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A r t i c l e  h i s t o r y  A B S T R A C T  

This paper presents a closed-form frequency-domain solution for seismic response 
of vertical shafts in rock, transformed to the time domain by inverse fast Fourier 
transform (FFT). A deep reinforced-concrete shaft is modeled as a Timoshenko 
beam on lateral and rotational Winkler springs. The solution is verified against an 
independent time-domain finite-element analysis by comparing peak envelopes and 
time histories of the response quantities. Six modeling assumptions are evaluated: 
beam kinematics, base fixity, lateral and rotational ground reaction, shaft inertia and 
ground radiation damping. The results indicate that the shaft response is 
predominantly governed by kinematic compatibility with the displacement field of the 
surrounding ground. Shaft inertia and kinematic coupling through dashpots increase 
the peak shear force by only 4.3% and 1.2% respectively, with other response 
quantities practically unaffected. No resonance occurs for the considered range of 
input parameters, as the shaft’s fundamental frequency stays far above the 
frequency band containing significant ground-motion energy. Findings of this work 
indicate that simplified static approaches may be safely used for preliminary design. 
A set of modeling decisions that ensures upper-bound engineering estimates of 
design quantities is proposed. The closed-form solution and a benchmark example 
are provided to facilitate verification of numerical models. 
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1 Introduction 

Surge shafts are hydraulic structures placed between the 
main storage reservoir and the powerhouse of a 
hydroelectric power plant (Fig. 1). The surge chamber is 
intended to absorb sudden rises of pressure, as well as to 

compensate for brief drops in water supply. They are usually 
constructed as circular reinforced-concrete-lined shafts 
embedded in rock. As is the case with other large 
underground structures, seismic design requires the 
interaction of the structure and the surrounding ground to be 
considered.   

 

 

Figure 1. General schematic view of a surge shaft 
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Seismic response of vertical underground shafts is 
generally governed by the vertically propagating shear (S) 
waves. While the S waves cause racking (i.e. cross-section 
distortion) in tunnels [1,2], the vertically oriented shafts are 
subjected to longitudinal bending and transverse shear 
action. Elastic analysis has been traditionally used and is 
generally considered sufficient due to low-damage design 
objective and brittle failure modes of rock mass. Complex 
design scenarios, with multiple soil layers or variable lining 
cross-section, may warrant a more detailed numerical model 
and possible consideration of nonlinearity. Lack of usable 
experimental data, and thus the inability to perform proper 
model validation, comes as one of the main challenges in 
modeling of large underground structures. To ensure that the 
model performs as intended, a verification against reliable 
baseline results should be conducted before introducing the 
project-specific complexity.  

Neither the well-established Winkler pile models, nor the 
models for caissons, can be directly used to analyze seismic 
response of surge shafts. Specific proportions of surge 
shafts, such as large depth, moderately large diameter and 
robust lining dimensions clearly invalidate some of the 
fundamental hypotheses of both pile and caisson analytical 
models. Due to pile slenderness, Euler-Bernoulli beam 
kinematics and negligible longitudinal friction at the soil-
structure interface (i.e. no rotational compliance) are 
normally assumed [3]. The family of models developed by 
Zhang et al. [4,5], intended for slender shafts in soft soil, still 
retains the fundamental pile model assumptions – Euler-
Bernoulli beam formulation and no rotational interaction with 
the soil. The three-dimensional elastodynamic continuum 
model, proposed by Yang et al. [6], also retains the two pile-
specific assumptions. Rigid-body behavior of the structure, 
commonly assumed in caisson analysis [7–9], is also 
inapplicable to surge shafts embedded in rock. Therefore, a 
new class of models, built upon a set of hypotheses 
applicable to surge shafts specifically, needs to be 
developed.  

