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CARLEMAN INTEGRAL OPERATORS AS MULTIPLICATION
OPERATORS AND PERTURBATION THEORY

S. M. BAHRI!

ABSTRACT. In this paper we introduce a multiplication operation that allows us
to give to the Carleman integral operator of second class [3, 8] the form of a mul-
tiplication operator. Also we establish the formaly theory of perturbation of such
operators.

1. INTRODUCTION

It is well known that the multiplication operators [1,2] possess a very rich structure
theory, such that these operators played an important role in the study of operators
on Hilbert Spaces.

In this paper, we introduce a multiplication operation that allows us to give to the
Carleman integral operator of second class |3, 8| the form of a multiplication operator.

In what follows, we shall assume that the reader is familiar with the fundamental
results and the standard notation of the Integral operators theory [8-12]. Let X
be an arbitrary set, y a o—finite measure on X (u is defined on a o—algebra of
subsets of X, we don’t indicate this c—algebra), Lo (X, 1) the Hilbert space of square

AR

integrable functions with respect to u. Instead of writing “p—measurable”, “u—almost
everywhere” and “(du (z))” we write “measurable”; “a.e.” and “dx”.

A linear operator A : D(A) — Lo (X, ), where the domain D (A) is a dense
linear manifold in Ly (X, i), is said to be integral if there exists a measurable function

K on X x X, a kernel, such that, for every f € D (A),

(1) Af@) = [ K@) ) dy ac
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A kernel K on X x X is said to be Carleman if K (z,y) € Lo (X, u) for almost every
fixed x, that is to say

/ K (x,9)]*dy < oo ae.
X

An integral operator A with a kernel K is called Carleman operator if K is a Carleman
kernel. Every Carleman kernel K defines a Carleman function k from X to Lo (X, )
by k (z) = K (z,-) for all z in X for which K (z,) € Ly (X, u).

Now we consider the Carleman integral operator (1.1) of second class [3,8| generated
by the following symmetric kernel

Zan,@bn n 7

where the overbar denotes the Complex conjugation, (¢, (x)),~, is an orthonormal
sequence in L? (X, i) such that

Z]@Dn )|? < oo ae.,

and (ay), ., is a real number sequence verifying
[e.e]
Zai lth, (2)|° < o0 ae.
n=0

We call (¢, (z)),~, a Carleman sequence.
Moreover, we assume that there exists a numeric sequence (7,),—, such that

(1.2) nynwn () =0 a.e.,

and

00 2

Tn < 0.

— | a, — A

With the conditions (1.2) and (1.3), the symmetric operator A = (A*)" admits the
defect indices (1, 1) (see [3-6]), and its adjoint operator is given by

= Zan (f> ¢n) wn (‘T) )

(1.3)

D (4%) = {f € L3 (X, 1)+ D an () v (0) € L2 (X, m} .

Moreover, we have

&)

or (@) = 225U (2) €Ny, AEC A #an,n=12,...,

a
n=0

Pay () = n (1),
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My being the defect space associated to A (see [3,4]).

2. POSITION OPERATOR

Let ¢ = (¢n,).-, be a fixed Carleman sequence in L* (X, u). It is clear from the
foregoing that 1 is not a complete sequence in L* (X, ). We set £, the closure of

the linear span of the sequence (¢, (x)),~,

£y = span {¢, : n € N}.

We start this section by defining some formaly spaces.

2.1. Formal Elements.

Definition 2.1 ([7]). We call formal element any expression of the form

(2.1) F= antbn,
neN
where the coefficients a,, (n € N) are scalars.
The sequence (a,), is said to generate the formal element f.

Definition 2.2. We say that f is the zero formal element and we note f =0ifa,, =0
for all n € N.

We say that two formal elements f =" _a,¥, and g =3
a, = b, for all n € N.

nen Dnthy are equal if

If ¢ is a scalar function defined for each a,,, we set

¥ (Z anwn) = Z ¥ (a’n> Yn,

or in another form,

play,ag,... a5, ...)=(p(a1),¢(as),...,¢(ay),...).

