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LOWER EXTREMITIES FOR GENERALIZED NORMALIZED
0-CASORATI CURVATURES OF BI-SLANT SUBMANIFOLDS IN
GENERALIZED COMPLEX SPACE FORMS

MOHD. AQUIB!, MOHAMMAD HASAN SHAHID!, AND MOHAMMED JAMALI?

ABSTRACT. In this paper, we obtain the inequalities for the generalized normalized
6-Casorati curvature and the normalized scalar curvature for different submanifolds
in generalized complex space form, which is based on an optimization procedure
involving a quadratic polynomial in the components of the second fundamental form
and characterizes the submanifolds on which equalities hold. We also develop, the
same inequalities for semi-slant, hemi-slant, CR, slant, invariant and anti-invariant
submanifolds in the same target space and consider the equality case. Moreover,
we obtain a geometric inequality involving Casorati curvature for warped product
bi-slant submanifolds in same ambient and obtain an obstruction result.

1. INTRODUCTION

The theory of Chen invariants, which establish the simple relationships between
the main intrinsic invariants and the main extrinsic invariants of the submanifolds is
one of the most interesting research areas of differential geometry started by Chen
[5] in 1993. In the initial papers, Chen established inequalities between the scalar
curvature, the sectional curvature(intrinsic invariants) and the squared norm of the
mean curvature(the main extrinsic invariant) of a submanifold in a real space form.
The same author obtained the inequalities for submanifolds between the k-Ricci
curvature, the squared mean curvature, and the shape operator in the real space form
with arbitrary codimension [4]. Since then, different geometers proved the similar
inequalities for different submanifolds and ambient spaces [13,15].
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The Casorati curvature(extrinsic invariant) of a submanifold of a Riemannian man-
ifold, introduced by Casorati is defined as the normalized square length of the second
fundamental form [3]. The concept of Casorati curvature extends the concept of the
principal direction of a hypersurface of a Riemannian manifold [9]. The geometrical
meaning and the importance of the Casorati curvature has been discussed by dis-
tinguished geometers [6,12,19]. Therefore, it attracts the attention of geometers to
obtain the optimal inequalities for the Casorati curvatures of the submanifolds of
different ambient spaces [1,7,14].

In this article, we study the inequalities which relates the generalized normalized
0-Casorati curvature and the normalized scalar curvature for different submanifolds in
generalized complex space form and consider the equality case of the inequality. We
also obtain, a geometric inequality involving Casorati curvature for warped product
submanifolds in same ambient and obtain a non-existence result.

2. PRELIMINARIES

Let M be an almost Hermitian manifold with an almost complex structure J and
a Riemannian metric g. An almost Hermitian manifold is said to be a nearly Kaehler
manifold if (Vx.J)X = 0 and becomes a Kaehler manifold if V.J =0 for all X € T'M,
where V is the Levi-Civita connection of the Riemannian metric g.

Tricerri and Vanhecke [16] introduced the concept of generalized complex space
form as a generalization of the complex space form. An almost Hermitian manifold M
is called the generalized complex space form, denoted by M (fi, f»), if the Riemannian
curvature tensor R satisfies

B(X,Y)Z =filg(Y, 2)X — g(X, 2)Y'} + fo{g(X, JZ)JY
(2.1) -9, J2)JX +29(X,JY)JZ},
for all X,Y,Z € TM, where f; and f, are smooth functions on M(fy, fo).

