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ON BERGMAN TYPE INTEGRAL OPERATORS IN ANALYTIC

SPACES IN TUBULAR DOMAINS OVER SYMMETRIC CONES

S. KURILENKO1 AND R. SHAMOYAN1

Abstract. We provide new results on Bergman type integral operators (or Herz
type integral operators) in new Herz type analytic spaces in tubular domains over
symmetric cones and in products of such type domains. These results are new even
in one dimensional case.

1. Introduction and Preliminaries

The goal of this paper is to provide new results related with the Bergman type
projection in tubular domains over symmetric cones in some new Herz type spaces
and to study the action of closely related new integral Herz type operators in some
new Herz type spaces of analytic functions in tubular domains over symmetric cones
and in more general products of such type tubular domains.

We first add some definitions, known facts for these domains to use them partially
in our paper later. We also add some known preliminary facts that needed for the
completeness of our exposition.

Let TΩ = V + iΩ be the tube domain over an irreducible symmetric cone Ω in the

complexification V C of an n-dimensional Euclidean space Ṽ . Following the notation
of [13] and [5] we denote the rank of the cone Ω by r and by ∆ the determinant

function on Ṽ . Letting Ṽ = R
n, we have as an example of a symmetric cone on R

n

the forward light cone Λn defined for n ≥ 3 by

Λn = {y ∈ R
n : y21 − · · · − y2n > 0, y1 > 0}.
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integral operators
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Light cones have rank 2. The determinant function in this case is given by the
Lorentz form

∆(y) = y21 − · · · − y2n,

(see, for example, [5]).
Let us introduce some convenient notations regarding multi-indices.
If t = (t1, . . . , tm), then t⋆ = (tm, . . . , t1) and, for a ∈ R, t+ a = (t1 + a, . . . , tm + a).

Also, if t, k ∈ R
m, then t < k means tj < kj for all 1 ≤ j ≤ m.

We are going to use the following multi-index

g0 =

(
(j − 1)

d

2

)

1≤j≤r

, where (r − 1)
d

2
=

n

r
− 1.

H(TΩ) denotes the space of all holomorphic functions on TΩ. We denote m Cartesian
products of tubes by Tm

Ω , Tm
Ω = TΩ×· · ·×TΩ the space of all analytic function on this

new product domain which are analytic by each variable separately will be denoted by
H(Tm

Ω ). In this paper we will be interested on properties of certain analytic subspaces
of H(Tm

Ω ). By m here and everywhere below we denote below a natural number bigger
than 1. For τ ∈ R+ and the associated determinant function ∆(x) we set

(1.1) Ã∞
τ (TΩ) =

{
F ∈ H(TΩ) : ‖F‖A∞

τ
= sup

x+iy∈TΩ

|F (x+ iy)|∆τ (y) < ∞

}
,

(see [5] and references there). It can be checked that this is a Banach space.
For 1 ≤ p, q < +∞ and ν ∈ R, and ν > n

r
−1 we denote by Ãp,q

ν (TΩ) the mixed-norm
weighted Bergman space consisting of analytic functions f in TΩ that

‖F‖Ãp,q
ν

=



∫

Ω



∫

Ṽ

|F (x+ iy)|pd x




q/p

∆ν(y)
d y

∆(y)n/r




1/q

< ∞.

This is a Banach space.
Replacing above simply Ã by L̃ we will get as usual the corresponding larger space

of all measurable functions in tube over symmetric cone with the same quazinorm
(see [13,19,20]). It is known the Ãp,q

ν (TΩ) space is nontrivial if and only if ν > n
r
− 1

(see [5]). And we will assume this everywhere below. When p = q we write (see [5])

Ãp,q
ν (TΩ) = Ãp

ν(TΩ).

This is the classical weighted Bergman space with usual modification when p = ∞.
We add some notions on Bergman type analytic function spaces on products of tubular
domains.

Let Tm
Ω = TΩ × · · · × TΩ. To define related two Bergman-type spaces Ãp

ν(T
m
Ω ) and

Ã∞
τ (Tm

Ω ) (ν and τ can be also vectors) in m-products of tube domains Tm
Ω we follow

standard procedure which is well-known in case of unit disk and unit ball see for
example [11]. Namely we consider analytic F functions F = F (z1, . . . zm) which are
analytic by each zj,j = 1, . . . ,m variable, and where each such variable belongs to TΩ
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tube and define as H(Tm
Ω ) the space of all such functions. For example we set, for all

zj = xj + yj, τj ∈ R, j = 1, . . . ,m, F (z) = F (z1, . . . , zm), τ = (τ1, . . . , τm)

Ã∞
τ (Tm

Ω ) =

{
F ∈ H(Tm

Ω ) : ‖F‖Ã∞
τ
= sup

x+iy∈Tm
Ω

|F (x+ iy)|∆τ (y) < ∞

}
,

where
|F (x+ iy)| = |F (x1 + iy1, ..., xm + iym)|,

and ∆τ (y) is a product of m one-dimensional ∆τj(yj) functions, j = 1, . . . ,m. Similarly

the Bergman space Ãp
τ can be defined on products of tubes for all τ = (τ1, . . . , τm), τj >

n
r
−1, j = 1, . . . ,m. It can be shown that all spaces are Banach spaces. Replacing above

simply Ã by L̃ we will get as usual the corresponding larger space of all measurable
functions in products of tubes over symmetric cone with the same quazinorm.

