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SERVAL ALGEBRAIC IDENTITIES IN 3-PRIME NEAR-RINGS
A. BOUA!, A. ALI2, AND I. UL HUQUE?

ABSTRACT. The purpose of this paper is to study derivations and generalized deriva-
tions satisfying certain differential identities on Jordan ideals and Lie ideals of 3-
prime near-rings. Moreover, we provide examples to show that hypothesis of our
results are necessary.

1. INTRODUCTION

Throughout this paper, N will be a left near-ring with multiplicative center Z(N);
and usually N will be 3-prime if for all z,y € N, 2Ny = {0} implies z = 0 or y = 0.
A near-ring N is called zero-symmetric if Ox = 0, for all z € N (recall that left
distributivity yields 20 = 0). According to the reference [12], an abelian near-ring
N is a near-ring such that (N,+) is abelian. An additive mapping d : N — N is
a derivation if d(zy) = zd(y) + d(x)y, for all z,y € N, or equivalently, as noted
in [13], that d(zy) = d(z)y + xzd(y), for all 2,y € N. Let d be a derivation of N,
an additive mapping F' : N — N is said to be a right generalized derivation of N
associated with d if F(xy) = F(z)y + xd(y), for all z,y € N and F is said to be a
left generalized derivation of N associated with d if F(xy) = d(x)y + zF(y), for all
x,y € N. Moreover, F' is said to be a generalized derivation of N associated with d
if it is both a right and left generalized derivation of N associated with d. Note that,
in 3-prime near-ring, ' = 0 implies that d = 0. For any pair of elements x,y € N,
[z,y] = 2y — yx and x oy = zy + yzr will denote the well-known Lie product and
Jordan product respectively. Recall that N is called 2-torsion free if 2z = 0 implies
x =0, for all z € N. An additive subgroup J of N is said to be Jordan left (resp.
right) ideal of Nif noj € J (resp. jon € J), for all j € J, n € N and J is said to
be a Jordan ideal of N if jon € Jand noj € J, for all j € J, n € N. An additive
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subgroup U of N is said to be Lie ideal of N if [u,n] € U, for all u € U, n € N. In [1,
5, 6, 10] and [13] commutativity of near ring satisfying algebraic conditions involving
derivations been studied. In the present paper, we continue the line of investigation
regarding the study of commutativity of Jordan ideal and Lie ideal of a 3-prime near
ring admitting a nonzero derivation satisfying some algebraic identities.

2. SOME PRELIMINARIES

We begin with the following results which will be used extensively to prove our
theorem. The first Lemma appears in [4], [5] and [13].

Lemma 2.1. Let N be a 3-prime near-ring and d a nonzero derivation of N.
(i) If z € Z(N)\{0} and xz € Z(N), then x € Z(N).
(ii) If x € N and xd(N) = {0}, then z = 0.
(iii) If N is 2-torsion free, then d* # 0.
(iv) If v € Z(N), then d(z) € Z(N).

Lemma 2.2. [4, Lemma 1] Let N be a near-ring and d be a derivation of N. Then
N satisfies the following partial distributive law

(xd(y) + d(x)y) z = zd(y)z + d(x)yz, for all z,y,z € N.

Lemma 2.3. Let d be an arbitrary additive endomorphism of N. Then d(zy) =

xd(y) + d(z)y, for all x,y € N if and only if d(xy) = d(z)y + xd(y), for all z,y € N.
Therefore d is a derivation if and only if d(xy) = d(x)y + xd(y), for all z,y € N.

Recall that a map d : N — N is called a multiplicative derivation on N if d(xy) =
xzd(y) + d(x)y, for all x,y € N. Notice that any derivation on N is a multiplicative
derivation.

Lemma 2.4. [11, Lemma 2.1] A near-ring N admits a multiplicative derivation if
and only if it is zero-symmetric.

Using Lemma 2.4, we deduce that in all our results in the paper that N is a
zero-symimetric near-ring.

Lemma 2.5. [9, Corollary 3] Let N be a 2-torsion free 3-prime near-ring and J be
a nonzero Jordan ideal of N. If N admits a derivation d such that d(J) = {0}, then

d =0 or the element of J commute under the multiplication of N.