Let M be an n-dimensional submanifold of a generalized complex space form
M(f1, fo) of complex dimension m. Let V and V be the Levi-Civita connection on
M and M(fy, f2) respectively. The Gauss and Weingarten equations are defined as

VxY =VxY +h(X,Y),
Vx&=—8X + VyxY,
for vector fields X,Y € TM and & € T+M, where h, S and V* are the second

fundamental form, the shape operator and the normal connection respectively. The
second fundamental form and the shape operator are related by the following equation

g(h(X,Y),€) = g(Se X, Y),

for vector fields X,Y € TM and £ € T+M.
The equation of Gauss is given by

(2.2) R(X,Y,Z,W) = R(X,Y,Z, W)+ g(h(X, Z), (Y, W)) = g(h(X, W), h(Y, Z)),
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TABLE 1. Definition

SN. |M | M Dy Dy 61 02

(1) | M | bi-slant slant slant slant angle | slant angle

(2) | M |semi-slant | invariant | slant 0 slant angle

(3) | M | hemi-slant | slant anti-invariant | slant angle | §

(4 | M |CR invariant | anti-invariant | 0 5

(5) M | slant either D1 =0 or Dy =0 | either 61 =0, =60 or 01 =05 £ 0

for X, Y, Z,W € TM, where R and R represent the curvature tensor of M(f1, f2) and
M respectively.

Let M be an n-dimensional submanifold of a generalized complex space form
M(f1, fo) of complex dimension m. For any tangent vector field X € T M, we can
write JX = PX 4+ QX, where P and @) are the tangential and normal components of
JX respectively. If P = 0, the submanifold is said to be an anti-invariant submanifold
and if ) = 0, the submanifold is said to be an invariant submanifold. The squared
norm of P at p € M is defined as

(2.3) 1P = > ¢*(Jeire;),
ij=1
where {eq,...,e,} is any orthonormal basis of the tangent space T, M.

A submanifold M of an almost Hermitian manifold M is said to be a slant sub-
manifold if for any p € M and a non zero vector X € T,M, the angle between JX
and T,M is constant, i.e., the angle does not depend on the choice of p € M and
X € T,M. The angle 6 € [0, 5] is called the slant angle of M in M.

A submanifold M of an almost Hermitian manifold M is said to be a bi-slant

submanifold, if there exist two orthogonal distributions D; and D,, such that

(i) TM admits the orthogonal direct decomposition, i.e., TM = Dy + Dy;
(ii) for ¢ = 1,2, D; is the slant distribution with slant angle 6;.

In fact, semi-slant submanifolds, hemi-slant submanifolds, CR-submanifolds, slant
submanifolds can be obtained from bi-slant submanifolds in particular. We can see
the case in the following table:  Invariant and anti-invariant submanifolds are the
slant submanifolds with slant angle # = 0 and ¢ = 7 respectively. If 0 < 6 < 7, then
slant submanifold is called proper slant submanifold. It is said to be proper bi-slant
if 0; lies between 0 and 3

If M is a bi-slant submanifold in a generalized complex space form M(f, f2), then
one easily can see that

I1P|* = > ¢°(Pei,ej) = 2(dy cos® 01 + dy cos® ),

ij=1

where dimD; = 2d; and dimDy = 2d,.
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Let M be a Riemannian manifold and K (7) denotes the sectional curvature of M
of the plane section m# C T,M at a point p € M. If {e1,...,e,} and {e,i1,. .., €am}
be the orthonormal basis of 7, M and TPLM at any p € M, then the scalar curvature
T at that point is given by

(2.4) )= Y K(eihe)
1<i<j<n
and the normalized scalar curvature p is defined as
2T
n(n—1)

The mean curvature vector denoted by H is defined as

1 n
H=- Z h(ei, ei).
=1

p:

We also put
hi; = g(h(ei,ej),e4), 4,5 €1,2,...,n,y€{n+1,n+2,...,2m}.