The (weighted) Bergman projection Pν is the orthogonal projection from the Hilbert
space L̃2

ν(TΩ) onto its closed subspace Ã2
ν(TΩ) and it is given by the following integral

formula (see [5])

Pνf(z) = Cν

∫

TΩ

Bν(z, w)f(w)dṼν(w),

where
Bν(z, w) = Cν∆

−(ν+n
r
)((z − w)/i)

is the Bergman reproducing kernel for

Ã2
ν(TΩ)

(see [5, 13]).
Here we used the notation

dṼν(w) = ∆ν−n
r (v)dudv.

Below and here we use constantly the following notations w = u+ iv ∈ TΩ and also
z = x+ iy ∈ TΩ.

Hence for any analytic function from Ã2
ν(TΩ) the following reproducing integral

formula is valid (see also [5])

f(z) = Cν

∫

TΩ

Bν(z, w)f(w)dṼν(w).

Note these assertions have direct copies in simpler cases of analytic function spaces
in unit disk, polydisk, unit ball, upper half-space C+ and in spaces of harmonic
functions in the unit ball or upper half-space of the Euclidean space Rn. These
classical facts are well-known and can be found, for example, in [11] and in some items
from references there.

Let us first recall the following known basic integrability properties for the determi-
nant function, which appeared already above in definitions. Below we denote by ∆s

the generalized power function (see for this function [5, 13]).
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Lemma 1.1.

1) The integral

Jα(y) =

∫

Rn

∣∣∣∣∆
−α

(
x+ iy

i

)∣∣∣∣ dx

converges if and only if α > 2n
r
− 1. In that case

Jα(y) = C̃α∆
−α+n/r(y), α ∈ R, y ∈ Ω.

2) Let α ∈ C
r and y ∈ Ω. For any multi-indices s and β and t ∈ Ω the function

y 7→ ∆β(y + t)∆s(y)

belongs to L1(Ω, dy
∆n/r(y)

) if and only if Re s > g0 and Re(s + β) < −g∗0. In that case

we have ∫

Ω

∆β(y + t)∆s(y)
dy

∆n/r(y)
= C̃β,s∆s+β(t).

We refer to Corollary 2.18 and Corollary 2.19 of [10] for the proof of the above
lemma or [5]. As a corollary of one dimensional version of second estimate and first
estimate (see, for example, [20], [19, Theorem 3.9]) we obtain the following vital
Forelli-Rudin type estimate for Bergman kernel (1.2) which we will use in proof of all
our main results [19].

Lemma 1.2.

(1.2)

∫

TΩ

∆β(y)|Bα+β+n
r
(z, w)|dV (z) ≤ C∆−α(v),

where β > −1, α > n
r
− 1, z = x+ iy, and w = u+ iv (see [20]).

We note also that see [20]

(1.3) |f(x+ iy)|∆
n
rp

+ ν
q (y) ≤ cp,q,r,ν‖f‖Ãp,q

ν
, 1 ≤ p, q < ∞, ν >

n

r
− 1.

Finally for completeness we provide very vital Whitney decomposition of tubular
domain over symmetric cones based on Bergman balls (see [5, 6]). It was used during
many proofs of various assertions (see for example [5, 6]).

Lemma 1.3 ([4, 5]). Given δ ∈ (0; 1) there exists a sequence of points {zj} in TΩ

called δ-lattice such that calling {Bj} and {B′
j} the Bergman balls with center zj and

radius δ and δ/2 respectively then

A) the balls {B′
j} are pairwise disjoint;

B) the balls {Bj} cover TΩ with finite overlapping;

C)
∫
Bj(zj ,δ)

∆s(y)dV (z) ≍
∫
B′

j(zj ,δ)
∆s(y)dV (z) = C̃δ∆

2n
r
+s(Im zj);

where s > n
r
− 1, J = |Bδ(zj)| ≍ ∆

2n
r (Im zj), j = 1, . . . ,m, J ≍ ∆

2n
r (Imw), and

w ∈ Bδ(zj).
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Let dv(z1, . . . , zm) =
∏m

j=1 dv(zj) = dv(~z), zj ∈ TΩ, j = 1, . . . ,m be the normalized

Lebeques measure on product domain. We denote as usual by dvγ = δγ(z)dv(z) the
weighted Lebegues measure on TΩ domain and similarly on products of such domains
using products of ∆ functions in a standard way for all γ > −1. Much work was done
in recent decades in the theory of analytic function spaces in tubular domains over
symmetric cones. Various interesting results were provided related with Bergman type
integral operators on such type spaces. We refer to [5] and [20] and various references
there only for a short portion of such type results.

In this section we define new scales of Herz type analytic function spaces on more
general products of such tubes and based on that we study the action of some new
Herz type integral operators defined on more general products of tubular domains
over symmetric cones. Note we always assume the symbols of these integral operators
belong as usual formally to L1 class in tubular domains TΩ or to same spaces on
products of such tubular domains (TΩ)

m. To be more precise we define new analytic
Herz-type spaces on products of tubular domains in C

n via Bergman balls (or products
of such balls) in tube following the same ideas we used in our previous work related
with Herz type spaces and operators and Bergman type integral operators in context of
bounded strongly pseudoconvex domains with smooth boundary and products of such
domains (note here using standard sign of vector on lower indexes everywhere below
we get as usual a little bit more general versions of these analytic spaces-and this is a
standard extension in literature). We refer to [23] for these results in bounded strongly
pseudoconvex domains related with Trace problem. We refer to [1–3,7,8,12,15–18,24]
for various recent nice results related with the Bergman and other integral operators
in various domains in analytic function spaces in higher dimension. We provide now
several recently obtained results in this area on Bergman type projections in tube.
The weighted Bergman projection Pν is the orthogonal projection from the Hilbert
space L̃2

ν(TΩ) onto its closed subspace Ã2
ν(TΩ) and it is given by the integral formula

(Pνf)(z) =

∫

TΩ

Bν(z, w)f(w)∆
ν−n

r (Imw)dv(w),

z ∈ TΩ and ν > n
r
− 1 (see [4–6,19,20]).