Lemma 2.6. Let N be a 3-prime near-ring and J a nonzero Jordan ideal of N. If
the element of J commute under the multiplication of N, then J is commutative.

Proof. Using the same proof in [8, Remark 1], we find the required result. 0J

Lemma 2.7. [8, Lemma 2 and Lemma 3| Let N be a 2-torsion free 3-prime near-ring
and J a nonzero Jordan ideal of N.

(i) If 7> =0, for all j € J, then J = {0}.
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(ii) If J C Z(N), then N is a commutative ring.

Lemma 2.8. Let N be a 3-prime near ring and U be a nonzero Lie ideal of N.
(i) If 2U = {0}, for all x € N, then z = 0.
(ii) If U C Z(N), then (N,+) is abelian.

Proof. (i) Suppose that U = {0}. Then z[u,n] = 0, for all u € U and n € N which
implies that *Nu = {0}, for all u € U. By 3-primeness of N, we have z = 0.
(ii) For all z,y € N and u € U, we have

(z+y)(u+u) = (utu)(z+y),
(x+y)u+ (z+y)u=(ut+u)r+ (u+u)y,
u(@ +y) +ulz+y) = z(u+u) +ylu+u),
ur + uy +ur +uy = rxu + ru + yu + yu,
UTr + uY + ur + uy = uxr + ur + uy + uy.
This implies that u(z +y —x —y) = 0. Since U C Z(N), then by part (i), we get
xr+y=1y+x, for all z,y € N which completes the proof. 0

3. MAIN RESULTS

In this section, we give some new results and examples concerning the existence
of Jordan ideal and derivations in near-rings. We begin this section by the following
interesting results for near-rings.

Theorem 3.1. Let N be a 2-torsion free 3-prime near-ring and J a nonzero right
Jordan ideal of N such that J N Z(N) — {0} # 0. If N admits a nonzero derivation d
for which d*(J) = {0}, then J is commutative.

Proof. Let d*(j) = 0, for all j € J. Replacing j by j on for all n € N and using the
definition of d together with our initial hypothesis, we obtain for all j € J, n € N

(3.1) 2d(4)d(n) + jd*(n) + d*(n)j + 2d(n)d(j) =0 for all j € J,n € N.
Applying d to (3.1) gives for all j € J,n € N

(32)  2d()d(n) + d(j)d(n) + jd(n) + d(n)j + d2(n)d(j) + 202 (m)d(j) = 0.
Taking d(n) in place of n in (3.1) yields

(3.3) 2d(j)d*(n) + jd*(n) + d*(n)j + 2d*(n)d(j) =0 forall j € Jn € N.
Using (3.3) in (3.2), we get

(3.4) d(§)d*(n) + d*(n)d(j) =0, forall j€ JnecN.

For z € Z(N), replacing n by z in (3.4), it follows from (3.4) that 2d*(z)d(j) = 0, for
all j € J. By 2-torsion freeness with Lemma 2.1 (iv), we obtain d?(2)Nd(J) = {0},
for all z € Z(N). The 3-primeness of N implies that

d*(z)=0or d(j) =0, forall je.J zecZN).
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If d(j) = 0, for all j € J, then by Lemma 2.5 and Lemma 2.6, we find that J is
commutative.

If d?(z) = 0 for all z € Z(N). Replacing z by yz where y € Z(N), we find that
d*(y)z + 2d(y)d(z) + yd*(z) = 0, for all y, z € Z(N) which reduces to 2d(y)d(z) = 0,
for all y,z € Z(N). In view of the 2-torsion freeness and 3-primeness of N, we arrive
at d(Z(N)) = {0} and by hypothesis, there exists j, € J and jo € Z(N) — {0} such
that

0 = d*(no jy)
= d*(n(jo + Jo))
= d*(n)(jo + jo), forall n € N.
This reduces to d?(n)jo = 0, for all jy € J, so d*(n)Njy = {0}, for all n € N. Since N
is 3-prime and jy # 0, we have d* = 0, a contradiction with Lemma 2.1 (iii). O

Theorem 3.2. Let N be a 2-torsion free 3-prime near-ring and J be a nonzero right
Jordan ideal of N. If N admits a nonzero derivation d, then the following assertions
are equivalent.

