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On some mathematical properties of the general zeroth—order
Randi¢ coindex of graphs

1. Milovanovi¢, M. Matejic, E. Milovanovi¢, A. Ali

Abstract: Let G = (V,E), V = {v,v2,...,v,}, be a simple connected graph of order n, size
m with vertex degree sequence A=d; >dy > --->d, =0 >0, d; =d(v;). Denote by G a
complement of G. If vertices v; and v; are adjacent in G, we write i ~ j, otherwise we write
i = j. The general zeroth-order Randi¢ coindex of G is defined as "R¢(G) = ¥;n; (d* '+
d}’"l) =YY" (n—1—d;)d*', where o is an arbitrary real number. Similarly, general zeroth—
order Randi¢ coindex of G is defined as "Ry (G) = Y- di(n— 1 —d;)*~!. New lower bounds
for "Ry (G) and °Ry(G) are obtained. A case when G has a tree structure is also covered.

Keywords: Topological indices and coindices, first Zagreb index, forgotten index, general
zeroth—order Randi¢ index.

1 Introduction

Let G = (V,E), V. ={vi,v2,...,v,}, be a simple graph with n > 3 vertices, m edges and
vertex degree sequence A=d) >dy > --- >d, =6 >0, d; = d(v;). The complement of G
is the graph G = (V,E), with the same vertex set but whose edge set consists of the edges
not present in G. Since the graph sum G + G on a n-node graph G is the complete graph
K, the number of edges in G is m = @ —m. If vertices v; and v; are adjacent in G, we
write i ~ j. On the other hand, if v; and v; are adjacent in G, we write i » j.

In graph theory, an invariant is a numerical quantity of graphs that depends only on
their abstract structure, not on labeling of vertices or edges, or on the drawings of the
graphs. In chemical graph theory such quantities are also referred to as topological indices
[6,22-24]. Many of them are defined as simple functions of the degrees of the vertices of
(molecular) graph. Most degree based topological indices are viewed as the contributions
of pairs of adjacent vertices. But equally important are degree based topological indices
that consider the non-adjacent pairs of vertices for computing some topological properties
of graphs which are named as coindices.
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One of the most popular and extensively studied graph based molecular structure de-
scriptors is the first Zagreb index introduced in 1972 by Gutman and Trinajsti¢ in [7]. It is
defined as

M\(G) =Y di =) (di+d)).
i=1 i~ j

Various generalizations of the first Zagreb index have been proposed. In [10] a so called

general zeroth—order Randi¢ index was introduced. It was conceived as

Ra(G) =Y df =Y (d* " +dF "), (1)
i=1

i~j

where « is an arbitrary real number. It is also met under the names the first general Zagreb
index [13] and variable first Zagreb index [17].

For specific values of «, specific notations and hence specific names are being used.
Thus, for & = 2 the aforementioned first Zagreb index is obtained. For o = 3, a so called
forgotten topological index [5]

n

F(G) =Y a} =Y (a7 +d})

i=1 i~ j

is gained.

More details on these indices and their mathematical properties can be found in [1,2, 8,
20] and references cited therein.

The notion of coindex was introduced in [4]. In this case sum runs over the edges of
complement of G. The general zeroth—order Randi¢ coindex was defined in [16] as

"Ra(G) =Y (a7 " +d?7") = i(n— 1—dy)d?", )

iej i=1

where ( is an arbitrary real number. For its mathematical properties and upper and lower
bounds one can refer to [18,19]. For & = 3 the forgotten topological coindex, or F'-coindex
for short, is obtained [3] (see also [12]). In [25] this coindex is called the Lanzhou index.

From (1) and (2) it can be concluded that between “Ry(G) and ‘R (G) the following
relation exists [16] (see also [18])

"Ry (G) + Ry (G) = (n—1)°Ry_1(G) .

In this paper some new lower bounds for °R (G) are obtained. A case when G has a
tree structure is discussed as well.

2 Preliminaries

In this section we recall one discrete inequality for real number sequences that will be used
in proofs of theorems.
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Let p = (p;), i = 1,2,...,n, be a non-negative real number sequence and a = (a;),
i=1,2,...,n, asequence of positive real numbers. In [11] (see also [21]) it was proved that
for any real r, r < 0 or r > 1, holds

r—1 r
(Zm) Y piaj > (me) : 3)
i=1 i=1 i=1

When 0 < r < 1, the opposite inequality is valid. Equality holds if and only if either r = 0,
orr=1,0ora=a=---=ay, or pp=---=p, =0and ¢4, =+ = a,, for some ¢,
1<tr<n-—1.

