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LAPLACIAN ENERGY OF GENERALIZED COMPLEMENTS OF A
GRAPH

H. J. GOWTHAM!, SABITHA D’'SOUZA!, AND PRADEEP G. BHAT!

ABSTRACT. Let P = {V1,V2,Vs,...,Vi} be a partition of vertex set V(G) of order
k> 2. For all V; and Vj in P, i # j, remove the edges between V; and V; in graph
G and add the edges between V; and V; which are not in G. The graph GE thus
obtained is called the k—complement of graph G with respect to a partition P. For
each set V,. in P, remove the edges of graph G inside V,. and add the edges of G (the
complement of () joining the vertices of V,.. The graph G,‘:(i) thus obtained is called

the k(i)—complement of graph G with respect to a partition P. In this paper, we
study Laplacian energy of generalized complements of some families of graph. An
effort is made to throw some light on showing variation in Laplacian energy due to
changes in a partition of the graph.

1. INTRODUCTION

Let G be a graph on n vertices and m edges. The complement of a graph G, denoted
as G has the same vertex set as that of G, but two vertices are adjacent in G if and
only if they are not adjacent in G. If G is isomorphic to G then G is said to be
self-complementary graph. For all notations and terminologies we refer [2,15,21]. E.
Sampathkumar et al. have introduced two types of generalized complements [19] of a
graph. For completeness we produce these here.

Let P = {Vi, V5, V3,..., Vi} be a partition of vertex set V(G) of order k > 2. For
all V; and Vj in P, i # j, remove the edges between V; and Vj in graph G and add the
edges between V; and V; which are not in G. The graph Gf thus obtained is called
the k—complement of graph G with respect to a partition P. For each set V, in P,
remove the edges of graph G inside V, and add the edges of G joining the vertices
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of V,.. The graph ka(i) thus obtained is called the k(i)-complement of graph G with
respect to a partition P.

The energy of the graph is first defined by Ivan Gutman [10] in 1978 as the sum of
absolute eigenvalues of graph G. For more information on energy of a graph we refer
[1,3,5,7-9,12,13,17,18,20]. Let D(G) = diag(d;,ds, . ..,d,) be the diagonal matrix of
vertex degrees, and A(G) is the adjacency matrix. Then L(G) = D(G) — A(G) is the
Laplacian matrix of graph . The characteristic polynomial of the Laplacian matrix
is denoted by ¢(L(G), p) = det(ul,, — L(G)). Let {p1, pa, - -+ , un} be the Laplacian
eigenvalues of graph G, i.e., the roots of ¢(L(G), u). The Laplacian energy[14], denoted
by LE(G), is defined as

n 2m

i — —|-
n

i=1
The Laplacian energy LE(G) is a very recently defined graph invariant. The basic
properties for Laplacian energy have been established in [4,6,11,14,22,23], and it has
found remarkable chemical applications. In this paper we study the Laplacian energy
of generalized complements of some classes of graphs.

2. PRELIMINARIES
Proposition 2.1. [19] The k-complement and k(i) complement of G are related as
follows:
(i) Giy = G-

Theorem 2.1. [6] Let G be a graph with n vertices and G be its complement. If
the Laplacian spectrum of G is {1, pio, - .., fin}, then the Laplacian spectrum of G is

{n — Hn—1,T0 = fln-2, ..., 70 — Ml?o}'
Definition 2.1. [6] Let f;,i=1,2,...,k, 1 <k < EJ, be independent edges of the

complete graph K),, p > 3. The graph Kb,(k) is obtained by deleting f;, i = 1,2,...,k,
from K. In addition Kb,(0) = K,,.

Proposition 2.2. [6] Forp >3 and 0 <k < EJ,

LE(Kby(k) = (2p —2) + (2 - i) - 4;2.