This paper introduces a closed-form analytical solution, 
specifically developed for seismic analysis of surge shafts in 
rock. The proposed model incorporates a frequency-domain 
ground response solution, as well as classical Winkler 

mechanics, modified to represent the behavior of surge 
shafts under vertically propagating shear waves more 
realistically. The Winkler approach was chosen for its simple 
numerical implementation and future extensibility to 
nonlinear problems. While it shares the basic concepts with 
the Winkler model of Zhang et al. [4], the proposed solution 
introduces several modifications and improvements that 
were necessary for its application to deep reinforced-
concrete shafts in rock:  

• Timoshenko beam kinematics are implemented instead 
of Euler-Bernoulli.  

• Base-relative free-field translation is imposed onto the 
structural model, which is necessary for it to be consistent 
with the applied fixed-base boundary condition. Lining inertia 
due to absolute base acceleration is introduced as a 
separate body force.  

• Rotational Winkler springs, derived from an anti-plane 
shear solution [10], are introduced to account for the 
longitudinal friction between the shaft lining and the 
surrounding rock.  

• Stiffness of the soil-structure interface is recalibrated 
following the caisson solution of Gerolymos and Gazetas [8], 
to take into account the relatively large diameter of the shaft.  

• Constant, frequency-independent radiation damping is 
introduced for consistency with time-domain numerical 
models.  

The proposed analytical model is rigorously verified 
against an independent numerical model. Python code, 
implementing both the analytical and the numerical model, is 
made publicly available [11].   
Besides the analytical formulation, this paper also proposes 
a design-oriented analysis methodology, derived from the 
parametric study. Objective of the proposed procedure is to 
obtain safe engineering estimates of the design quantities, 
while avoiding or mitigating the major modeling uncertainties.  

2 Analytical formulation 

The closed-form frequency-domain solution is presented 
in this section. General concept of the model, described 
further on, is schematically represented in Fig. 2.  

 

 

Figure 2. (a) Ground response analysis; (b) Structural model 
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2.1 Ground response 
 

Free-field response is evaluated in the frequency 
domain, employing the conventional one-dimensional 
ground response analysis [12]. An outcrop motion is applied 
at the base of a single-layer soil profile, sitting on top of a 
compliant elastic half-space (Fig. 2a). Acceleration record is 
zero-padded, band-limited and converted to an acceleration 
spectrum by FFT. A displacement spectrum is obtained by 

dividing the acceleration spectrum by −𝜔2, where 𝜔 denotes 
circular frequency.  

The complex shear modulus of Dormieux and Canou 
[13], with the layer damping ratio 𝜉𝑠 written in place of the 
loss coefficient 𝜂 = 2𝜉,  is written as:  

𝐺𝑠
∗ = 𝐺𝑠(√1 − 4𝜉𝑠

2 + 2𝑖𝜉𝑠) (1) 

The complex wave number is:  

𝜅 =
𝜔

𝑉𝑠√𝐺𝑠
∗ 𝐺𝑠⁄

 
(2) 

where 𝑉𝑠 = √𝐺𝑠/𝜌𝑠 is the shear wave velocity. The boundary 

condition of zero shear stress at the surface reduces the 
displacement profile to a cosine:  

𝑢𝑓𝑓(𝑧) = 𝑈𝑠 cos 𝜅𝑧 (3) 

where 𝑈𝑠 is the complex displacement amplitude at the 
surface. For an outcrop motion 𝑈𝑜𝑢𝑡 applied at the layer 
base, condition of displacement and shear stress continuity 
at 𝑧 = 𝐿 and radiation in the half-space, the complex 
displacement amplitude at the surface is:  

𝑈𝑠 =
𝑈𝑜𝑢𝑡

cos𝜅𝐿 + 𝑖𝛼 sin 𝜅𝐿
 (4) 

where 𝛼 is the complex impedance ratio between the layer 
and the bedrock below: 

𝛼 =
𝜌𝑠𝑉𝑠√𝐺𝑠

∗/𝐺𝑠

𝜌𝑟𝑉𝑟√𝐺𝑟
∗/𝐺𝑟

 (5) 

with subscript 𝑟 denoting the bedrock.  
To ensure consistency with boundary conditions of the 

structural model, the free-field displacement needs to be 
corrected so it is base-relative. The base displacement 𝑢𝑏 is 
subtracted from the absolute free-field displacement:  