The L̃p,q
ν boundedness of the Bergman projection Pν is still an open problem and

has attracted a lot of attention in recent years. Today it is only known that this
projection extends to a bounded operator on L̃p,q

ν for general symmetric cones for the
range 1 ≤ p < ∞, q′ν,p < q < qν,p; qν,p = min{p, p′}qν , qν = 1 + ν

n/r−1
and 1

p
+ 1

p′
= 1

(see [19, 20]).
The importance can be seen for example from the following fact. If Pν extends to

a bounded operator on L̃p,q
ν then the topological dual space (Ãp,q

ν )∗ of the Bergman
space Ãp,q

ν identifies with Ãp′,q′

ν under the integral pairing

〈f, g〉ν =

∫

TΩ

f(z)g(z)∆ν−n
r (Im z)dv(z),
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f ∈ Ãp,q
ν , g ∈ Ãp′,q′

ν (see [19, 20]). Let β > −1, γ > 0, and α > 0. Let also

(Tα,β,γf)(z) = ∆α(Im z)

∫

TΩ

Bγ(z, w)f(w)∆
β(Imw)dv(w),

(T+
α,β,γf)(z) = ∆α(Im z)

∫

TΩ

|Bγ(z, w)|f(w)∆
β(Imw)dv(w),

z ∈ TΩ, f ∈ L̃1(TΩ). The following assertions were proved in recently in [19].

Theorem B ([19]). There are ν1 = ν1(α, n, r, q); ν2 = ν2(α, n, r, q) so that for 1 ≤
p, q < ∞, ν ∈ R, γ = α+β+ n

r
, α+β > −1 the T+

α,β,γ operator is a bounded operator

on L̃p,q
ν (TΩ) for all ν ∈ (ν1, ν2).

Theorem C ([19]). Let (Q+) be (T+
α,β,γ) operator for α = 0, γ = ν +m; β = ν − n

r
.

Then (Q+) for ν + m > n
r
− 1, 1 ≤ p, q < ∞, is a bounded operator from L̃p,q

ν to

L̃p,q
ν+mq if ν ∈ (ν1, ν2) for some ν1 = ν1(p, q, n, r, ν); ν2 = ν2(p, q, n, r, ν),and (T+

α,β,γ) is

a bounded operator on L∞ if α > n
r
− 1, β > −1, γ = α + β + n

r
. The same is valid

for Tα,β,γ operator.

By B(z, R) we denote as usual the Bergman ball with center z and radius R in TΩ

(we refer for example to [19] for standard definitions of these balls). We define several
new function spaces for 1 ≤ p < ∞ assuming ν > −1, and νj > −1, j = 1, . . . ,m in
tubular domains and in product of tubular domains as follows

Lp
τ (TΩ) :

(∫

TΩ

∫

B(w̃,R)

|f(w)|p∆τ (Imw)dv(w)dv(w̃)

) 1
p

< +∞,

Lp
τ (T

m
Ω ) :

(∫

Tm
Ω

∫

B(w̃1,R)

· · ·

∫

B(w̃m,R)

|f(w1, . . . , wm)|
p

m∏

j=1

(∆τj(Imwj)dv(wj))
m∏

j=1

dv(w̃j)

) 1
p

< +∞,

(Lp
~ν(T

m
Ω ))1 :

(∫

TΩ

· · ·

∫

TΩ

|f(w1, . . . , wm)|
p∆ν1(Imw1) . . .∆

νm(Imwm)dv(w1) . . . dv(wm)

) 1
p

< +∞.

Finally for νj > 0, j = 1, ...,m, 1 ≤ p < ∞, s > 0 we define

(Lp
~ν,~s(T

m
Ω ))2 :

(∫

TΩ

· · ·

∫

TΩ

∫

B(z̃1,R)

· · ·

∫

B(z̃m,R)

|f(z1, . . . , zm)|
p

m∏

j=1

∆νj−
n
r (zj)dv(zj)×

×

m∏

j=1

∆sj−
n
r (Im z̃j)dv(z̃j)

) 1
p

< +∞.

Replacing L by A as usual we get analytic subspaces of these function classes in tube
and in products of tubular domains. It is easy to note the forth space for particular
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values of parameters coincide with second space but we will follow this notation. We
also define new Herz type integral operator for positive αj, j = 1, . . . ,m and for all
β > −1 and γ > −1,

[T~α,β,γ(g)](z1, . . . , zm) =

∫

TΩ

∫

B(w̃,R)

g(w)[∆β(Imw)]dv(w)[∏m
j=1 ∆

αj(
zj−w̄

i
)
] ∆γ(Im w̃)dv(w̃),

where zj ∈ TΩ, j = 1, . . . ,m. We need also a known lemma. It is the base of our
proofs and can be seen in [20] and also in [19].