Lemma 2.1. [16] Let

Ay Ay
A= lAl AO]

be a 2 x 2 block symmetric matriz. Then the eigenvalues of A are the eigenvalues of
the matrices Ag + A; and Ay — A;.
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3. LAPLACIAN ENERGY OF GENERALIZED COMPLEMENTS OF CLASSES OF GRAPHS

Now we find Laplacian energy of generalized complements of some standard graphs
like complete, complete bipartite, path, cycle, double star, friendship and cocktail
party graph. For some graphs we take partition of order k£ and for some partition of
order two.

Theorem 3.1. Let P = {Vi,Vs,...,Vi} be a partition of the complete graph K,,.
(i) If <V; >=K;, fori=1,2,...,n, then

k k
2k > MOy k 2k > M0y
P\ _ =1 o =
LE (K.} = —= ;(n 1) |n; P
and
k
<HC2 _ 2:1 TLZC’2>
P\ _ i=
LE ((Kn>k(z)) =n(k—1)+ (k+2) -

(ii) If |Vi| = 2 and one of |V;| = 1 when n is odd, then
4k(n — k)
LE ((K.)y ) = —— and LE((K,)iy) =
((Ka)F) —— an ((Kn)f)
Proof. For a partition P = {V,V,,..., Vi}, let G = (K,,)f be a graph.
(i) If <V; >= K;, fori = 1,2,...,n, then G is the union of k disconnected

complete subgraphs of order n; such that Z n; = n. If n; > 2, the Laplacian

2(3n — 2k)(k — 1)

spectrum of K, consists of {0, n;(n;_1 tlmes)} 1=1,2,...,n.
0 n n - n
: b : , )
Then the Laplacian spectrum of (K,); is ool med e 1}
2 Xk: niCy
and the average degree of (K,,)f = =
k k
2k 35 M0y 2k Y- MOy
LE ((K,))=—"—— )|y —=
((F)F) 3 (= 1)|n L

where |V;| =n;, i =1,2,... k.
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By noting that (Kn)kp(i) = (K,)f and from Theorem 2.1, we obtain Lapla-
0 n n—m; N—"Ngy ... N —Ny
1 k=1 ni—1 ny—1 ... np—1
2 (nCQ—f: ni02>

i=1
n Y

cian spectrum of (Kn),f(i) is

} and the

average degree of (K,)f, is

2 (ncz — ‘k nng)
LE ((Kn)f(i)> =n(k — 1)+ (k+2) =1

n

) 2 (noz -3 m@)
+ > (mi= 1) |(n—mi) - = ,

where |V;| =n;, i=1,2,...,k.

n . .
> if n is even,

(i) If |V;| = 2, then k = 1
"L s odd.,

It follows by substituting the value of k in Theorem 3.1 of statement (i). Also,

the Laplacian spectrum of G is given by {0(k times), 2(n — k times)}. Average

degree of G is 27’” = @ Thus,

n

2m

n

Hence, Laplacian spectrum of G consists of {0, (n — 2)(n — k times), n(k —
1 times)}. Average degree of G is 2% = w
— “ 2m
LE(G) = Z Hi — o
i=1

nn—1)—2(n—k)

n(n—1) —2(n—k)

+(n—k)|(n—2)—
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+(k—1)

n —

n(n—l)—Q(n—k‘)‘

:2(3n—2k3)(k3—1)’ Ee 1 O
n
Remark 3.1. Let P = {V},V5,...,Vi} be a partition of the complete graph K, with

|V;] = 2 and one of |V;| =1, if n is odd. Then,

3n —4, if n is even,

LE ((K.)) + LE () = {S(n —1), ifnis odd.

Theorem 3.2. Let P = {Vi,V,,...,Vi} be a partition of path P,.

(i) If any one of the pendant vertex is in Vi or Vi, and remaining k — 1 sets are
Ky'’s, then

LE ((P)fy) = 2{k(k— 1)+ (0~ k)n — k+ 1),
whereas

) - o (3] -2+ - 2) 2] - (3]

for odd n > 3.
(ii) If any one of the non pendant vertex is in V;, 3 < i < n — 2 and remaining
k —1 sets are Ky's, then

LE ((P)f) = i[(n —k)? + k(k — 2) 4 n),
whereas
LE((P)]) = Z[n(n R4 2k(k—1)], k= m for odd n > 5.