𝑢𝑓𝑓
𝑟𝑒𝑙(𝑧) = 𝑢𝑓𝑓(𝑧) − 𝑢𝑏 = 𝑈𝑠(cos𝜅𝑧 − cos𝜅𝐿) (6) 

The free-field rotation imposed onto the structural model 
is zero, since horizontal slices of ground do not rotate under 
shear waves:  

𝜑𝑓𝑓(𝑧) = 0 (7) 

 
2.2 Structural model 
 

Surge shaft is modeled as a Timoshenko beam on 
Winkler springs, onto which the free-field response is 
imposed (Fig. 2b). Response quantities of the shaft are 
denoted as 𝑤 (displacement), 𝜃 (rotation), 𝑀 (bending 
moment) and 𝑉 (shear force).  
Damping of the lining material is stiffness-proportional and 
introduced as a complex rigidity: 

𝐸𝐼∗ = 𝐸𝐼(1 + 𝑖𝜔𝛽𝐾), 𝐺𝐴∗ = 𝐺𝐴(1 + 𝑖𝜔𝛽𝐾) (8) 

with 𝛽𝐾 the Rayleigh stiffness coefficient, and effective shear 
area of the hollow circular section adopted from Cowper [14]. 
These complex rigidities are used when solving the 
governing equations, while the section forces are evaluated 
from the elastic rigidities 𝐸𝐼 and 𝐺𝐴.  

The ground is represented by translational and rotational 
distributed springs, with radiation damping included in the 
lateral direction:  

𝑍𝑥 = 𝑘𝑥 + 𝑖𝜔𝑐𝑥 (9) 

𝑍𝜃 = 𝑘𝜃 
(10) 

Lateral springs are calibrated following Gerolymos and 
Gazetas [8], while the rotational springs are derived from 
anti-plane shear mechanics of a cylindrical boundary in 
elastic medium [10]:  

𝑘𝑥 = 1.75(𝐿/𝑑)−0.13𝐸𝑠, 𝑘𝜃 = 𝜋𝐺𝑠𝑑
2/4 (11) 

Lateral dashpot coefficient, based on the high-frequency 
asymptote from Gazetas and Dobry [15], is:  

𝑐𝑥 =
𝜋

2
(1 +

3.4

𝜋(1 − 𝜈𝑠)
)𝜌𝑠𝑉𝑠𝑑 (12) 

with index 𝑠 denoting the soil layer and 𝑑 the shaft diameter.  
The governing equations, i.e. the translational and rotational 
equilibrium, are:  

𝐺𝐴∗ (
𝑑2𝑤

𝑑𝑧2
−

𝑑𝜃

𝑑𝑧
) + 𝜌𝐴𝜔2𝑤 − 𝑍𝑥(𝑤 − 𝑢𝑓𝑓

𝑟𝑒𝑙) + 

+𝜌𝐴𝜔2𝑢𝑏 = 0 

(13) 

𝐸𝐼∗
𝑑2𝜃

𝑑𝑧2
+ 𝜌𝐼𝜔2𝜃 + 𝐺𝐴∗ (

𝑑𝑤

𝑑𝑧
− 𝜃) − 𝑍𝜃𝜃 = 0 (14) 

Note the base-relative translational displacement and 
added inertial term that accounts for base acceleration in Eq. 
(13). The section forces of the shaft lining are:  

𝑀(𝑧) = 𝐸𝐼
𝑑𝜃

𝑑𝑧
, 𝑉(𝑧) = −𝐺𝐴(

𝑑𝑤

𝑑𝑧
− 𝜃) (15) 

Boundary conditions are defined so the top is free and 
the base is clamped or pinned:  

𝑀(0) = 0, 𝑉(0) = 0, 𝑤(𝐿) = 0,   

{
𝜃(𝐿) = 0 (𝑓𝑖𝑥𝑒𝑑)

𝑀(𝐿) = 0 (𝑝𝑖𝑛𝑛𝑒𝑑)
 