The squared norm of the mean curvature of the submanifold is defined by

) 1 2m n 2
I = > (o)
1

y=n+1 \i=

and the squared norm of second fundamental form A is denoted by € defined as

1 2m n 9
(2.5) e=— 3> 3 (n7)
y=n+114,j=1
known as Casorati curvature of the submanifold.
If we suppose that L is an r-dimensional subspace of TM, r > 2, and {ej, ez, ..., €.}
is an orthonormal basis of L, then the scalar curvature of the r-plane section L is
given as

T(L)= > K(eyNep)

1<y<B<r

and the Casorati curvature € of the subspace L is as follows

1 2m - 2
(2.6) eL)=— 3 3 (h3)"
y=n+11,5=1

A point p € M is said to be an invariantly quasi-umbilical point if there exist
2m — n mutually orthogonal unit normal vectors &,.1, ..., &, such that the shape
operators with respect to all directions &, have an eigenvalue of multiplicity n — 1 and
that for each &, the distinguished eigen direction is the same. The submanifold is said
to be an invariantly quasi-umbilical submanifold if each of its points is an invariantly
quasi-umbilical point.



GENERALIZED NORMALIZED 6-CASORATI CURVATURES 595

The normalized J-Casorati curvature d.(n — 1) and d,(n — 1) are defined as

1 1
(2.7) [0c(n —1)], = §€p + n;;L inf{C(L)|L : a hyperplane of T,M}
and

2n—1

(2.8)  [6.(n—1)], = 2€, + sup{C(L)|L : a hyperplane of T,M }.

For a positive real number ¢t # n(n — 1), put

(2.9) alt) = ;tm— D(n+£)(n2 —n — 1),

then the generalized normalized J-Casorati curvatures d,(t;n — 1) and 0.(t;n — 1) are
given as

[0c(t;n —1)], = tC, + a(t) inf{C(L)|L : a hyperplane of T,M},
if 0 <t<n?—n,and
[0o(t;n — 1)], = 7€, + a(t) sup{C(L)|L : a hyperplane of T,M},

if t >n?—n.

3. GENERALIZED NORMALIZED -CASORATI CURVATURE

In this section we obtain the generalized normalized J-Casorati curvatures for
different submanifolds in generalized complex space form.

Theorem 3.1. Let M be a bi-slant submanifold of a generalized complex space form
M(fl) .f2) Then
(i) the generalized normalized 0-Casorati curvature 6.(t;n — 1) satisfies

~ nn-1) n(n—1)

for any real number t such that 0 <t < n(n—1), and
(ii) the generalized normalized 6-Casorati curvature d.(t;n — 1) satisfies

6.2
n(n—1)

for any real number t > n(n — 1). Moreover, the equality holds in (3.1) and (3.2)
if and only if M is an invariantly quasi-umbilical submanifold with trivial normal
connection in M(f1, f2), such that with respect to suitable tangent orthonormal frame
{e1,...,en} and normal orthonormal frame {e,11,...,eam}, the shape operator S, =

(3.1) + fi+ (dy cos® ) + dy cos® ),

de(t;n — 1)

(3.2) p < m

+ 1+ (dy cos? 0; + dy cos® ),
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Se,, m€{n+1,...,2m}, takes the following form

a 00 ... 0 0
0 a0 ..0 0
00a ... 0 0

(3.3) Snpr=1{ . . . . . : »Sngz = -0+ = Som = 0.
000 ... a 0
000 ... 0 "n=by

onof. Let {e1,...,e,} and {e,i1,...,€2,} be the orthonormal basis of T,M and
(sz'll;{ ;eeslfl(:\:;celvely at any point p € M. Putting X =W =¢;,, Y = Z =¢;, 1 # j from
Rei ej,¢5,e) =fi{glej, e;)g(ei, ei) — glei, e5)g(ej, e:) }
+ fo{g(ei, Jej)g(Jej, e;) — gle;, Je;)g(Jes, e;)
(3.4) +2¢g(e;, Jej)g(Jej, e)}.
From Gauss equation and (3.4), we have
R(ei,ej,¢5,e:) =fi{g(ej, e5)g9(ei e5) — glei,e5)g(ej,e:)}
+3f2{g(ei, Jej)g(Jej, ei)} — g(hles, €5), hlej, €:))
(3.5) + g(h(e;, €i), hiej, €5)).
By taking summation 1 <i,j < n and using (2.3) and (3.5), we get
(3.6) 27 = n?||H||* = nC + n(n — 1) f1 + 6f2(dy cos® O + da cos® 0y).