(ili) If <V; >= K, then

LE((P)E) - 4

for even n > 2.

(k=1)(n—k+1) and LE((P)F)=2(n—1),

Proof. (i) If any one of the pendant vertex is in V; or Vj, and remaining k — 1
sets are Ky's, then (P,);; is the union of (k —1) Ky's and one isolated vertex.

Laplacian spectrum of (Pn)kp(i) is {0(k times), 2(n — k times)}. The average
degree of (Pn)kp(i) is 2(k —1), i.e.,
2 2
LE ((P)f,) =k (n(k - 1)) +(n—k) ‘2 (k- 1)’
2
==[(n- k) + k(k —2) + nl.
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Note that (P,)F is the graph obtained from K, by deleting all the independent

edges, (P,)F = Kb, Q%J) Hence, from Proposition 2.2,

e ) - 1 o (3] -2+ (- ) 3] -+(3])

(ii) If any one of the non pendant vertex is in V;, 3 < i < n — 2 and remaining
k — 1 sets are Ky's, then (P,)f, is the union of Kj 5, (n —k —2) Ky's and two
isolated vertices. Hence, Laplacian spectrum of (P,)z;) is {0(k times), 1,2(n —

2(k—1
k — 2 times), 3}. The average degree of (Pn)kp(i) is u, ie.,
n

LE ((P)f,) =F (2(k - 1)) (n—k—2) ’2 - i(/{: - 1)‘

n

+‘1—2(k—1)’+’3—2(k—1)‘

n

:Z[(n — k)* + k(k — 2) +n).

Also from Theorem 2.1, Laplacian spectrum of (P,)t is {0,n — 3,n — 2(n —
k — 2 times), n — 1, n(k — 1 times)}. Average degree of (P,)f is “n=t=2(:-1)

n

Hence,
L ((pop) =MD =2 (n_?))_n(n—l);Q(k;_l)‘
+(n—k—2) (n_z)_n(n_D—Q(k—l)‘
+ (n1)”(”1)2(k1)n
+ (k—1) n”<"17;n2(k1)

:z[(n )2+ k(k —2) + 1.

(iti) If < V; >= Kj, then (P,);, is the union of (k — 1) K5’s and two isolated
vertices. Its Laplacian spectrum is {O(n — k + 1 times), 2(k — 1 times)} and
average degree is 2(k — 1). Hence,

LE((P)5y) = (n—k + 1)2@; (k-1 ‘2 - i(k _ 1)’
Dkt ).

n
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Also from Theorem 2.1, Laplacian spectrum of (P,)f is {0,n — 2(n — k —
(

1 times), n(k times)}. Average degree of (P,)f is % Thus,

LE ((P)f) = i[n(n—l— k—1)+2(k =12+ (n—k—1)(n—2(k—1))].

Note that & = 7 for path of even order, hence, we obtain, LE ((Pn)kP) =
2(n—1). O

Remark 3.2. As k = % for path of even order, LE ((Pn)f(i)) — n’—4

n

Theorem 3.3. Let P = {V},V,,..., Vi} be a partition of cycle C,,.
(i) If any of the V; is K and remaining V;’s are all Ky’s, where i # j. Then

LB ((Cfy) = 2 [0k + K7,

whereas n
LE ((C’n)kp> =—|[n—2], foroddn>3.
n

(ii) If each V; consists of Ko, then
2
LE ((Co)iwy) = =K — k)?
(Cokw) =~k + (= k)%,

whereas
2
LE ((Cn)kp) =(2n—-2)+ (2 - 4) 2 4 (Z) . for even n > 4.