Lemma 1.4. For β > −1, α1 > β + 2n
r

we have
∫

B(w̃,R)

[∆β(Imw)]dv(w)∣∣∆α1(w−z
i
)
∣∣ ≤

c∣∣∣∆α1−β− 2n
r ( w̃−z

i
)
∣∣∣
,

z, w̃ ∈ TΩ.

Now for completeness of our exposition we now formulate some assertions related
to our results in other domains for Herz-type analytic spaces which were obtained
recently namely some complete analogues of our theorems for simpler domains. Let
D be unit disk on a complex plane C and dm2 be the Lebegues measure on D. Let
Dn be the unit polydisk and H(Dn) be the space of all analytic functions in Dn, let
T n be torus and dσ is Lebegues measure on it. For

(Gf)(~z) =

∫

D

f(w)(1− |w|)s−1dm2(w)∏n
j=1(1− zjw̄)

s+1
n

, s > s0,

for fixed large enough s0. It was shown in [14]

‖(Gf)(z)‖Kp,q
α,β

≤ ‖f‖Hp,q

β+
q
p (|α|+2n−1)

,

where |α| =
∑n

j=1 αj, 0 < p, q < ∞, β > −1, αj > −1, j = 1, . . . , n. Where

Kp,q
α,β(D

n) =



f ∈ H(Dn) :

∫ 1

0

(∫

|z1|<r

· · ·

∫

|zn|<r

|f(z)|p
n∏

j=1

(1− |zj|)
αjdmn(z)

) q
p

× (1− r)βdr < ∞

}
,

0 < p, q < ∞, β > −1, αj > −1, and j = 1, . . . , n is a Herz type space of analytic
functions in the unit polydisk

Hp,q
α (Dn) =

{
f ∈ H(Dn) :

∫ 1

0

· · ·

∫ 1

0

(
n∏

j=1

(1− r2j )
αj

)(∫

Tn

|f(rζ)|pdσ(ζ)

) q
p

× dr1 . . . drn < ∞

}
,
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where 0 < p, q < ∞, β > −1, αj > −1, j = 1, . . . , n.
This type result later were found and proved also even in context of more general

domain namely the unit ball B = {z : |z| < 1} in paper [21] and in [23] in context of
bounded strongly pseudoconvex domains with smooth boundary.

We now discuss another similar result on the action of Bergman type integral
operator in analytic Herz type spaces in the unit ball. Note first for measurable
function f in the unit ball we have

∫

B

|f |(1− |z|)αdµ(z) ≍

∫

S

∫

Γt(ζ)

|f |(1− |z|)α−ndµ(z)dζ,

where dµ is a positive Borel measure on B, Γt(ζ) = {z ∈ B : |1 − ζ̄z| < t(1 − |z|)},
t > 1, ζ ∈ S, S = {|z| = 1}, where α > −1.

Using that we have the following estimate for Bergman type integral operators (see
[22])

∫

S

∫

Γt(ζ)

· · ·

∫

S

∫

Γt(ζ)

|(Ta,bf)(z1, . . . , zm)|
p

m∏

j=1

(1− |zj|)
sj−ndv(z1) . . . dv(zm)dσ(~ζ)

(1.4)

≤ c

∫

S

∫

Γt(ζ)

|f(w)|p(1− |w|2)(m−1)(n+1)+
∑m

j=1 sj−ndv(w)dσ(ζ),

where 1 ≤ p < ∞, sj > −1, j = 1, . . . ,m, bj > b0, aj > a0, j = 1, . . . ,m, f ∈
L1(B, dν), and

(Ta,bf)(z1, . . . , zm) =
m∏

j=1

(1− |zj|
2)aj

∫

S

∫

Γt(ζ)

f(w)(1− |w|2)−2n−1+
∑m

j=1 bjdv(w)dζ∏m
j=1 |1− 〈zj, w〉|aj+bj

.

The natural question is the following. Let Xξ ⊂ B, ζ ∈ S be a set then can we find
other estimates like (1.4) of the following type

∫

S

∫

S

∫

Xζ

· · ·

∫

Xζ

|(Ta,bf)(z1, . . . , zm)|
pdµ1(z1) . . . dµm(zm)dσ(ζ)

≤ c

∫

S

∫

Xζ

|f(w)|pdµ(w)dζ,

for some functions µ1(z1), . . . , µm(zm) and

(Ta,bf)(z1, . . . , zm) = g(z)

∫

S

∫

Xζ

(f(w))
m∏

j=1

µ̃j(zj, w)dµ(w),

where g(~z), µ̃j(zj, w), µ(w) are certain fixed measures and (or) functions.
The same problem can be posed for any set Yz ⊂ B{|z| < 1}, z ∈ B. And then

integration move above via
∫
B

∫
Yz

instead of
∫
S

∫
Xξ

(these last spaces are Herz type

function spaces).
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Moreover questions of this type can be posed in other domains in Cn also (tube,
pseudoconvex domains etc.).

In this paper we provide some solutions of such type problems in tubular domains
over symmetric cones where we consider spaces and operators of new Herz-type defined
with the help of Bergman metric ball in tube over symmetric cone TΩ. These type
results can be applied for example to trace problems and also to other problems in
function theory and may have also other interesting applications.

Here is a complete analogue of our results in the unit ball (typical bounded Siegel
domain of second type). We refer the reader to [11] for basics on function theory in
the unit ball.

