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Second Zagreb Index of Trees with Fixed Diameter

E. H. Zogić, E. R. Glogić

Abstract: Let G be a simple graph with vertex set V = V (G) = {v1,v2, ...,vn} and edge set
E = E(G). For vi ∈ V (G), by di = di(G) we denote the degree (number of neighbors) of the
vertex vi. The second Zagreb index is defined as M2(G) = ∑

viv j∈E(G)
did j. In this paper, we study

the minimal and maximal second Zagreb index of trees with fixed diameter.
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1 Introduction

We recall some terminologies in graph theory from [1]. Let G be a simple graph with
vertex set V =V (G) = {v1,v2, ...,vn} and edge set E = E(G). For vi ∈V (G), by di = di(G)
we denote the degree (number of neighbors) of the vertex vi. For any two distinct vertices
u and v in G, the distance between u and v, denoted by dG(u,v), is the number of edges in
a shortest path joining u and v. The diameter d of G is the maximum distance between any
two vertices of G. Let Sn and Pn be a star and a path on n vertices, respectively.

The second Zagreb index is defined as

M2(G) = ∑
viv j∈E(G)

did j.

The second Zagreb index is one of the oldest vertex-degree-based molecular structure
descriptors, invented in the 1970s [9, 10]. Details of its theory can be found in the recent
review [2] and the recent papers [5, 3, 4] whereas data on their history in [8].

Researching in the field of vertex-degree-based topological indices with given diameter
is one of the attractive topics in the chemical graph theory. Well known Wiener index of a
graph G is defined by

W (G) = ∑
viv j∈E(G)

d(vi,v j).
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Recently, Sun et al. in the paper [11] provides some new results about maximal values
of W (G) with given diameter. In the paper [13], Liu and Pan obtained some results on
Wiener index of trees with fixed diameter.

The Hararay index of a graph G is defined as

H(G) = ∑
{u,v}⊂V (G)

1
d(u,v)

.

In the the paper [6], Feng et al. obtained trees with minimal value of H(G) with fixed
diameter 3 and 4.

Inspired by the paper [6] we consider second Zagreb index of trees which have minimal
and maximal values with fixed diameter 3 and 4. We will also compare our results with the
upper bound from [12]

M2(G)≤ 1
2
(m2 −m(d −3)+(d −2))

√
2m−n+1. (1)

2 Main results

Let Tn,d be the set of trees of order n and diameter d. In the class Tn,2 there is only one
graph which is star Sn. The trees in Tn,3 are obtained from a path P4 = v1v2v3v4 by attaching
a pendant vertices at v2 and b pendant vertices at v3. We will denote this tree by T3(a,b)
(Figure 1).

Fig. 1. T3(a,b)

Theorem 2.1. For T3(a,b) ∈ Tn,3, we have

M2(T3(a,b))≥

{ 3
4 n2 −n, if n is even

3
4 n2 −n+ 1

4 , if n is odd.

The equality holds if and only if a = n−4
2 when n is even or a = n−3

2 or a = n−5
2 when n is

odd.
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Proof. Bearing in mind that a+b = n−4 and using Figure 1, we have

M2(T3(a,b)) = a+2+a(a+2)+(a+2)(b+2)+b(b+2)+b+2

= 5(a+b)+(a+b)2 −ab+8

= a2 − (n−4)a+n2 −3n+4

It follows that

M2(T3(a,b)) =
(

a− n−4
2

)2

− (n−4)2

4
+n2 −3n+4. (2)

If n is even, then the minimal value of (2) is attained for a = n−4
2 and we have

M2(T3(a,b))≥
3
4

n2 −n.

If n is odd, then the minimal value of (2) is attained for a = n−3
2 or a = n−5

2 and we get

M2(T3(a,b))≥
3
4

n2 −n+
1
4
.

Now, we are going to find trees with maximal value of M2 in the class Tn,3.

Theorem 2.2. (a) If b ≥ a, then M2(T3(a,b))< M2(T3(a−1,b+1)).

(b) If b < a, then M2(T3(a,b))< M2(T3(a+1,b−1)).

Proof. Claims (a) and (b) follow from (2) and

M2(T3(a−1,b+1)) = a2 +b2 +ab+4a+6b+9,

M2(T3(a+1,b−1)) = a2 +b2 +ab+6a+4b+9.

Remark 2.1. By the theorem 2.2, for T ∈ Tn,3 it follows

M2(T )≤ n2 −3n+4, (3)

with equality if and only if T ∼= T3(0,n−4) or T ∼= T3(n−4,0).