Define the following function, denoted by Q, a quadratic polynomial in the components
of the second fundamental form

(3.7) Q=mn(n—1)f + 6fy(dy cos® ) + da cos® B) + tC + a(t)C(L) — 27,

where L is the hyperplane of T, M. Without loss of generality, we suppose that L is
spanned by ey, ..., e, 1, it follows from (3.6) and (3.7) that

TL—Ft 2m 2m  n—1 2m
s nre 2008 Sopr 3 (Sa)
y=n+11,j5=1 'yn+1z] 1 y=n+1

which can be easily written as

0= ¥ ni[(”“ ) o+ 2 g

y=n+1 i=1 n n

(3.8) - Z

n+1

n—i—t a(t) " oy N
( n _1>(Z 2-2 Z h”h” h )]

n i<j)=1 (i<g)=1
From (3.8), we can see that the critical points

RE = (Wi Rt R R RET

» i 'nn ) »i'nn
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of Q are the solutions of the following system of homogenous equations:

am =2 (2 4 20) (1)) — 250, b =0,
(3.9) oty = M = 2 200 by, = 0,
) ah” _4<n+t+L>(h?j):O,

29— (=) (h],) =0,

where 4,5 ={1,2,...,n—1}i#j,andy e {n+1,n+2,...,2m}.
Hence, every solution h® has hj; = 0 for i # j and the corresponding determinant

to the first two equations of the above system is zero. Moreover, the Hessian matrix
of Q is of the following form

H O O
HQ) =| 0 H, O |,
O O H;
where
2 (it 4 2 — 2 -2 —2 —2
n a(t
—2 2 (it 4 2 — 2 -2 —2
H, = : _ : R I
n a(t

—2 —2 B A e .
-2 -2 —2 z

n

H; and Hj are the diagonal matrices and O is the null matrix of the respective
dimensions. Hy and Hj are respectively given as

e n+t  a(t) n+t  a(t) n+t  a(t)
Hg—dlag<4< - +n—1)’4<n+n—1>"”’4< - —l—n_l)),

and
H, = ding (4(n+t)’4(n+t)"“,4(n+t)> .
n n n
Hence, we find that H(Q) has the following eigenvalues
2
/\11—O /\22—2<t+a(t)>7)\33: _)‘nn_2<n+t+a(t)>a
n n-—1 n n—1

t t 4 t

n n—1 n

forall 4,5 € {1,2,...,n— 1}, i # j. Thus, Q is parabolic and reaches at minimum
Q(h¢) = 0 for the solution h¢ of the system (3.9). Hence Q > 0 and hence we have

27 <tC+a(t)C(L) + n(n — 1)f1 + 6f2(dy cos® O; + dy cos® 0y),
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whereby, we obtain

t a(t) 6/
< C —
p_n(n—l) +n(n—1) n(n —1)
for every tangent hyperplane L of M. If we take the infimum over all tangent

hyperplane L, the result trivially follows. Moreover the equality sign holds if and only
if

(3.10) hj; =0, foralli,je{l,...,n}, i#jandy € {n+1,...,2m}

and

(dy cos? ) + dy cos® 6,),

G(L) + fi+

(3.11) h), = ”(”t)hyl _ =),

;  n_q, forallye{n+1,...,2m}.

From (3.10) and (3.11), we obtain that the equality holds if and only if the submanifold
is invariantly quasi-umbilical with normal connections in M, such that the shape
operator takes the form (3.3) with respect to the orthonormal tangent and orthonormal
normal frames.

In the same way, we can prove (ii). O

Theorem 3.1 yield the following result.