(16) 

 
2.3 Closed-form solution 
 

Substituting 𝑤 = 𝑒𝜆𝑧 and 𝜃 = 𝐵𝑒𝜆𝑧 into the 
homogeneous form of the Eq. (14) gives the rotation-to-
displacement ratio:  

𝐵 = −
𝐺𝐴∗𝜆

𝐸𝐼∗𝜆2 − 𝑠
, 𝑠 = 𝐺𝐴∗ − 𝜌𝐼𝜔2 + 𝑍𝜃 (17) 

Substituting into Eq. (13), with 𝑥 = 𝜆2, leaves a quadratic:  

𝐺𝐴∗𝐸𝐼∗𝑥2 + [𝐺𝐴∗(𝐺𝐴∗ − 𝑠) − 𝑝𝐸𝐼∗]𝑥 + 𝑝𝑠 = 0,   

𝑝 = 𝑍𝑥 − 𝜌𝐴𝜔2 
(18) 

Two roots of the quadratic give the four exponents 𝜆1,2 =
±√𝑥1 , 𝜆3,4 = ±√𝑥2 and four values of 𝐵𝑗 from Eq. (17).  

The particular solution is 𝑤𝑝 = 𝑎1 cos𝜅𝑧 for translation 

and 𝜃𝑝 = 𝑏1 sin 𝜅𝑧 for rotation. Writing 𝛥 = 𝐸𝐼∗𝜅2 + 𝑠, the 

coefficients are:  
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𝐷𝑝 = −
𝐺𝐴∗𝜅2(𝛥 − 𝐺𝐴∗)

𝛥
 (19) 

𝑎1 = −
𝑍𝑥

𝐷𝑝 − 𝑝
 (20) 

𝑏1 = −
𝜅𝐺𝐴∗𝑎1

𝛥
 (21) 

The constant parts of Eq. (13), −cos𝜅𝐿 from 𝑢𝑓𝑓
𝑟𝑒𝑙 and the 

body force 𝜌𝐴𝜔2𝑢𝑏 are combined to get the constant part of 
𝑤: 

𝑊𝑐 = −cos𝜅𝐿 (22) 

Collecting the three parts, the general solution is 
obtained: 

𝑤(𝑧) = ∑𝐶𝑗𝑒𝑗(𝑧) + 𝑎1 cos 𝜅𝑧 + 𝑊𝑐

4

𝑗=1

 (23) 

𝜃(𝑧) = ∑𝐶𝑗𝐵𝑗𝑒𝑗(𝑧) + 𝑏1 sin 𝜅𝑧

4

𝑗=1

 (24) 

𝑀(𝑧) = 𝐸𝐼 [∑𝐶𝑗𝐵𝑗𝜆𝑗𝑒𝑗(𝑧) + 𝑏1𝜅 cos𝜅𝑧

4

𝑗=1

] (25) 

𝑉(𝑧) = −𝐺𝐴[∑𝐶𝑗(𝜆𝑗 − 𝐵𝑗)𝑒𝑗(𝑧) − (𝑎1𝜅 + 𝑏1) sin𝜅𝑧

4

𝑗=1

] (26) 

The exponentials are written as:  

𝑒𝑗(𝑧) = 𝑒𝜆𝑗(𝑧−𝑧𝑗
𝑟𝑒𝑓

), 𝑧𝑗
𝑟𝑒𝑓 = {

𝐿 𝑅𝑒 𝜆𝑗 > 0

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                 (27) 

in order to keep every term bounded by unity on 0 ≤ 𝑧 ≤ 𝐿.  
Imposing the boundary conditions, Eq. (16), on Eqs. 

