(x2) and by Proposition 3.4, x5 € Imp. O

Theorem 3.2. Let G be a I'-subsemihypergroup of G and G1 has the extension
property in G and ¢ : X1 —> Xy be a morphism on Gy such that po1: X6 X —
X20X be a morphism, where X be a right (A, G)-set. Then, 120e,Ox = p(x)Sgox
implies that there exist t1 € Xi,ty € X such that xo S e, ©x = p(t1) © €4 O ta.

Proof. Suppose that 3 S e, © 2 = () © g ©«'. Let X1, X5, T be push out system,
where ¢ : X1 — X5,01 : Xo —> T and 9 : Xo — T. Hence X; © X, X, © X, and
ToX is a push out system, where po1 : X16X — Xo0X, 561 : Xo0X — TEX
and 0,61 : Xo6 X — To X is also push out system. On the other hand on TGS X,
05(12) Sen O = (00160 Ix) (220 e,61)) = (56166 Ix)(p(r) 0 g )
= bp(r)ogor
=hp(r)egor
=sp(r)ogor
By extension property we have ds(z2) © z = 01(x2) © z. Hence by Proposition 3.4
there exist ¢; € X; and t, € X such that
201 = (pO Ix)(t1 @ tz) = p(t1) O ta.
This implies that
T O eqr = @(t1) © ey O to.
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