Let H(B) be the space of all analytic functions in the unit ball and let D(z, r) be
the Bergman ball in B in Bergman metric (see, for example, [11] and references there).
We denote the product of balls by Bm, m ∈ N ,and the related space of all analytic
function in it by H(Bm). Let AP

α be the usual Bergman class in the unit ball (see for
example [21]). Let further

Kp,q
α,β(B

m) =

{
f ∈ H(B × · · · ×B) :

∫

B

· · ·

∫

B

(∫

D(z1,r)

· · ·

∫

D(z1,r)

|f(z̃1, . . . , z̃m)|
p×

× (1− |z̃1|)
α1 . . . (1− |z̃m|)

αmdv(z̃1) . . . dv(z̃m)
)

× (1− |z1|)
β1 . . . (1− |zm|)

βmdv(z1) . . . dv(zm) < ∞

}
,

where p ∈ (0,∞), αj > −1, βj > −1, and j = 1, . . . ,m. Then ‖T̃ f‖Kp,p
t,β

≤ c‖f‖Ap
α
,

0 < p < ∞, α > −1, βj > −1, j = 1, . . . ,m, tj > −1, j = 1, . . . ,m, n ∈ N,
0 < p < ∞, α =

∑m
j=1(βj + 2(n+ 1) + tj)− (n+ 1), where

(T̃ f) = F (z1, . . . , zm) = c

(∫

B

f(w)(1− |w|)sdv(w)
∏m

j=1(1− 〈w̄, zj〉)
s+1+n

m

)
, zj ∈ B,

and j = 1, . . . , n.

2. Bergman-Type Integral Operators and Herz Type Spaces in

Tubular Domains Over Symmetric Cones

In this section we formulate our main results. In the next four theorems we provide
some information on the action of T~α,β,γ Bergman type integral operators in (Ap

~ν(T
m
Ω ))1

and (Ap
~ν,~s(T

m
Ω ))2 analytic function spaces. The following theorem is valid.

Theorem 2.1. For 1 ≤ p < ∞, the following estimate is valid

‖T~α,β,γ(g)‖(Lp
~ν
)1(Tm

Ω ) ≤ c‖g‖(Lp
τ )(TΩ),

where 1
p
+ 1

p′
= 1, β > −1, p′γ > −1, and

αj >
β

m
+

2n

rm
+

3n

rp
−

1

p
+

3n

rp′m
−

1

p′m
+

γ

m
, j = 1, . . . ,m,
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and

τ = pβ +
2nm

r
− p

m∑

j=1

(αj −
νj
p
) + pγ +

4np

rp′
−

nm

rp
.

Proof. We need to prove that

J =

∫

TΩ

· · ·

∫

TΩ

∣∣∣∣∣∣

∫

TΩ

∫

B(w̃,R)

g(w)[∆β(Imw)]dv(w)[∏m
j=1 ∆

αj(
zj−w̄

i
)
] ∆γ(Im w̃)dv(w̃)

∣∣∣∣∣∣

p

×

m∏

j=1

∆νj−
n
r (zj)dv(zj) ≤ c‖g‖(Lp

τ )(TΩ).

Using Holder’s inequality we have

|T~α,β,γ(g)(z1, . . . , zm)| =

∫

TΩ



∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣




1
p

×



∫

B(w̃,R)

[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
p′bj(

zj−w̄

i
)
∣∣∣




1
p′

∆γ(Im w̃)dv(w̃),

where hj + bj = αj,
1
p
+ 1

p′
= 1, j = 1, . . . ,m, zj ∈ TΩ, j = 1, . . . ,m.

By Lemma 1.4 and Holder’s inequality



∫

B(w̃,R)

[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
p′bj(

zj−w̄

i
)
∣∣∣




1
p′

≤

m∏

j=1

(∫

B(w̃,R)

∆β(Imw)dv(w)∣∣∆p′mbj(
zj−w̄

i
)
∣∣

) 1
mp′

≤ c1

m∏

j=1


 1∣∣∣∆p′mbj−β−2n/r(

zj− ¯̃w

i
)
∣∣∣




1
mp′

= c1

m∏

j=1


 1∣∣∣∆p′bj−β/m−2n/(rm)(

zj− ¯̃w

i
)
∣∣∣




1
p′

,

where β > −1 and p′bj >
β
m
+ 2n

rm
. So

|T~α,β,γ(g)(z1, . . . , zm)| ≤ c1

∫

TΩ



∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣




1
p

×


 ∆p′γ(Im w̃)∣∣∣
∏m

j=1 ∆
p′bj−β/m−2n/(rm)(

zj− ¯̃w

i
)
∣∣∣




1
p′

dv(w̃),

where zj ∈ TΩ, j = 1, . . . ,m.
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Let us use Holder inequality once more

|T~α,β,γ(g)(z1, . . . , zm)| =



∫

TΩ

∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣

dv(w̃)




1
p

×



∫

TΩ

∆p′γ(Im w̃)∣∣∣
∏m

j=1 ∆
p′bj−β/m−2n/(rm)(

zj− ¯̃w

i
)
∣∣∣
dv(w̃)




1
p′

.

And so

|T~α,β,γ(g)(z1, . . . , zm)|
p ≤ c1

∫

TΩ

∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣

dv(w̃)

×



∫

TΩ

∆p′γ(Im w̃)∣∣∣
∏m

j=1 ∆
p′bj−β/m−2n/(rm)(

zj− ¯̃w

i
)
∣∣∣
dv(w̃)




p
p′

.