3 Main results

In the next theorem we establish a connection between ‘R, (G) and M, (G).
Theorem 3.1. Let G, G 2 K, be a simple connected graph with n > 3 vertices and m edges.
Then, for any real o, o0 < 1 or @ > 2, holds

oa—1

((nfl)(2m767A)7M1(G)+52+A2>

(n—1)(n—2)—2m+6+A)a2
When 1 < o < 2 the opposite inequality is valid. Equality holds if and only if either
a=lLora=2o0orn—1=A=dy=---=d, >dyy1 =+ =d, | >d, =0, for somet,
1<t<n—2 0rn—1 #AZCZ] :d2:~--= n—1 261',1:5.

Ro(G) > (n—1)(8% 1+ A% 1) — 6% — A% 4 )

Proof. The inequality (3) can be observed in the form

n—1 r=1 n—1 n—1 r
Ypi| Ypa=>|Y pa) . (5)
=2 =2 =2

Forr=a—-1l,a<lora>2,pj=n—1—d;,a;=d;,i=1,2,...,n, the above inequality
becomes

1 a2 el a—1
(Z(n—l—d») Z(n—l—d»df‘12(Z<n—1—di>di> : (6)

i=2 i=2 i=2

Ifdy=---=d, | =n—1, that is if G = K,,, in (6) equality occurs. Since Ry (K,) = 0,
without affecting the generality, suppose that G 2 K,,. Then, according to (6) we have that
n—1 n—1 o-l
T (n—1—d;)d;
) (n—1-didi~" > (Z’zf d ‘)H , (7
i=2 (X (n—1—dy))

from which (4) is obtained.

The case when 1 < o < 2 is proved analogously.

Equality in (7), and consequently in (4), holds if and only if either ¢ = 1, or ot = 2,
orn—1=A=di=---=d,>dy1=-=dy,_1>d, =0, forsomer, 1 <t<n—2,or
n—1#42A=di>dy=--=d,_ >d,=9. O
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Corollary 3.1. Let G, G 2 K,,, be a simple connected graph with n > 3 vertices and m
edges. Then

F(G) > (n—1)(8°+A") -8 —A +

(n—1)(2m—A—8) — M, (G) + 8> + A*)?
(n—=1)(n—=2)—2m+A+6 )

Equality holds if and only if n —1=A=d,=---=d; >dyy1 =---=d,_1 > d, = 0, for
somet, 1 <t<n—2,orn—1#A=d >dry=---=d, 1 >d,=9.

In the next theorem we determine a lower bound on Oﬁa(G) when Gisatree, G=T.

Theorem 3.2. Let T be a tree with n > 4 vertices. Then, for any real o, &« < 1 or o0 > 2,

holds

(2(n* —3n+3) — M (T))*!
(n _ 2)0‘_2(11 _ 3)05—2

When 1 < o < 2, the opposite inequality is valid. Equality holds if and only if either o¢ = 1,

oro=2,0orT=P,orT =Kj, .

R (T)>2(n—2)+

(®)

Proof. The inequality (3) can be considered as

n—2 r=1 n—2 n—2 r
(Z Pi> Y pia; > (Z piai> : 9)
i=1 i=1 i=1

Forr=a—-1l,a<lora>2,pij=n—1—d;,a;=d;,i=1,2,...,n, the above inequality
transforms into

n—2 a2, 5 n—2 ol
Y (n—1-4d) Y (n—1-a)d* "' > Y (n—1-d)d; .10
i=1 i=1 i=1

Let G be a tree with n > 4 vertices. Then,m=n—1and d,_1 = d, = A =1, since any tree
has at least two vertices of degree 1. Now, the inequality (10) becomes

(n(n—1)=2(n—1)—2(n—2))*2 (

(n—1-d;)d* "' —2(n —2)) >

i=1 (11)
> (2(n—1)2=My(T) —2(n—2))*"",
that is
(n—=2)%"2(n—3)""2 ("Re(T) —2(n—2)) > (2(n* —3n+3) — M, (T)) ",
from which (8) is obtained.
Equality in (11) holds if and only if either d = l,or ¢ =2, orn—1=A=d; =--- =
d>dy1=-=dy2>dy1=d,=8=1,forsomer, 1 <t<n—-3,orn—1#A=
di=-=dy, »>d, 1 =d, =0 =1, which implies that equality in (8) holds if and only

ifeitheroc =1, oroc =2, or T = P, or T =K 1. L]
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Corollary 3.2. Let T be a tree with n > 4 vertices. Then

(2(n* —3n+3) —M(T))?