Remark 2.2. For d = 3 and m = n−1 in (1) we obtain

M2(G)≤ 1
2
(n2 −2n+2)

√
n−1 (4)

The upper bound (3) is better than the upper bound (4).
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Fig. 2. T4(m;a1,a2, ...,ak)

Next, we consider the trees with diameter 4. Let Tn,4 be a class of trees with n vertices
and diameter d = 4. The trees in Tn,4 are of the form like T4(m;a1,a2, ...,ak) with m ≥ 0,

as shown in figure 2, where
k
∑

i=1
ai +m+ k+1 = n. The tree T4(m;a1,a2, ...,ak) is obtained

from a path P5 = v1v2v3v4v5 by attaching some pendant edges at v2, v4, and/or attaching
some pendant edges at v3, and/or identifying v3 with a pendant vertex of a star. If m = 0 we
will write T4(a1,a2, ...,ak) instead T4(m;a1,a2, ...,ak).

Theorem 2.3. For any tree of order n ≥ 16 of the form T̃ = T4(m;a1,a2, ...,ak) ∈ Tn,4,
where k ≥ 2,m ≥ 1, there exists a tree of order n ≥ 16 of the form T = T4(b1,b2, ...,bt) such
that M2(T̃ )≥ M2(T ).

Proof. Let k ≥ 2,m ≥ 1 and without loss of generality we assume a1 ≤ a2 ≤ ·· · ≤ ak. Let
T ′ = T (m−1;a1 +1,a2, ...,ak). Now we have

M2(T̃ ) =
k

∑
i=1

(m+3)(ai +1)+
k

∑
i=1

ai(ai +1)+m(m+3), (5)

M2(T ′) =
k

∑
i=2

(m+2)(ai +1)+(a1 +2)(m+2)

+
k

∑
i=2

ai(ai +1)+(a1 +1)(a1 +2)+(m−1)(m+2) (6)

M2(T̃ )−M2(T ′) = (m+2)
k

∑
i=2

(ai +1)+(m+2)(a1 +1)+
k

∑
i=1

(ai +1)+
k

∑
i=2

ai(ai +1)

+ a1(a1 +1)+m(m+3)

− (m+2)
k

∑
i=2

(ai +1)− (a1 +2)(m+2)−
k

∑
i=2

ai(ai +1)

− (a1 +1)(a1 +2)− (m−1)(m+2)

=
k

∑
i=1

ai + k+m−2a1 −2 ≥ 0.
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The last inequality holds because k ≥ 2,
k
∑

i=1
ai ≥ ka1 ≥ 2a1 and m ≥ 1 > 0.

Remark 2.3. From the Theorem 2.3, one can see that tree with minimal value of M2 is of
the form T4(a1,a2, ...,ak) and it holds that n−1− k ≥ k, i.e., k ≤ n−1

2 .

Fig. 3. T4(a1,a2, ...,ak)

Theorem 2.4. Let T = T4(a1,a2, ...,ak) be the tree of order n with diameter 4 and k ≥ 2 as
depicted in Figure 3. Then we have

M2(T ) = (n−1)k+n−1. (7)

Proof. Since m = 0 and
k
∑

i=1
ai = n− k−1, we have

M2(T ) =
k

∑
i=1

(ai +1)+
k

∑
i=1

k(ai +1) = (k+1)
k

∑
i=1

(ai +1) = (n−1)k+n−1.

Remark 2.4. Since k ≥ 2, one can see that (7) is minimized for k = 2. By theorems 2.3 and
2.4, for T ∈ Tn,4 it follows that

M2(T )≥ M2(T (a1,a2,0, ...,0)).

Next, we consider the trees form the class Tn,4 which have maximal value of M2.

Theorem 2.5. M2(T4(m;a1,a2, ...,ak))< M2(T4(m+1;a1 −1,a2, ...,ak)).

Proof. Using the right-hand side of (5) and

M2(T4(m+1;a1 −1,a2, ...,ak)) =
k

∑
i=2

(m+4)(ai +1)+(m+4)a1

+
k

∑
i=2

ai(ai +1)+(a1 −1) ·a1 +(m+1)(m+4),

we have
M2(T4(m+1;a1 −1,a2, ...,ak))−M2(T4(m;a1,a2, ...,ak)> 0.
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Remark 2.5. By the Theorem 2.5 one can see that for T ∈ Tn,4 we have

M2(T )≤ n2 −4n+7, (8)

with equality if and only if T ∼= T4(n− k−3;1,0,0, ...,1). Notice that

M2(T4(n− k−3;1,0,0, ...,0,1)) = M2(T4(n− k−3;0,1,0, ...,0,1))

= · · ·= M2(T4(n− k−3;0,0,0, ...,1,1)).

Remark 2.6. For d = 4 and m = n−1 in (1) we obtain

M2(G)≤ 1
2
(n−1)(n−2)

√
n−1+

√
n−1. (9)

The upper bound (8) is better than the upper bound (9).
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