But with respect to (1.2) and Holder’s inequality


∫

TΩ

∆p′γ(Im w̃)∣∣∣
∏m

j=1 ∆
p′bj−β/m−2n/(rm)(

zj− ¯̃w

i
)
∣∣∣
dv(w̃)




p
p′

≤

m∏

j=1



∫

TΩ

∆p′γ(Im w̃)∣∣∣∆p′mbj−β−2n/r(
zj− ¯̃w

i
)
∣∣∣
dv(w̃)




p
mp′

≤ c2

m∏

j=1

∆(p′γ−p′mbj+β+4n/r)p/(mp′)(Im zj)

= c2

m∏

j=1

∆(pγ/m−pbj+βp/(mp′)+4np/(rmp′)(Im zj).

Where p′γ > −1 and

(2.1) p′mbj − p′γ − β −
4n

r
>

n

r
− 1.

Denote now pγ/m− pbj + βp/(mp′) + 4np/(rmp′) = −νj +
n
r
, j = 1, . . . ,m. Then we

have that

(2.2) bj =
νj
p
+

γ

m
+

β

mp′
+

4n

rmp′
−

n

rp
.

In this case we have

J ≤ c3

∫

TΩ

· · ·

∫

TΩ

∫

TΩ

∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣

dv(w̃)
m∏

j=1

dv(zj).
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Using Fubbini’s theorem and we obtain

J ≤ c3

∫

TΩ

∫

B(w̃,R)

|g(w)|p
m∏

j=1

∫

TΩ

dv(zj)∣∣∆phj(
zj−w̄

i
)
∣∣∆

β(Imw)dv(w)dv(w̃)

≤ c4

∫

TΩ

∫

B(w̃,R)|

|g(w)|p∆β+2nm/r−p
∑m

j=1 hj(Imw)dv(w)dv(w̃)

= c4

∫

TΩ

∫

B(w̃,R)|

|g(w)|p∆τ (Imw)dv(w)dv(w)dv(w̃),

where τ = β − p
∑m

j=1 hj + 2nm/r and

(2.3) phj −
β

m
−

2n

rm
−

2n

r
>

n

r − 1
.

Using (2.2) and fact that hj = αj − bj we have

τ = β +
2nm

r
− p

m∑

j=1

(αj −
νj
p
) + pγ +

pβ

p′
+

4np

rp′
−

nm

rp
.

Moreover from (2.1) and (2.3) we have some restriction on αj:

αj >
β

m
+

2n

rm
+

3n

rp
−

1

p
+

3n

rp′m
−

1

p′m
+

γ

m
, j = 1, . . . ,m.

Theorem 2.1 is proved. �

Remark 2.1. It is interesting to note that formally removing all integration by Bergman
balls (or sup) in all estimates of all our theorems we arrive at some known assertions
on Bergman projection in Bergman type spaces provided earlier in tubular domains
(see [19]).

Theorem 2.2. For 1 ≤ p < ∞, the following estimate is valid

‖T~α,β,γ(g)‖(Lp
~ν,~s

)2(Tm
Ω ) ≤ c‖|g|‖p

(Lp
τ )(TΩ)

,

where 1
p
+ 1

p′
= 1, β > −1, p′γ > −1, sj >

n
r
− 1,

αj >
β

m
+

2n

rm
+

2n

rp
−

1

p
+

3n

rp′m
−

1

p′m
+

γ

m
+

sj
p
, j = 1, . . . ,m.

and

τ = pβ +
2nm

r
+

m∑

j=1

(sj − pαj + νj) + pγ +
4np

rp′
.

Proof. We need to prove that

J1=

∫

TΩ

. . .

∫

TΩ

∫

B(z̃1,R)

. . .

∫

B(z̃m,R)

∣∣∣∣∣∣

∫

TΩ

∫

B(w̃,R)

g(w)[∆β(Imw)]dv(w)[∏m
j=1 ∆

αj(
zj−w̄

i
)
] ∆γ(Im w̃)dv(w̃)

∣∣∣∣∣∣

p
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×

m∏

j=1

∆νj−
n
r (zj)dv(zj)

m∏

j=1

∆sj−
n
r (Im z̃j)dv(z̃j) ≤ c‖|g(w)‖(Lp

τ )(TΩ).

Repeating arguments of the proof of Theorem 2.1 we can see that

|T~α,β,γ(g)(z1, . . . , zm)|
p

m∏

j=1

∆νj−
n
r (zj) ≤ c1

∫

TΩ

∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣

dv(w̃),

with restriction (2.1) on parameters.
In this case using Fubbini’s theorem we obtain (see also Theorem 2.1)

J1 ≤ c1

∫

Tm
Ω

∫

B(z̃1,R)

· · ·

∫

B(z̃m,R)

∫

TΩ

∫

B(w̃,R)

|g(w)|p[∆β(Imw)]dv(w)∣∣∣
∏m

j=1 ∆
phj(

zj−w̄

i
)
∣∣∣

dv(w̃)
m∏

j=1

dv(zj)

×
m∏

j=1

∆sj−
n
r (Im z̃j) ≤ c2

∫

TΩ

∫

B(w̃,R)

|g(w)|p∆β(Imw)

×
m∏

j=1

∫

TΩ

∫

B(z̃j ,R)

dv(zj)∆
sj−

n
r (Im z̃j)dv(z̃j)∣∣∆phj(

zj−w̄

i
)
∣∣ dv(w)dv(w̃).