(23)–(26) and writing 𝑒𝑗
0 = 𝑒𝑗(0) and 𝑒𝑗

𝐿 = 𝑒𝑗(𝐿) gives the 

system:  

[
 
 
 
 

𝐵1𝜆1𝑒1
0 𝐵2𝜆2𝑒2

0 𝐵3𝜆3𝑒3
0 𝐵4𝜆4𝑒4

0

(𝜆1 − 𝐵1)𝑒1
0 (𝜆2 − 𝐵2)𝑒2

0 (𝜆3 − 𝐵3)𝑒3
0 (𝜆4 − 𝐵4)𝑒4

0

𝑒1
𝐿 𝑒2

𝐿 𝑒3
𝐿 𝑒4

𝐿

𝐵1𝑒1
𝐿 𝐵2𝑒2

𝐿 𝐵3𝑒4
𝐿 𝐵4𝑒4

𝐿 ]
 
 
 
 

{

𝐶1

𝐶2

𝐶3

𝐶4

} =

= {

−𝑏1𝜅
0

(1 − 𝑎1) cos𝜅𝐿
−𝑏1 sin 𝜅𝐿

}                                                                       (28)

 

The rows, in order, correspond to the boundary 
conditions 𝑀(0) = 0, 𝑉(0) = 0, 𝑤(𝐿) = 0 and 𝜃(𝐿) = 0 for 
the fixed base. For the pinned base, the fourth row becomes 

𝐵𝑗𝜆𝑗𝑒𝑗
𝐿 with −𝑏1𝜅 cos𝜅𝐿 on the right-hand side.  

The procedure of obtaining the closed-form solution is 
outlined hereafter. First, the acceleration record is zero-
padded, transformed to the acceleration spectrum 𝑆𝑎(𝜔) by 
FFT, and converted to displacement:  

𝑈𝑜𝑢𝑡(𝜔) = −
𝑆𝑎(𝜔)

𝜔2
 (29) 

For each considered frequency bin (𝑓𝐻𝑃 < 𝑓 ≤ 𝑓𝐿𝑃), 𝜅 and 
𝑈𝑠 follow from Eqs. (2) and (4). Spring impedances 𝑍𝑥 and 
𝑍𝜃, as well as the coefficients 𝑝 and 𝑠, can then be evaluated. 
Eq. (18) is solved for the four 𝜆𝑗 and Eq. (17) for the 𝐵𝑗. The 

system of equations (28) is solved for 𝐶𝑗. Response 

quantities are obtained by evaluating the Eqs. (23)–(26) at 

every depth and scaling by 𝑈𝑠(𝜔). An inverse FFT returns 
the time histories.  
 
2.4 Model limitations and assumptions 
 

The presented analytical formulation introduces certain 
simplifications, from which the real-world conditions often 
deviate, and which should be acknowledged in the course of 
the design process. The geological profile, as well as the soil-
structure interface, are modeled as uniform along the shaft 
height. While sites with uniform and stable rock profiles are 
preferred for surge shaft placement, real-world conditions 
might include discontinuities, weathering zones, spatial 
variability of rock mass properties or unfavorable in-situ 
stress states. Each of the potential issues requires 
consideration beyond the scope of the idealized global 
analysis presented in this paper. Established solutions 
include empirical design decisions, local analyses, advanced 
finite-element modeling and iterative design process with 
parameters updated during the excavation, all beyond the 
scope of this paper.  

3 Verification 

3.1 Numerical model 
 

Numerical analysis is conducted in two stages. In the first 
stage, free-field response under the ground motion is 
determined through one-dimensional elastic analysis in the 
frequency domain, using the Linear Elastic Calculator 
module of the Strata software package [16], specifically the 
pyStrata implementation [17]. Transfer functions are 
evaluated on pre-determined points along the profile height, 
which correspond to the structural finite-element model 
nodes. It should be noted that, for the given setup, the 
transfer-matrix solution of pyStrata algebraically reduces to 
the transfer function of the analytical solution. Despite it not 
being a mathematically independent verification, agreement 
of the free-field outputs is still useful to rule out gross errors 
in the analytical solution from Section 2.1. Transfer function, 
returned by pyStrata, is multiplied by the record’s 
displacement spectrum to obtain the free-field displacement 
spectrum 𝑈𝑓𝑓(𝜔) at each node depth. Base-relative 

displacement spectrum 𝑈𝑓𝑓
𝑟𝑒𝑙(𝜔) is derived by subtracting the 

absolute displacement spectrum at 𝑧 = 𝐿. Velocity and 
acceleration are calculated in the frequency domain by 

multiplying 𝑈𝑓𝑓
𝑟𝑒𝑙(𝜔) with 𝑖𝜔 and −𝜔2, respectively. Time 

histories of displacements, velocities and accelerations are 
generated by inverse FFT of the spectra.  