(i) d(jn) € Z(N), for all j € J, n € N.
(ii) N is a commutative ring.

Proof. 1t is obvious that (ii) implies (i). So we need to prove that (i)=-(ii).
(i)=(ii) Suppose that d(jn) € Z(N), for all j € J, n € N. This implies that
d(j)n + jd(n) € Z(N), for all j € J, n € N. Replacing n by in, we get

(d(y)in + jd(in))j = j(d(j)in + jd(in)), forall i,j € Jn e N.
Using our hypothesis, the above relation gives
d(y)ing = jd(j)in, forall i,5 € Jyn € N.

Taking mn instead of n in the last equation and using it again, we arrive at

(3.5) d(j)iN[j,n] = {0}, forall i,j € JyneN.
By 3-primeness of N, we find that
(3.6) d(j)i=0 or je€ Z(N) forall i,j € J.

If there exists jo € J such that d(jo)i = 0, for all i € J, then replacing i by i o n, we
have

= d(jo)(in + ni)
= d(jo)in + d(jo)ni
=d(jo)ni, forall ie JneN

this expression reduced to d(jo)Ni = {0}, for all i € J. Since J # {0}, then 3-
primeness of N forces that d(jo) = 0. In this case (3.6) becomes

(3.7) d(j)=0 or je€ Z(N) forall jeJ
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If there exists jo € J such that d(jy) = 0, then by hypothesis we have jod(n) € Z(N),
for all n € N. Replacing n by nm, we get jod(n)m+ jond(m) € Z(N), for all m,n € N
which implies that

(3.8) m(jod(n)m + jond(m)) = (jod(n)m + jond(m))m for all m,n € N.
By a simple calculation, (3.8) can be rewritten as
mjond(m) = jond(m)m, for all m,n € N.
Replacing n by njo in the last expression and using it again, we arrive at
(3.9) Jod(m)N(mjon — jonm) = {0} for all m,n € N.
Using again the 3-primeness of N, (3.9) gives
(3.10) Jod(m) =0 or mjyn = jonm for all m,n € N.

Suppose there exists mg € N such that mgjon = jonmy, for all n € N. Taking nt
instead of n in the last equation and invoking it again, we arrive at joN[mg, t] = {0},
for all ¢ € N and by application the 3-primeness of N, we obtain jo = 0 or mg € Z(N).
In this case (3.10) becomes

(3.11) Jod(m) =0 or me Z(N) forall meN.

Suppose there exists my € Z(N). By hypothesis we have jod(mgy) € Z(N), using
Lemma 2.1 (iv) and Lemma 2.1 (i), then either d(mg) = 0 or jo € Z(N), then (3.11)
becomes

Jod(m) =0 or jo€ Z(N) forall meN.
Using the last expression with (3.10), we obtain
(3.12) jd(m) =0 or j€ Z(N) forall jeJmeN.
By Lemma 2.1(ii), we arrive at j € Z(N), for all j € J and Lemma 2.7 (ii) forces that
N is a commutative ring. O
Theorem 3.3. Let N be a 2-torsion free 3-prime near-ring and J a right Jordan ideal
of N. If J has one of the following properties:

(i) d(noj)=n,j], forall j € J, n €N,
(ii) d([n,j]) =noj, forall j € J, n € N,
(iii) [d(n),j]=noy, forallje J, neN,
(iv) d(n)oj =[n,j], forallj € J, n € N,

then J is commutative.