Now, using (1.2) and Lemma 1.4 we see

J1 ≤ c2

∫

TΩ

∫

B(w̃,R)

|g(w)|p∆β(Imw)
m∏

j=1

∫

TΩ

∆sj−
n
r (Im z̃j)dv(z̃j)∣∣∆phj−2n/r(

zj−w̄

i
)
∣∣ dv(w)dv(w̃)

≤ c3

∫

TΩ

∫

B(w̃,R)

|g(w)|p∆(β+3nm/r+
∑m

j=1(sj−phj)(Imw)dv(w)dv(w̃)

= c3

∫

TΩ

∫

B(w̃,R)

|g(w)|p∆τ (Imw)dv(w)dv(w̃),

where τ = β +
∑m

j=1(sj − phj) + 3nm/r and

(2.4) phj − sj −
β

m
−

2n

rm
−

n

r
>

n

r
− 1, j = 1, . . . ,m.

Using (2.2) and the fact that hj = αj − bj we have

τ = β +
3nm

r
+

m∑

j=1

(sj − pαj + νj) + pγ +
pβ

p′
+

4np

rp′
−

nm

r
.

Moreover from (2.1) and (2.4) we have some restriction on αj:

αj >
β

m
+

2n

rm
+

2n

rp
−

1

p
+

3n

rp′m
−

1

p′m
+

γ

m
+

sj
p
, j = 1, . . . ,m.

Theorem 2.2 is now proved. �
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Remark 2.2. In the theorems of this section some new Herz type spaces appeared in
tube domains over symmetric cones. We remark similar spaces of analytic functions
with quazinorms (norms) ‖ supz∈D(w̄,R) |g(z)|‖Ap

ν(B), where B as usual is the unit ball
and D(w,R) is the Bergman ball in Bergman metric in B was considered and studied
recently in [9].

Let αj > 0, let βj > −1, let γj > −1, j = 1, . . . ,m. Now we define another new
integral Herz type operator

[T 1
~α,~β,~γ

(g)](z1, . . . , zm) =

∫

TΩ

· · ·

∫

TΩ

∫

B(w̃1,R)

· · ·

∫

B(w̃m,R)

g(w1, . . . , wm)

×

∏m
j=1[∆

βj(Imwj)]dv(w1) . . . dv(wm)[∏m
j=1 ∆

αj(
zj−w̄j

i
)
]

×
m∏

j=1

∆γj(Im w̃j)dv(w̃1) . . . dv(w̃m),

where zj ∈ TΩ, j = 1, . . . ,m for a g function from L1 class on product of tubes.
These type Bergman integral operators are new even in one dimensional case. In the
following theorem we provide another interesting result in this direction which is new
even in one dimensional case also.

Theorem 2.3. For 1 ≤ p < ∞, the following estimate is valid

‖T 1
~α,~β,~γ

(g)‖(Lp
~ν
)1(Tm

Ω ) ≤ c‖g‖(Lp
τ )(T

m
Ω ),

where 1
p
+ 1

p′
= 1, βj > −1, p′γj > −1,

αj > βj +
2n

rp′
+

3n

r
+ γj − 1, j = 1, . . . ,m,

and

τj = pβj +
2n

r
− pαj + νj + γjp+

4np

rp′
+

n

r
, j = 1, . . . ,m.

Proof. We need to prove that

J =

∫

Tm
Ω

∣∣∣∣∣∣

∫

Tm
Ω

∫

B(w̃1,R)

· · ·

∫

B(w̃m,R)

g(w1, . . . , wm)

∏m
j=1[∆

βj(Imwj)]dv(w1) . . . dv(wm)[∏m
j=1 ∆

αj(
zj−w̄j

i
)
]

×

m∏

j=1

∆γj(Im w̃j)dv(w̃1) . . . dv(w̃m)

∣∣∣∣∣

p m∏

j=1

∆νj−
n
r (zj)dv(zj) ≤ c‖g‖(Lp

τ )(TΩ).

Let us denote ∫

B(w̃1,R)

· · ·

∫

B(w̃m,R)

=

∫

Bm(W,R)
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and

g(w1, . . . , wm) = g(~w).

Using Holder’s inequality we have

|T 1
~α,~β,~γ

(g)(z1, . . . , zm)| =

∫

Tm
Ω



∫

Bm(W,R)

|g(~w)|p[
∏m

j=1 ∆
βj(Imwj)]dv(w1) . . . dv(wm)∣∣∣

∏m
j=1 ∆

phj(
zj−w̄j

i
)
∣∣∣




1
p

×



∫

Bm(W,R)

[
∏m

j=1 ∆
βj(Imwj)]dv(w1)..dv(wm)∣∣∣
∏m

j=1 ∆
p′bj(

zj−w̄j

i
)
∣∣∣




1
p′

×

m∏

j=1

∆γj(Im w̃j)dv(w̃1) . . . dv(w̃m),

where hj + bj = αj,
1
p
+ 1

p′
= 1, j = 1, . . . ,m.