Corollary 3.1. Let M be a bi-slant submanifold of a generalized complex space form
M(fl, f2) Then

(i) the normalized 0-Casorati curvature d.(n — 1) satisfies

6/2
n(n—1)
Moreover, the equality sign holds if and only if M 1is an_invariantly quasi-
umbilical submanifold with trivial normal connection in M(fi, f2), such that

p<d.(n—1)+ f1+ (dy cos? 01 + dy cos® ).

with respect to suitable tangent orthonormal frame {ey,...,e,} and normal
orthonormal frame {e, 11, ..., eam}, the shape operator S, = S,., r € {n+1,
..., 2m}, takes the following form

a 00 ... 0 0

0O a O ... 0 O

00 a ... 00

Sn+1: . . . . . . ,Sn+2:'--252m:0,and
00 0 ... a O
00 0 ... 0 2a

(ii) the normalized §-Casorati curvature o,(n — 1) satisfies

6/2
n(n —1)
Moreover, the equality sign holds if and only if M is an invariantly quasi-
umbilical submanifold with trivial normal connection in M(f1, f2), such that

p < gc(n -+ fi+ (dy cos® 1 + dy cos® ).
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with respect to suitable tangent orthonormal frame {eq, ..
orthonormal frame {e, 1, ..

Sn+1 =

Proof. (i) One can easily see that

(3.12)

at any point p € M. Therefore, putting ¢t =

50(

2 0 0
0 2a O
0 0 2a
0O 0 O
0 0 O
n(n —1)

2

(3.12) we have our assertion.
Similarly,we obtain (ii).

‘n—1)

.,en} a and normal

., €am ), the shape operator S, = S.., r € {n+1,
...,2m}, takes the following form

0 0
0 0
0 0
2a 0
0

p
n(n—1)
2

Moreover, we have the following.

7Sn+2:"':SQm:0-

=n(n—1)[d(n = 1),

in (3.1) and taking into account

O

Theorem 3.2. Let M be submanifolds of a generalized complex space form M(fi, f2).
Then we have the following table for generalized normalized 6-Casorati curvatures:

Table 2: Generalized Normalized 6 — Casorati curvatures

S.N. | M(fi, f2) | M Inequality
(1) | M(f1, f2) | semi-slant
(a) p< dc(t;n—1) _|_f 4 6f2 (d +d COSQQ)
— n(n—-1) 1 n(n—1) \"1 2 2
(b) p < 5;(5;:;) + fi+ (iffl) (dy + docos®0y)
(2) | M(f1, fo) | hemi-slant
(a) p< 5;((271__1;) + fi+ (?lffl)d1005291
(b) p< 5;((271__1;) + fi+ Miif_gl)dlcos%l
(3) | M(fi,f) | CR
dc(t;n—1) 6
(a) p < lz(n—l) + fl + (nf_21)d1
dc(t;n—1) 6
(b> p S n(n—1) + fl + (nfl)dl
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S.N. E(fl,fg) M Inequality
(4) | M(f1, f2) | slant
(a) p< 2B+ i+ 3f2)00820
(b) p < Ut f + Bhcos?)
(5) | M(f1, fo) | invariant
(a) p< 2B 4 i+ 2
(b) p< B + fr 4+ 2
(6) | M(f1,fo) | anti-invariant
() p< By,
(b) p < Seltn=ll

where in each case 0 <t <n(n—1) andt > n(n — 1) for (1) and (2) respectively for
any real number t. Moreover, the equality holds if and only if M is an invariantly
quasi-umbilical submanifold with trivial normal connection in M(fy, f2), such that with
respect to suitable tangent orthonormal frame {eq, ..., e,} and normal orthonormal

frame {eni1,...,€am}, the shape operator S, = S.., r € {n+1,...,2m}, takes the
following form

a 0 0 0 0

0 a O 0 0

0 0 a 0 0
(313) SnJrl - . . ,Sn+2 - T = ng - O

0 0 O a 0

000 0 ™Mby

Proof. First four results of the Theorem 3.2 can be simply obtained with the help of
Table 1 and the results in Theorem 3.1. And the next two results of the Theorem
3.2 can be seen by putting § = 0 and 6 = 7 in case of invariant and anti-invariant

submanifold respectively in the result of slant submanifold given in Theorem 3.2. [

As the consequence of the last theorem, we note the following corollary.