F(T)>2(n-2)+ (n—2)(n—3) (12)
Equality holds if and only if T = P, or T = K 1.
Corollary 3.3. Let T be a tree with n > 2 vertices. Then
F(T) = (n=2)(n—1). (13)

Equality holds if and only if T = K ;1.
Proof. In [9] (see also [14]) the following inequality was proven
M(T)<n(n-1),

with equality if and only if 7 = K ,_;. From this and (12), the inequality (13) is obtained.
O

The inequality (13) was proven in [25].

Denote by I'; a class of connected graphs that do not have vertices of degree n — 1. In
the next theorem we determine a lower bound for R (G) in terms of M;(G) and n, m, &
and A.

Theorem 3.3. Let G be a simple connected graph with n > 3 vertices and m edges. Then,
forany real o, @ < 1 or &t > 2, holds

Re(G) > An—1—-A)*"1+
(n—1)2m—A—8)—M(G)+ &> +A>H*"1.  (14)
2m—A—8)*2

+8(n—1-8)*"1+

When 1 < a < 2, the opposite inequality is valid.

If G belong to the class 'y, then for any real a < 1 inequality (14) is valid.

Equality holds if and only if either x =1, oraa =2, orA=d\ >dr=---=d,—1 > d, =
Sdanda>1l,orn—1#A=dy>dry=--=d, 1 >d, =0 and ot < 1.

Proof. Forr=a—-1, « > 2, pj=d;, ai=n—1—d;, i = 1,2,...,n, the inequality (5)

becomes
a—1

] 0‘*2”71 n—1
(Z di> Y d(n—1-a)*"' > (Z di(n—l—a’i)> ’
i=2 =2 i—2
that is
Oﬁa(é) —An—1 —A)a_l —8(n—1- 5)&—1 >

- 2m(n—1) =M (G) —A(n—1—A)—§(n—1—A))*"! (15)
- 2m—A—§)22 ’




80 1. Milovanovi¢, M. Matejié, E. Milovanovi¢, A. Ali

from which (14) is obtained.

The case when 1 < o < 2 is proved analogously. Similarly, it can be proved that when
a < 1 and G does not belong to class I'; the inequality (14) is valid.

Equality in (15) holds if and only if eitherc = 1, orx =2, 0rn—1—dr =n—1—dz =
---=n—1—d,_1, which implies that equality in (14) holds if and only if either & = 1, or
a=2,orA=d1>dry=--=d, 1>d,=8anda=1,orn—14A=d>dr ==
dy_1>d,=6and a < 1.. O

Corollary 3.4. Let G be a simple connected graph with n > 3 vertices and m edges. Then

F(G) > Aln—1- AP+ 8(n—1- 57+ 1= 1><2m—A2;15_)A—f4(1$(G) +8 477

Equality holds if and only if A=dy > dy =---=d, 1 >d, = 0.

The proof of the next theorem is similar to that of Theorem 3.2.
Theorem 3.4. Let T be a tree with n > 3 vertices. Then, for any real a@ > 2, holds

(2(n* —3n+3) —M;(T))*!
(2(n—2))*
When 1 < o0 <2, the opposite inequality is valid. When oo < 1 and T %2 K ,_1, the inequal-

ity (16) is also valid.
Equality holds if and only if either x =1, or . =2, or T = P,.

Ro(T)>2(n—2)%2+

(16)

Corollary 3.5. Let T be a tree with n > 3 vertices. Then

(2(n* —3n+3) —M;(T))?

F(T)>2(n—-2)+ 2n=2)

(17)

Equality holds if and only if T = P,.
From (8) and (16) we have that the following is valid:
Corollary 3.6. Let T be a tree with n > 4 vertices. Then, for any real o¢ > 2, holds
ORo(T) +°Ra(T) > 2(n—2) (1+(n—2)*3) +

(2(n% —3n+3) — My (T)* 1 (2972 + (n—3)*"2) (18)
2a—2(n_2)a—2(n_3)a—2 '

The inequality (18) is also valid when o« < 1 and T % K; ,—1. When 1 < a0 <2 the opposite
inequality in (18) is valid. Equality holds if and only if either o =1, or o =2, or T = P,.

Corollary 3.7. Let T be a tree with n > 4 vertices. Then

2
(n—1) (2(n2 —3n+3) —MI(T))
2(n—2)(n—3)

F(T)+F(T)>4(n—2)+

Equality holds if and only if T = P,.
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