n;/ n n

Proof. (i) If any of the V; is K; and remaining V;’s are all Ky’s, where ¢ # j. Then
(C)i is the union of K and (n —k — 1) Ky's. Hence, Laplacian spectrum

of (C’n)f(i) is {0(k — 1 times), 1,2(n — k — 1 times), 3}. The average degree of
(C)i 18 2t and
. 2k 2k
LE (k) == 1) |- 2| - 2
2k 2k
+(n—k:—1)|2— |3—
n n

:i (0 — k)2 + 42

Also according to Theorem 2.1, Laplacian spectrum of (C,,)E is {0,n —3,n — 2

x(n —k — 1 times),n — 1,n(k — 2 times)}. The average degree of (C E s

nn=D=2k Thys
n(n—:b)—Zk’ (n_g)_<n(n—1)—2k/‘>‘

(-1 - <n(n—1)—2k>‘

n

LE ((Cu)f) = +

n
n

_|_
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(n—2)— (n(n—l)—Qk:)’

+(n—k—1) -

=) |n— (W)I
]

(ii) If each V; consists of Ky, then (Cn)kp(i) has k components of K. Hence, Lapla-
cian specrtum of (C’n)kp(i) is {0(k times), 2(n — k times)}. The average degree
of (Cn)fy is 2 and

2k

LE(Cfe) = |-

2k
AN W
+(n >| -

:i[kQ—}-(n—k‘)ﬂ.

Also from Theorem 2.1, Laplacian spectrum of (C,,)f is {0,n — 2(k times),
n(n —k—1 times)}. As (C’n)f(i) has k edges, (C,)F has ("Cy — k) edges. Also,
note that (C,)¥ has K,, — k independent edges. For cycle of even order, k = 5
we have

LE((C)) = LE (Kbn (;’)) —(2n-2)+ (2 - 4) 2 4 (Z)Q .

n/ n n

Theorem 3.4. Let K, ,, = {Uy,, Un} be complete bipartite graph with partition P =
{V1,Va}. Then,
(i) If < Vi >= Kq 5, and < Vo >= Ky, g, n—s,, where s1, e denote number of
vertices of Vi such that s, vertices belong to U, and so vertices belong to U,
and s; < m, So <n, then

LE ((Kmn)g) =2q + 2(n — s1 + s2)(m — s9 + s1)

" [(n— 514+ 82) — (M — 2+ 51)|
(n—81+82)+(m—82+81)7

g= n — S1 + So, ifn—81+52§m—32+31,
m—So+ 51, ifm—sy+8 <n—s+

and
LE ((Kpn)y) = 2(m +n - 2).

(i) If [Vi| = m —1 such that all the vertices of Vi are from first partite set of K,
and |Va| =n+ 1, then

LE ((Kpa)}) =2 (

n?—2n+2
n

and
LE ((Kmn)by) = 2(m +n — 2).
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Proof. (i) If < Vi >= K, 5, and < Vo >= K,;,_¢, n—s,, then

P ~
(Kmm)Q = Kn—51+sz7m—52+81-

Hence,
LE ((Kpmn)) =2q+2(n — 51+ 52)(m — 52 + 51)
% |(n—81+82)—(m—82—|—31)|
(n—s14s2)+ (m—s2+s1)
where
_n—s1+sy, ifn—s 485 <m— s+ sy,
7= m— So+ S, ifm—sy+ 51 <n—s;+ S.
Also
P\ ~
LE ((Kmn)y) = Km UK,
Hence,

LE ((Kmn)by) = LE(Kn) + LE(K,) = 2(m +n — 2).