Such as integration variables divided, by Lemma 1.4


∫

Bm(W,R)

∏m
j=1(∆

βj(Imwj)dv(wj))∣∣∣
∏m

j=1 ∆
p′bj(

zj−w̄j

i
)
∣∣∣




1
p′

≤

m∏

j=1

(∫

B(w̃j ,R)

∆βj(Imwj)dv(wj)

|∆p′bj(
zj−w̄j

i
)|

) 1
p′

≤ c1

m∏

j=1

(
1

|∆p′bj−βj−2n/r(
zj− ¯̃wj

i
)|

) 1
p′

= c1

m∏

j=1

(
1

|∆p′bj−βj−2n/(r)(
zj− ¯̃w

i
)|

) 1
p′

,

where βj > −1 and p′bj > βj +
2n
r

. So we have

|T 1
~α,β,γ(g)(z1, . . . , zm)| ≤ c1

∫

Tm
Ω



∫

Bm(W,R)

|g(~w)|p
∏m

j=1(∆
βj(Imwj)dv(wj))∣∣∣

∏m
j=1 ∆

phj(
zj−w̄j

i
)
∣∣∣




1
p

×




∏m
j=1 ∆

p′γj(Im w̃j)∣∣∣
∏m

j=1 ∆
p′bj−βj−2n/(r)(

zj− ¯̃wj

i
)
∣∣∣




1
p′

dv(w̃1) . . . dv(w̃m),

zj ∈ TΩ, j = 1, . . . ,m.
Let us use Holder inequality once more

|T 1
~α,β,γ(g)(z1, . . . , zm)| =



∫

Tm
Ω

∫

Bm(W,R)

|g(~w)|p
∏m

j=1(∆
βj(Imwj)dv(wj))∣∣∣

∏m
j=1 ∆

phj(
zj−w̄j

i
)
∣∣∣

m∏

j=1

dv(w̃j)




1
p

×



∫

Tm
Ω

∏m
j=1(∆

p′γj(Im w̃j)dv(w̃j))∣∣∣
∏m

j=1 ∆
p′bj−βj−2n/(r)(

zj− ¯̃wj

i
)
∣∣∣




1
p′

.
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And so

|T 1
~α,β,γ(g)(z1, . . . , zm)|

p ≤ c1

∫

Tm
Ω

∫

Bm(W,R)

|g(~w)|p
∏m

j=1(∆
βj(Imwj)dv(wj))∣∣∣

∏m
j=1 ∆

phj(
zj−w̄j

i
)
∣∣∣

m∏

j=1

dv(w̃j)

×

(
m∏

j=1

∫

TΩ

(∆p′γj(Im w̃j)dv(w̃j))

|∆p′bj−βj−2n/(r)(
zj− ¯̃wj

i
)|

) p
p′

.

But with respect to (1.2) we have

m∏

j=1

(∫

TΩ

∆p′γj(Im w̃j)

|∆p′bj−βj−2n/(r)(
zj− ¯̃wj

i
)|
dv(w̃j)

) p
p′

≤ c2

m∏

j=1

∆(p′γj−p′bj+βj+2n/r+2n/(rm))p/(p′)(Im zj) = c2

m∏

j=1

∆pγj−pbj+βjp/p
′+4np/(rp′)(Im zj).

Where p′γj > −1 for j = 1, . . . ,m and

(2.5) p′bj − p′γj − βj −
4n

r
>

n

r
− 1.

Denote now pγj − pbj + βjp/p
′ + 4np/(rp′) = −νj +

n
r
, j = 1, . . . ,m. Then

(2.6) bj =
νj
p
+ γj +

βj

p′
+

2n

rmp′
+

2n

rp′
−

n

rp
.

In this case we have

J ≤ c3

∫

Tm
Ω

∫

Tm
Ω

∫

Bm(W,R)

|g(~w)|p
∏m

j=1(∆
βj(Imwj)dv(wj))∣∣∣

∏m
j=1 ∆

phj(
zj−w̄

i
)
∣∣∣

m∏

j=1

dv(w̃j)
m∏

j=1

dv(zj).

Using Fubbini’s theorem we obtain

J ≤ c3

∫

Tm
Ω

∫

Bm(W,R)

|g(~w)|p
m∏

j=1

(∫

TΩ

dv(zj)

|∆phj(
zj−w̄j

i
)|
(∆βj(Imwj)

) m∏

j=1

dv(wj)

×

m∏

j=1

dv(w̃j) ≤ c4

∫

Tm
Ω

∫

Bm(W,R)|

|g(~w)|p
m∏

j=1

(∆βj+2n/r−phj(Imwj)dv(wj))dv(w̃)

= c4

∫

Tm
Ω

∫

Bm(W,R)|

|g(~w)|p
m∏

j=1

(∆τj(Imwj)dv(wj))
m∏

j=1

dv(w̃j),

where τj = βj − phj + 2n/r, j = 1, . . . ,m and

(2.7) phj − βj −
2n

r
>

n

r
− 1.

Using (2.6) and fact that hj = αj − bj we have

τj = βj +
2n

r
− pαj + νj + γjp+

pβ

p′
+

4np

rp′
+

n

r
, j = 1, . . . ,m.
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Moreover from (2.5) and (2.7) we have some restriction on αj:

αj > βj +
2n

rp′
+

3n

r
+ γj − 1, j = 1, . . . ,m.

Theorem 2.3 is proved. �

Similarly we may prove the following result.

Theorem 2.4. For 1 ≤ p < ∞, the following estimate is valid

‖T 1
~α,~β,~γ

(g)‖(Lp
~ν
)2(Tm

Ω ) ≤ c‖g‖(Lp
τ )(T

m
Ω ),

where 1
p
+ 1

p′
= 1, βj > −1, p′γj > −1,

αj > βj + γj +
sj
p
− 1 +

3n

r
+

n

pr
+

2n

rp′
, j = 1, . . . ,m,

and

τj = pβj +
2np

r
+ sj − pαj + νj + pγj +

2np

rp′
, j = 1, . . . ,m.

In our following work we hope to turn more closely to issues related with the
sharpness of these interesting results.
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