In the second stage, an elastic finite-element (FE) model 
is established and analyzed in the time domain, using the 
OpenSeesPy implementation [18] of the OpenSees 
computational framework [19], as schematically presented in 
Fig. 3. The surge shaft is modeled as a series of finite 
elements with Timoshenko beam formulation, laterally and 
rotationally supported by a series of discrete springs at every 
node, while the base is fixed or pinned. As in the analytical 
model, the effective shear area of the annular cross section 
is adopted according to Cowper [14]. Stiffness-proportional 
Rayleigh damping is applied to the beam elements, using the 
same 𝛽𝐾 as the analytical model. Springs and dashpots are 
calibrated consistently with the analytical model, Eqs. (11)–
(12), only scaled by tributary length at each node, equal to 
the finite element size. Free-field displacement, velocity and 
acceleration histories are applied at the far ends of the 
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springs (i.e. the ends not connected to the shaft) using a 
multi-support excitation pattern in OpenSees. Far ends of the 
springs are rotationally restrained, so 𝜑𝑓𝑓 = 0 is enforced. 

Inertia from absolute base acceleration is applied as a series 
of forces directly onto the shaft nodes. At each node 𝑖, the 
inertial force is defined as:  

𝐹𝑖(𝑡) = −𝑚𝑖 ∙ 𝑢̈𝑏(𝑡) (30) 

where 𝑚𝑖 is the tributary structural mass. Newmark 
integration scheme (γ=0.5, β=0.25) with four sub-steps per 
record step is used. At each step, nodal translations and 
rotations, as well as the element forces, are recorded. 
Bending moments and shear forces are averaged at nodes. 
The end moments and shear forces, at 𝑧 = 0 and 𝑧 = 𝐿, are 
corrected to account for the lumped boundary effects of the 
FE model.  

It should be noted that Fig. 3 shows the OpenSees 
coordinate system convention. For consistency, all the 
results are presented using the downward z-axis convention, 
as in Fig. 2.  
 
3.2 Setup 
 

The following benchmark case is considered. The surge 
shaft is 60 m deep, with a constant cross-section with 12 m 
external diameter and 1.2 m wall thickness. Elastic modulus, 
density and Poisson’s ratio of reinforced concrete are taken 
as 33 GPa, 2500 kg/m3 and 0.2, respectively.  

The site is defined as a 60 m deep homogeneous layer 
of weathered rock, sitting on top of an intact rock half-space. 
Properties of the layer and of the half-space are listed in 
Table 1.  
 

Table 1. Rock properties at the considered site 

Parameter Value Note 

Weathered rock layer 

Es [GPa] 1.6 Rock mass modulus 

ρs [kg/m3] 2400 Density 

νs 0.25 Poisson’s ratio 

ξs 0.05 Damping ratio 

Intact rock half-space 

Vr [m/s] 1200 Shear wave velocity 

ρr [kg/m3] 2600 Density 

ξr 0.01 Damping ratio 

 
Structural damping of the lining is stiffness-proportional 

Rayleigh, with 𝛽𝐾 calibrated to 5% at the soil layer’s first 
natural resonance frequency [12]:  

𝑓1 =
𝑉𝑠
4𝐿

 (31) 

which is equal to 2.15 Hz. Winkler spring and dashpot 
coefficients returned by Eqs. (11) and (12) are listed in Table 
2.  
 