(ii) If |V3] = m — 1 such that all the vertices of V; are from first partite set of
Kpn and |V = n + 1, then (Kp,,)5 = Kinin1. Hence LE ((Kmn QP) =

2 ("=2052)  Also (Konn)s) = K1 U Knnoy. Thus, LE (Kon)y,) ) = 2(m +
n — 2), which is stated. O

Theorem 3.5. Let S(m,n) be double star graph with partition P = {V1,V,}, such
that the vertices of Vi and V4 are of distance two. Then

2n(m(2+m —mn)+2(n—1))

, ifm>n,
om(n(2 + ) + 2(m — 1))
n n—m m —
4(m? +n? — 2) ,
b me:n’
m-+n

and
12(n —1)(m —1)
m-4+n i

LE (S(m,n))}) =

Proof. Let V; and V5 be the partition of vertices of S(m, n) such that the vertices of V}
and V5 are of distance two, i.e., Vi={vy,v9,v3,...,0pm_1,u1} and Vo={uv,,, us, us, . ..,
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Up—1,Up }. We have

v1 v v3 Vi —1 Vm, uy u2 Un
v [ m -1 -1 - -1 -1 ~1 0 0 7
v -1 m -1 - -1 -1 -1 0 0
vs 1 -1 m - -1 ~1 ~1 0 0
Py tma | -1 -1 -1 - om -1 ~1 0 ... 0
L e L e ~1 —1 -1
w o | -1 -1 -1 . -1 ~1 n+m-—1 -1 - -1
s 0 0 0 - 0 ~1 ~1 P |
" 0 0 0 - 0 ~1 ~1 “1 - n

Consider det ()\[ - L (S(m, n)f(z)»
Step 1: Replace R; by R; — R;y1, for ¢ = vy, vs,03,...,0,_2,v, and replace R; by
R; — R;_q, for i = up,Up_1,...,us,us. Then det ()\[ —L (S(m,n)g(i))) is of
the form

A= (m+1)"2A— (n+1))"" 2\ — (n+m))det(D).

Step 2: In det(D), replace C; by C; — C;_q, for i = v, v3,y, ..., v,_1 and replace C; by
Ci —Ciyq, for i = uy_1,Up_9,...,u2,u1. Then it reduces to a new determinant

A—2 1 1 0
0 1 -1 0
1 1 A=m n-—1"

det(E) =|
0 I A—-1 A-2

m

i.e., det(E)= AA —2)(A— (n+m)). The Laplacian spectrum of (S(m, n)kp(i))
is {0,2,n + m(2 times), m + 1(m — 2 times), n + 1(n — 2 times)} and the av-

erage degree of (S(m,n)E. ) is Motimmt)=2 Hop e
2(i) m-n

n(n+1)+m(m+1)—2
m—+n
2_n(n+1)+m(m+1)—2‘
m+n
n(n—l—l)—i—m(m-i—l)—Q‘

LE ((S(m,n)},) =

i

+2|(n+m)—

m-+n

n(n+1)+m(m+1)—2‘

+(m—2)’(m—i—1)— e

+(n—2)|(n+1)—

n(n+1)+m(m+1)—2
m+n '

If m > n,

IE (S(m,n)g(i)> _ 2n(m(2+m —n) + 2(n — 1))

m-+n
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If n>m,

IE (S(m, ”)ii)) _ 2m(n(2+ nn—l :_n)n—k 2(m — 1))

4(m? +n*—2
LE (S(m,n)},) = ( — )

Also from Theorem 2.1, Laplacian spectrum of (S(m, n)g) is {0(3 times), m —
1(n — 2 times),n — 1(m — 2 times), n + m — 2}. Average degree of (S(m, n)g)

is 2(7”%1(;_1). Thus,

LE (S(m,n)) =3 (2(7" — Din = 1)>

dn+2
+(n—2)’(m—1)— 2<m;nli(7;_1>‘
+(m—2) (n—1)—2(m;n13r(2_1)’
R R
4(m? +n? — 2)

= ) 0

m-+n
Theorem 3.6. Let F,, be friendship graph with partition P = {V1,Va}, such that a
partition Vi contains central vertex and remaining vertices are in a partition Vo. Then

_ 2n(4n+1) _An(n+ 1).