Corollary 3.2. Let M be submanifolds of a generalized complex space form M (fy, fo).
Then for the normalized d-Casorati we have the following table
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Table 3: Normalized 6 — Casorati curvatures

S.N.| M(fi, fo) | M Inequality
(1) | M(fy, f2) | semi-slant
(@) p<d.(n—1)+f1+ n(iiffl)(dl + dacos?6,)
(b) p<d.(n—1)+f1+ n(if_zl) (dy + dycos?6s)
(2) | M(fy1, fo) | hemi-slant
(a) p<odcn—1)+ f1 + n(iif_zl)dlcoszel
(b) p<du(n—1)+ f1 + n(iffl)dlcos%l
(3) | M(fi.f2) | CR
(@) P <0n— 1)+ it Ly
(b> P < 50(” - 1) + fl + n(if_zl)dl
(4) | M(f1, fo) | slant
(@) p<dbcln—1)+ fi + (shl)cos?@
(b) p <deln—1) + fi + 2500520
(5) | M(f1, fo) | invariant
(a) 1Y S 50(” - 1) + fl + (jf21)
(b) p<de(n—1)+ i+ 25
(6) | M(f1, fo) | anti-invariant
() p < bln— 1) + i

Moreover, the equality sign for the inequalities o in the above holds if and only if M is
an invariantly quasi-umbilical submanifold with trivial normal connection in M (f1, fs),

such that with respect to suitable tangent orthonormal frame {eq, ..., e,} and normal
orthonormal frame {e,11, ..., ean}, the shape operator S, = S.,, r € {n+1,...,2m},
takes the following form

a 0 0 0 O

0O a O ... 0 O

0 0a ... 00

Sni1 = o e » Snpa =00 = Som = 0.
0 0 O a 0
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and the equality sign for the inequalities 5. in the above table holds if and only if M is
an invariantly quasi-umbilical submanifold with trivial normal connection in M(f1, fs),

such that with respect to suitable tangent orthonormal frame {ey, ..., e,} and normal
orthonormal frame {e,.1, ..., ean}, the shape operator S, = S.,, r € {n+1,...,2m},
takes the following form

2¢ 0 0 ... 0 O

0 2 0 ... 0 O

0 0 2a 0 0

SnJrl: . . . 7Sn+2:"':S2m:0-
0 0 O 2a 0
0 0 O 0 a

4. INEQUALITY FOR DOUBLY WARPED PRODUCT BI-SLANT SUBMANIFOLD

Let M; and M, be Riemannian manifolds of dimension n; and ns, equipped with
Riemannian metric g; and gs, respectively. Let o, and o, be positive differentiable
functions on M; and My, respectively. Thus, the doubly warped product M =
oy M1 X5 My [17] of dimension n is defined based on the product manifold M; x M,
endowed with a metric g = 039, + 02 gs.

In this section, mainly we will prove the following.

Theorem 4.1. Let ¢ : M = ,,M; X, My — M(fy, fo) be an isometric immersion
of an n-dimensional doubly warped product bi-slant submanifold of a 2m-dimensional
generalized complex space form. Then

Aqoy AYeR
Ty + nq

n? )
<o A" + finan,
01 09 2

3
(4.1) + §f2(n1 cos? 0] + ng cos? fy) — g@—l-ne(L),
where n; = dim M;, 1 = 1,2, n = ny +no and A; is Laplacian operator on M;,i =1, 2.

Proof. Let us assume that ¢ : M = ,,M; x,, My — M(fi, f») be an isometric
immersion of a warped product ,,M; X,, M into a generalized complex space form
M(f1, f2). Suppose that ny, ny and n are the dimensions of My, My and M, respectively.