For example let

If a, # 0 for all n € N, then the formal element
1

is called inverse of the formal elementf = )" a,¥y.
Furthermore, we define the conjugate of a formal element f by

Denotes by Jy the set of all formal elements (2.1). On J, we define the following
algebraic operations:



74 S. M. BAHRI

(a) the sum

+ ?¢ X ?w — fﬂp
(Qoantn) + (2 bnthn) = 22 (an +bn) n

(b) and the product
C x ?w — 3:1/,
A Qanthn) = 32 (A-an) Yy

n

Hence, we obtain a complex vector space structure for F,.
2.2. Bounded Formal Elements.
Definition 2.3. A formal element f = ) a,, is bounded if its sequence (a,,),, is

neN
bounded.

We denote by B, the set of all bounded formal elements. It’s clear that By, is a
subspace of J,. We claim that:

(a) Ly is a subspace of By.
(b) Furthermore we have the strict inclusions:

Lw C ij - 971/,.
We define a linear form (-,-) on Fy by setting

(2'2) <Zan¢na anwn> = Zanaa

with the series converging on the right side.
Proposition 2.1. The form (2.2) verifies the properties of scalar product.
Proof. Indeed, let

F= atn, 9= butbn, fi=) alty and fo= aliy,

in Sjw.
We have then:

(a)
Zanb = Zb a, = (g, f
(b)
(A\f.9) = < (Z%%) ,Zan¢n> = <Z<Aan> wn,anwn>

:Z (Aan) by = A Zanwn,Zwan = \f.9),
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(©)
it forg) = <z (61 +2) 6o, zbnwn>
=Y (ol +a2) by =Y alby+ Y a2by = (fi.9) + {f2.9).

(f.1) =D la.l> > 0and (f,f) >0, if f#0.

n

O

Remark 2.1. On L, the scalar product (.,.) coincides with the scalar product (., .)
of L? (X, p).

2.3. The Multiplication Operation. Here, we introduce the crucial tool of our
work.

Definition 2.4. We call multiplication with respect to the Carleman sequence (¢,),,,
the operation denoted “o” and defined by

Fog=">> {fitn) (g, 0n)n =" anbyibn, forall (f,g) €T},

n

Definition 2.5. We call position operator in £, any unitary selfadjoint operator
satisfying
U(fog)=UfoUg, forall f,ge€ Ly.

The term “position operator” comes from the fact (as it will be shown in the
following theorem) that for the elements of the sequence ¢ = (¢,,),,, the operator U
acts as operator of change of position of these elements.

2.4. Main Results.

Theorem 2.1. A linear operator defined on L, is a position operator if and only if
there exists an involution j (i.e. j* = Id)of the set N such that for allm € N

Proof.

(a) It is easy to see that if (2.3) holds, then U is a position operator.
(b) Let U be a position operator. According to Proposition 2.1 we can write:

an = Zan,k wk’a with Z |an,k’2 =1
k k

since Ut)y, € L.
On the other hand, we have

(2.4) D ok k=Y 0l U
K K
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as
The equalities (2.4) lead to the resolution of the system:
2
n =1,
(2.5) {22" il k€N,
OénJ(: - an,k7

We get then

nkn — 1a
for all n € N, there exists only one k, € N : {a ki for all k # k,.
Onk =Y,
Let us now consider the following application
j + N — N,
n +— j(n)=k,
It’s clear that j is injective.
Now let m € N. Since U? = I, then

U (Uthm) = Utjimy = Yjim)) = ¥m.

Hence
j(i(m)) =m.
Finally 7 is well defined as involution. U
Remark 2.2.
(a) We emphasize that involution j depends of the operator U, i.e. j = jy. We
then write
Ut = Vi) = Viu(n)
and

n n

Uf=U <Z am/}n) = Zan%(n) = fu.