LE ((F.)ky) ==, od LE ((F0)F) = T

Proof. Let Vi and V5 be the partition of vertices of F,, and a partition V; con-
tains only the central vertex and remaining vertices are in a partition V5. We have

~ v1 v v3 v4 Unp—1 Un Un+1 v2n V2n+41
vy 2n -1 -1 . -1 -1 -1 .- -1 -1
vy -1 2n-1 0 o -1 -1 o -1 -1
vg -1 0 2n—1 -1 - -1 -1 -1 .. -1 -1
vg -1 -1 -1 2n-1 --- -1 -1 o -1 -1
L((Fn)f(i)) = v, -1 -1 -1 -1 e 2n—1 0 -1 ... -1 -1
vn -1 -1 -1 -1 . 0 n—-1 -1 .. -1 -1
Vi1 -1 -1 -1 o -1 -1 2n—-1 - -1 -1
van -1 -1 -1 o -1 -1 -1 - 2n-1 0
vanp1 | —1 -1 -1 -1 . -1 -1 -1 .. 0 2n—1 |

Consider det ()\I — L(Fn)g(i)).
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Step 1: Replace R; by R; — R;_1, where © = vg,41,Vop, Vop_1,...,0U3,02. Then we
conclude that det (A — L(F,)k, ) is of the form

(A= (2n —1))" det(D).
Step 2: In det(D), replace C; by C; + Cjy1, where i = vgy,, Vap_1, Vap—2, ..., 0. We get
a new determinant, let it be det(E).

Step 3: In det(E), replace R; by R;+ R;_1, where i = v4, Vg, Us, . . . , Uap_2, U2y, then the
entries below the principal diagonal are zeros. Hence det(E) = A(A—(2n+1))".

Thus,

det (A — L(F,)5,) = A = (2n+ 1)"(A = (20 — 1))".

Therefore, Laplacian spectrum of (F,)5; is {0,2n — 1(n times), 2n + 1(n times)} and

the average degree of (F,)5, is 24;:121' Hence,
n . = — n n — —_ n n — — f— .
20/ an+ 1 2n + 1 2n + 1 2n + 1

Also from Theorem 2.1, Laplacian spectrum of (F,)% is {0(n + 1) times, 2(n times)}.

Average degree of (F, )5 is 520 Thus,

B 2n
o+ 1

on | 4n(n+1)

— = O
2n + 1 2n + 1

LE ((F,)F) +n‘2
Theorem 3.7. Let F,, be friendship graph with partition P = {V1,Va}, such that a
partition Vi contains one triangle and remaining vertices are in a partition Vy. Then

24(n? — 2n + 1)
P _
o (o) - 22
and
AB3n2 —n+1
P (n2 +n1+ )’ ifn=3
_ n
LE ((F)) = Aan® 60 45)
mt+1 0 I

Proof. It V; and V; be the partition of F),, such that a partition V; contains one
triangle and remaining vertices are in a partition V5. Then
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v1 v2 U3 v4 v5 Up—1 Vn Vn+41 v2n+1
v [2n—2 0 0 -1 -1 e -1 -1 -1 e -1 T
va 0 0 0 0 0 0 0 0 0
w3 0 0 0 0 0 0 0 0 0
i -1 0 0 2n—-3 -1 ... -1 —1 . |
vs -1 0 0 0 -1 e -1 -1 - |
ve -1 0 0 -1 2n-3 ..~ -1 —1 -1 -1
P _ : : : . : : :

L((F)f,) = : : : : : : S
O -1 0 0 -1 -1 -+ 2n-3 0 -1 ... -1
on -1 0 0 -1 S 0 2n—3 -1 . -1
N -1 0 0 -1 e | -1 2n—-3 ... -1
van -1 0 0 -1 . | —1 . 0

w1 L -1 0 0 -1 -1 . -1 -1 -1 - 2n-3

Consider det ()\] - L(Fn)g)(i)).

Step 1: Replace R; by R; — R;_1, where i = vg,, 41, Vo, V251, - - . , U5 and replace R,, by
Ry, — Ry, Then det (A — L(F,)}) is of the form

A2(\ — (2n — 3))"" ' det(D).