Then for the unit vector fields X, Z tangent to M;, M,, respectively, it is easily seen
that [17]

1 1
K(XNZ) = ;{(vﬁ(X)al — X?%01} + 0—2{(%2)@ — Z%05}.

Let us assume a local orthonormal frame {eq, es, ..., e,} such that ey, ey, ..., e, are
tangent to M; and e, 11, ...,e, are tangent to M,. Then

Ayoy As0y
(42) N9 +n1 = Z Z K(el N ej).

1 72 1<i<ny ni+1<j<n



GENERALIZED NORMALIZED 6-CASORATI CURVATURES 603

Further, equations (2.4) and (4.2) imply

Ao Aqo
(4.3) ng—— +n—2 = 71— Y K(ejney)— >, KlesNey).
g1 02 1<j<k<n ni+1<s<t<n
Moreover, (2.1), (2.2) and (4.3) yield the following
Ao Aso
ne /2 4+ my 22:T—ﬁn(n—1)}+f1n1n2
o1 09 2
-3/ Z gZ(ej, Jer) — 3 fo Z g*(es, Jey)
1<j<k<ny n1+1<s<t<n

Y (W ()

r=n+11<j<k<ni

(4.4 S (- ()P,

r=n+1n;+1<s<t<n

Using (2.5), (2.6) and (4.4), we obtain

A A
No 191 +ny 292 ﬁ n(n—1)} + fining
01 09 2

3 1

- §f2<n1 cos? 0 + no cos? 0s) — §nf||H1 ||2
| 1

— sl Hel|” + 5mC(L) + 5n2C(L)
2 2 2

<7 ‘];1 n(n— 1)} + fining
3 , , 1

(4.5) — ifg(nl cos” 01 + ng cos” by) + inC(L)),

where H; and Hy are partial mean curvature vectors of M; and M, respectively. [

An immediate consequence of the Theorem 4.1 is the following obstruction result.

Corollary 4.1. Let ¢ : M = ,,M; X, My — M(fy, fo) be an isometric immersion of
an n-dimensional doubly warped product bi-slant submanifold M in 2m-dimensional
generalized complex space form M(f1, f2) such that o1 and oy are harmonic functions.
Then immersion of M can not be flat in M(f1, f2) if

1<

IMniny — 12 + n[fz(m cos? 0 + ng cos? Oy) — nC(L)].

Next, we state and prove.
Theorem 4.2. Let ¢ : M = ,,M; X5, My — M(f1, f2) be an isometric immersion of

an n-dimensional doubly warped product submanifolds of a 2m-dimensional generalized
complex space form. Then we have following table:
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Table 4: Doubly warped product inequalities

M(f1, f2) M Inequality
S.N.
(1) | M(f1, f2) | semi-slant ngA;—fl + nlAﬁ—;’Q <7—L{n(n—1)}+ finins —
- 3 fo(ny + o cos® 65) + 2nC(L))
(2) | M(f1, f2) | hemi-slant na 8Ll 4y 822 < 7 — Ldn(n—1)} + fingny —
%fg(;bl cos? 61)2—1- +nC(L))
(3) | M(fi,f.) |CR ZQA;—;” +1n1A§—;’2 <7—L{nn-1)}+ fininy —
5fam +5nC(L))
_ 2 >
(4) | M(f1, f2) | slant ngA;ifl—l-nlA;i;"" <7—L{n(n—1)}+ finin, —
3 fancos® 6 + sn€(L))
(5) | M(f1, f2) | invariant ngA;—fl + nlAi—;’Q <7—L{n(n—1)}+ finins —
3 1
5fan + 5nC(L))
— 2 2
(6) | M(fi1, f2) | anti-invariant ngA;ifl + nlAg—;’Q <7—-L{nn—-1)}+ finina +
3n€(L))

Proof. We obtain the first four results of the Theorem 4.2 directly by using Table 1
and the result of the Theorem 4.1 and last two results by putting # = 0 and 6 = 7
respectively in result of slant submanifold. 0
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