(b) The position operator U can be extended over JFy, as follows. If f =" a,, €
Fy, then

Uf=fv= Z and}jU(n)

n

3. CARLEMAN OPERATOR IN JF,

3.1. Case of Defect Indices (1,1). Let o = ) o,¥, € F, we introduce the
operator A, defined in £, by

Auf =aof = Z ) (f ) )
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It is clear that A, is a Carleman operator induced by the kernel

K (z,y) = Z anty () ¥ (y),
with domain

D(A,) = {fef,w 2> Jan (f. )l < oo}.

Moreover, if a = @, then A, is selfadjoint.
Now let © = 3 41, € Fy and © ¢ Ly, (e, 3, |m|* = 00). We introduce the
following set

(3.1) He={f+nO:feLlynueCt,
which verify the following properties.

Proposition 3.1.

(a) He is a subset of Fy.
(b) Hyg =Ly & CH, i.e. direct sum of Ly with CO = {ub : p € C}.

Proof. The first property is easy to establish. We show the uniqueness for the second.
Let g1 = fi + 110 and g9 = fo + po6 two formal elements in Hy. Then

G =g fi— fo= (12— 1) 0.

This last equality is verified only if o = 1. Therefore f; = f. O

Denote by () the projector of Hg on L, that is to say: if g € He, g = f + 1O
with f € £y and p € C then Qg = f.
We define the operator B, by

Baf:Q(OéOf), f€£¢'
It is clear that,
D (B,)={f€ely:ao0fecHeo}.

Theorem 3.1. B, is a densely defined and closed operator.
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Proof.
(a) Since
span {1, : n € N} C D (B,)
and that (¢,),is complete in £, then
D (B,) = Ly.
(b) Let (fn),, be a sequence of elements in D (B,). Checking
n = 5 :
4 / (convergence in the L* sense).
By fn = 9,
We have then
Bafn:Q(aofn)v
with
@0 fn=gn+pO, g, € Loy
Then
Gn =0 fr, — 11,0 € Ly,
This implies that:
<gna 77Dm> = O <fn>'l/}m> - Mn7m¢ma for all m € N.
Or, when n tends to co, we have:
g — g and f, — [.

Therefore, there exist u € C such that:

lim p,, = p.

n—oo

And as (@) is a closed operator, then we can write
aofeHeg and g=Q (aof).
Finally f € D (B,) and g = B, f. O

It follows from this theorem that the adjoint operator B} exists and BX* = B,,.
Let us denote by A,, the operator adjoint of B,,

A, = B..
In the case a = @, the operator A, is symmetric and we have the following results.
Theorem 3.2. A, admits defect indices (1,1) if and only if
or=(a—XN)""00 €Ly
In this case vy € Ny (defect space associated with X, |3]).
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Proof. We know (see [3]) that A, has the defect indices (1,1) if and only if, its defect
subspaces Ny and N are unidimensional.
We have

Ny =ker (A, — M) =ker (B, — \I).
So it suffices to solve the system
Baox = Apa,
Pr € Lwa

ie.,

Q (a0 py) = Apy, — (o py) = Apr+ pO, u € C,
ox € Ly, ©x € Ly,

©x € Ly,

{(a—)\)ow\:@,

©x = (Oé - >\>_1 © 6)
©x € Lw.

O

3.2. Case of Defect Indices (m,m). In this section we give the generalization for
the case of defect indices (m,m), where m > 1.
Let ©1,0,,...,0,,, (where m € N) formal elements not belonging to £, and let

gf@z{f‘f‘ZMk@ka fely, meC, k:1,...,m}.

k=1

We consider the operator B, defined by

Bof =@Q(aof), for feD(Ba),
D(Ba):{feﬁwzaofef}f@}.

We assume that a = @ and we set
A, = B.
By analogy to the case of defect indices (1,1) we also have the following.
Theorem 3.3. The operator B, is densely defined and closed.
Theorem 3.4. The operator A, admits defect indices (m, m) if and only if
gp&k) =(a—N)oOrely, k=1,....m.

In this case the functions @E\k)(k = 1,...,m) are linearly independent and generate
the defect space N.
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