Step 2: In det(D), replace C; by C; + Cjy1, where i = vy, Uay_1, Vop_2, ..., V4. We get
a new determinant, let it be det(F).

Step 3: In det(E), replace R; by R; + R;_1, where i = vg,,Voy_2,Von_4, ...,V and
simplifying we get,

A—(2n—-2) 0 0 2n—2
e 0 10 0
det(E) = (A — (2n —1))*2 0 01 0
2n—A—1 0 0 A—2n+1

=(A—2n—1)"2A\ = (2n —1)).
Thus,
det (A = L ((Fu)ky)) = X (A= 20— 1))" (A = (2n = 3))"".

Therefore, the Laplacian spectrum of (Fn)f(i) is {0(3 times), 2n — 1(n — 1 times), 2n —

3(n — 1 times)} and the average degree of (Fn)g(i) is %. Hence,
4(n* —2n+1) 4(n* —2n+1)
(< )2“)) ( on+1 >+(n )‘(n ) on+1
4(n? —2n+1)
— (20 —3) —
T n=1)|@n=3) 2n + 1 ‘

_24(n® —2n+1)
N 2n+1 '

Also from Theorem 2.1, Laplacian spectrum of (F},)% is {0,2(n — 1 times),4(n —

1 times), 2n + 1(2 times)}. Average degree of (F,)! is 12%:14.
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If n = 3, then
10n — 4 10n — 4 10n — 4
P f— p— p— p— p—
LE((Fn)Q)_2n+1+(n 1)’2 2n—|—1‘+(n 1)‘4 2n—{—1’
10n —4
2 (2 1) —
* ’(n—i— ) 2n+1‘
_4(Bn* —n+1)
2n +1 '
If n > 3,

A(4n? — 60+ 5)
on+1 '

0

LE ((F.)f) =

Theorem 3.8. Let Ko be cocktail party graph with vertex set V.= {vy,va, ..., Uy, U1,
Us, ..., Uy} and partition P = {Vy,V,}, such that V| contains v; vertices, and remain-
ing u; vertices are in Vy, where 1 =1,2,3,...,n. Then

Proof. Let K, x2 be a cocktail party graph with vertex set V' = {vy,va, -+ , v, uy, us,
-, uptand P = {Vq, V4 } be a partition of vertices of K, x5 such that Vj = {vy,...,v,}
and Vo={uy,us, us, ..., u,}. We have
p_[=11 | 1=,
L(Knx2)am) = l T=D)p [(n=D1, |

Ao | Ay
A, | A,
(Knxz)g(i) is {0,2n — 2,n(n — 1 times),n — 2(n — 1 times) } and the average degree of

(Knx2)5(i) is % Hence,

It is of the form [ ] . Hence, from Lemma 2.1, we get, Laplacian spectrum of

LE ((Koa)bs) :n?n—1+ ’(271—2) _ ”Zn— ‘Jr(n— Djn— n2n— 1'
+(n—1) (n—2)—n2n_1‘
=4(n —1).

Also from Theorem 2.1, Laplacian spectrum of (K, x2)% is {0,2,n(n — 1 times),n +
2(n — 1 times)}. Average degree of (K,x2)% is n. Thus,

LE (Kua)y) =n+12 = n|+ (n—1) [n —n + (n— 1) |(n +2) —n| = 4(n — 1). O

Theorem 3.9. For cocktail graph Koy, xo with a partition P = {V}, Vs, ... Vo, }, such
that V; consists of Ky in respective partition, where i = 1,2,...,2n. Then