Proof. (i) We are assuming that
(3.13) dinoj)=|n,j|, forall jeJneN.
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Replacing n by jn in (3.13) and using the fact that [jn, j] = j[n, j] together with
jnoj=j(noj), we have
jln, 31 = [gn, 1]

— d(jno j)

= Jjd(noj) +d(j)(noj)

= j[n,jl+d(j)(noj), forall j€ JneN.
This expression gives us d(j)(noj) =0, for all j € J, n € N, it follows that
(3.14) d(j)nj = —d(j)jn, forall j€ JneN.
Substituting nm in place of n in (3.14), we get

d(j)nmj = —d(j)jnm
= d(j)jn(=m)
=d(j)n(—=j)(—=m), forall j € Jm,neN,
which can be rewritten as
d(7)N(=m(—j) + (—=j)m) = {0}, forall j € JmeN.
Equivalently,
d(—j)N(=mj + jm) = {0}, forall j € JmeN.

By 3-primeness of N, we have
(3.15) d(j)=0or je ZN) forall jeJ
Suppose there is an element j, € J such that j, € Z(N). Then (3.13) becomes
2d(njo) = 0, for all n € N and using 2-torsion freeness of N, we get d(njy) = 0, for all
n € N. Replacing n by njj in the last expression and using it with the definition of d,
we arrive at nNjoNd(jo) = {0}. Again by 3-primeness of N, we conclude that d(jy) = 0
in this case, (3.15) implies that d(J) = {0} which forces that J is commutative by

Lemma 2.5 and Lemma 2.6.
(ii) Suppose that

(3.16) d([n,j]) =noyj, forall j€ JneN.
Substituting jn in place of n in (3.16) and using the fact that [jn, j| = j[n, j| together
with jnoj = j(noj), we have
jlnoj)=jnoj

= d([jn, j])

= jd([n, j]) + d(j)[n, j]

=j(noyj)+d(j)n,jl, forall jeJneN
which implies that d(j)[n,j] =0, for all j € J, n € N. It follows that
(3.17) d(j)nj =d(j)jn, forall j€ JneN.
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Replacing n by nm in the above equation and using it, we can easily get
d(j)N[m, j| = {0}, forall j € JmeN.

By 3-primeness of N, we have

(3.18) d(7) =0 or j€ Z(N) forall jeJ

If there is an element j, € J such that jo € Z(N), then (3.16) becomes 2nj, = 0, for
all n € N. By the 2-torsion freeness of N, we arrive at nNj, = {0}, for all n € N and
by 3-primeness of N, we conclude that jo = 0. In this case (3.18) forces that d(j) = 0,
for all j € J which shows that J is commutative by Lemma 2.5 and Lemma 2.6.

(ili) Assume that

(3.19) [d(n),j]=mnoyj, forall j€JneN.

Substituting jn instead of n in (3.19), we have d(jn)j — jd(jn) = j(noj) = jld(n), j],
for all 7 € J, n € N. Using the definition of d with Lemma 2.2, we obtain

(3.20) jd(n)j +d(j)nj — jd(j)n — j*d(n) = jd(n)j — j*d(n) for all j € J,n € N.
Simplifying equation (3.20), we find that
(3.21) d(j)nj = jd(j)n, forall j € JneN.

Using the same techniques as used after the equation (3.17), we can easily get the
required result.
(iv) Assume that

(3.22) d(n)oj=|[n,j] forall jeJneN.

Substituting jn instead of n in (3.22), we have d(jn)j + jd(jn) = jn, j| = j(d(n) o j),
for all j € J, n € N. Using the definition of d and Lemma 2.2, we obtain

(3.23) jd(n)j +d(j)nj + jd(j)n + j2d(n) = jd(n)j + j*d(n) forall j € Jn € N.
Simplifying equation (3.23), we find that

(3.24) d(j)nj = —jd(j)n, forall j€ JneN.

Applying the same techniques as used after the equation (3.17), we get the required
result. O

Theorem 3.4. Let N be a 2-torsion free 3-prime near-ring, U a nonzero Lie ideal of
N and F a left generalized derivation associated with a derivation d. If N has one of
the following properties:

(i) Fuon)=[u,n|, for allu e U, n € N,

(ii) F([u,n]) =uwon, forallue U, n €N,

then N is abelian.
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Proof. (i) Suppose that
(3.25) F(uon)=[u,n], forall uweUneN.
Replacing n by un in (3.25) and using it, we get
uF(uon) = ufu,n]

= F(u(uon))

=d(u)(uon)+uF(uon), forall ueUmneN.
This implies that
(3.26) d(u)un = —d(u)nu, for all u € Un € N.