LE ((Kanx2)kp) = 100 =6 and  LE ((Kanx2){ ) = 4n.
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Proof. Let P = {V;,V4,...,Va,} be a partition of cocktail party graph Ky, 2, such

that V; consists of K5 in respective partition, where i = 1,2,...,2n. Then, we have
v1 v2 v3 V2p—1 v2n ul u2 u2n
v [4n—3 0 -1 -1 -1 0 -1 -1 7
va 0 4n—-3 -1 - -1 ~1 ~1 0 - -1
vs ~1 -1 4n-3 - -1 -1 ~1 -1 -1
vg ~1 ~1 0 - -1 ~1 ~1 -1 -1
P oy Va1 ~1 ~1 -1 - 4n—-3 0 ~1 -1 ... -1
L((K”X2)k(i)) T oo 1 -1 -1 . 0 4n — 3 —1 —1 cee 0
w1 0 ~1 -1 -1 -1 4n-3 0 - -1
us -1 0 -1 e -1 -1 0 4n—3 - -1
w2m_1 -1 ~1 -1 . 0 -1 ~1 -1 . 0
P ~1 -1 - -1 0 -1 -1 - 4n-3
Ao | Ay

It is of the form . Hence, from Lemma 2.1, we get Laplacian spectrum of

Ay | A
(Knxa)i is {0,4n(n — 1 times), 4n — 2(2n times), 4n — 4(n times)} and the average
degree of (Knxg)kp(i) is 4n — 3. Hence,

LE ((Kanx2)ks)) =(4n = 3) + (n = 1) [4n — (4n = 3)| + 2n |(4n — 2) — (4n — 3)|
+n|(4n —4) — (4n — 3)|
=10n — 6.

Also from Theorem 2.1, Laplacian spectrum of (Ka,x2)% is {0(n times), 2(2n times),
4(n times)}. Average degree of (Ko,x2)! is 2. Thus,

LE ((Kanx2)f ) =2n+2n|2 =2/ +n 42| = 4n. O
Theorem 3.10. For cocktail graph K o,11)x2 with a partition P = {V1,Va, ..., Vania},
such that V; consists of Ky in respective partition, wherei = 1,2,...,2n and V; consists
of K1 in respective partition, where 3 = 1,2. Then
4n(5n + 2) 18n? — 26n — 2|
P\ _ P) =
LE ((K(2n+l)><2)k(i)) = ot and LE ((K(gnﬂ)xz)k) = o )
Proof. For the given partition
v1 Vo v3 v2p 41 uy ug U2p U2y
v [ 4n—1 0 —1 e 1 0 s T
va 0 4n-1 -1 - -1 ~1 T !
vs -1 -1 dn—1 - -1 ~1 s T |
vg -1 -1 0 - -1 ~1 -1 -1 -1
van e O
L((K(zn+1)x2)k(s)) T -1 -1 1 -+ dn -1 -1 e -1 0
w1 0 -1 -1 - =1 4n—-1 0 - -1 -1
us -1 0 -1 e -1 0 4dn—1 - -1 -1
. 1 1 214 1 1 4ne1 a1
wamis L —1 -1 —1 0 ~1 -1 -1 4n
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It is of the form [ ﬁo ﬁl 1 Hence, from Lemma 2.1, we get Laplacian Spectrum
1] Ao
of (Kani1yx2)iy 18 10,4n(2n + 1 times), 4n — 2(n times), 4n + 2(n times)} and the
average degree of (K(2n+1)x2)kp(i) is %. Hence,
4(4n? 4+ n) 4(4n? 4+ n)
P — -~ 7
LE (Kenipein) == ——— +@n+1) fn— ==
4(4n* +n) 4(4n? +n)
dp —9)— T dp 4oy T
R e Ao I e B

_4n(5n + 2)

- 2n+41
Also from Theorem 2.1, Laplacian spectrum of (K(2,11)x2)5 is {0(n+1 times), 2(2n +
1 times), 4(n times)}. Average degree of (K(ani1)x2)f is 5o27. Thus,

dn +1 dn +1 dn +1
LE ((K@n r) = 1( ) 2 1’2— ’ ‘4—
(Eniya){) =n+ omy1) TR 5T on + 1
2 _ —
_J8n?—26n—2| -
2n+1
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