Since (3.26) is the same as (3.14), using the same techniques as used after the equation
(3.14), we can easily arrive at

(3.27) dlu)=0 or ue Z(N) forall ueUneN.

If d(u) = 0, for all uw € U, substituting [u,n] in place of u for n € N, we obtain
ud(n) = d(n)u, for all u € U, n € N. Now replacing n by d(n)m and using it, we have
ud*(n)m = d*(n)mu, for all u € Um,n € N.

Substituting mr in place of m in last expression and using it, we get d*(n)N[u, ] = {0},
for all w € U and r,n € N. By 3-primeness of N, we have u € Z(N) or d*> = 0. In this

case Lemma 2.1 (iii) assures that U C Z(N). Hence N is abelian by Lemma 2.8 (ii).
(ii) Suppose that

(3.28) F([u,n]) =uon, forall ueUneN.
Replacing n by un in (3.28) and using it, we get
uF(Ju,n]) = u(uon)
= F(u[u, n])
d(u)[u,n] + uF([u,n]), forall ueUneéeN.

This implies that
(3.29) d(u)un = d(u)nu, for all we Un e N.

Since (3.29) is the same as (3.17), using the same techniques as used after the equation
(3.17), we can easily arrive at

(3.30) diu)=0 or ue Z(N) forall we UneN.

Arguing in the similar manner as we have done in part (i), we get the required
result. O

Theorem 3.5. Let N be a 2-torsion free 3-prime near-ring, U a nonzero Lie ideal
of N and F a left generalized derivation associated with a derivation d such that
F([u,n]) £ (uon) e Z(N), for allu € U, n € N, then N is abelian.
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Proof. Suppose that
(3.31) F([u,n]) + (uon) e Z(N) forall ueUmneN.

Replacing n by u, we obtain u? € Z(N), for all u € U. Putting u? in place of n in
(3.31), we get uou? € Z(N), for all u € U which implies that u?(2u) € Z(N), for all
uel.

Since u? € Z(N), for all u € U, then the last expression becomes

(3.32) u* =0 or 2u€ Z(N), forall ueU.

If there is ug € U such that 2uy € Z(N), then replacing n by 2ug in (3.32), we obtain
(2u)(2v) € Z(N), for all v € U which forces that 2uy = 0 or 2v € Z(N), for all v € U.
By 2-torsion freeness of N, we get

uy=0 or 2ve Z(N), forall vel.
In this case, (3.32) becomes
uw? =0 or 2v€ Z(N), forall u,vecU.

If 2v € Z(N), for all v € U, by (3.31), we have 2v? € Z(N), for all v € U. This
implies that

20=0 or ve Z(N), forall veUl.

By 2-torsion freeness of N, we obtain v = 0 or v € Z(N), for all v € U which implies
that U C Z(N). Hence N is abelian by Lemma 2.8 (ii). O

The following example demonstrates that in Theorem 3.2 and Theorem 3.3 the
restriction N to be 3-prime near ring is not superfluous.

Example 3.1. Let 8§ be a 2-torsion free left near-ring which is not abelian. Define

N, J,d by
0 =z y 0 m O
N = { 0 00 |x,y,z€8}, J:{ 0 0 O \mES}and
0 2 0 0 0 O
0 z vy 0 =z vy
0 00 0 0 O [. Then it can be seen easily that N is a left near-ring
0 2z 0 000
which is not 3-prime, J a nonzero Jordan ideal of N and d a nonzero derivation on N
such that
(i) d(jn) € Z(N), for all j € J, n € N,
(ii) d(noyj) =[n,j], forall j € J, neN,
(iii) d([n, ])—Tle,fOI‘&H]EJ neN,
(iv) [d(n) jl=noyj, forall j€J, neN,

v
(v) d(n)oj =n,j], forall j € J, n €N.

However, J is not commutative.
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