Table 2. Values of coefficients of Winkler springs and 
dashpots 

Parameter Value Unit 

𝑘𝑥 2.27·109 N/m per m of depth 

𝑘𝜃 7.24·1010 N·m/rad per m of depth 

𝑐𝑥 5.71·107 N·s/m per m of depth 

 
Note that the 𝑘𝑥 from Gerolymos and Gazetas [8] is equal 

to 1.42Es, which is on the conservative side of 1.2Es, 
commonly assumed for piles, and used by Zhang et al. [5] 
for shaft analysis.  

The base is assumed to be fixed. The numerical model is 
discretized into 30 finite elements along the shaft height. 
Load case with the empty surge shaft was taken as a 
baseline.  

The applied ground motion is the 90° component of Kobe 
(1995), recorded at the Kobe University (KBU) station, which 
is a natural rock outcrop motion. High-pass filter at 0.05 Hz 
is applied to prevent the low-frequency noise from 
introducing baseline drift through integration. A low-pass 
filter with a cutoff frequency of 12 Hz is applied, due to the 
limits of the spring and dashpot calibration. Besides that, 
95% of the ground motion’s energy content sits below 8 Hz, 
as shown in Fig. 4.  

 

 

Figure 3. The numerical OpenSees model 
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Figure 4. Cumulative energy plot of the KBU-90 record 
 
3.3 Results 
 

The first check, independent of ground motion, is done 
by comparing the natural frequencies of analytical and 

numerical shaft models. The first four frequencies of both 
models are listed in Table 3.  

 
Table 3. Comparison of natural frequencies of analytical 

and FE model 

Mode fi [Hz] 
analytical 

fi [Hz] 
numerical 

Diff. [%] 

1 24.034 24.034 -0.001 

2 26.915 26.907 -0.030 

3 35.150 35.103 -0.136 

4 47.271 47.116 -0.327 

 
Time histories of the shaft response, recorded at the 

depth of 20 m, are plotted in Fig. 5. The plot is cropped at 20 
s for readability.  

Envelopes of shaft displacements, rotations, bending 
moments and shear forces obtained from both models are 
presented in Fig. 6.  

 

 

 

Figure 5. Shaft response histories at the depth of 20 m, analytical vs. numerical solution 
 

 

Figure 6. Shaft response envelopes: analytical vs. numerical solution  
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Peak values of each response parameter from Fig. 6 are 
listed in Table 4.  
 
Table 4. Peak values of response quantities: analytical vs. 

numerical solution 

Quantity Peak 
analytical 

Peak 
numerical 

Diff. [%] 

w [m] 0.01783 0.01779 -0.219 

θ [rad] 3.014e-4 3.008e-4 -0.184 

M [kNm] 7.953e5 7.958e5 0.056 

V [kN] 73941 73590 -0.474 

 
The results indicate a nearly exact agreement between 

the analytical solution presented in Section 2 and the 
independent time-domain numerical solution of the same 
problem, described in Section 3.1. The differences of peak 
response quantities, listed in Table 4, are consistent with 
discretization error of the FE model. The intended 
functionality and accuracy of the proposed frequency-
domain closed-form solution are therefore confirmed.  

4 Parametric study 

The parametric study was conducted by varying the input 
parameters of the analytical model presented in Section 2. 
The set of input parameters, outlined in Section 3.2, was 

used as a baseline. The results are reported in terms of 
envelopes of response quantities.  
 
4.1 Beam formulation 
 

In Fig. 7, envelopes of the response quantities are 
compared for Euler-Bernoulli and Timoshenko beam 
formulations. Euler-Bernoulli beam was simulated by 
multiplying the shear area with 103 in the same analytical 
framework presented in Section 2.  

It is obvious that the considered structural proportions 
warrant the consideration of shear deformability. For the 
analysis of surge shafts specifically, no benefit of the Euler-
Bernoulli beam formulation can be established. Timoshenko 
beam with the effective shear area adopted according to 
Cowper [14] is found to provide plausible results. As 
Kampitsis et al. [20] point out, Timoshenko beam theory 
provides better accuracy in pile models as well. Timoshenko 
beam formulation is also used for longitudinal response 
analysis of tunnels [21]. 
 
4.2 Base fixity 
 

To avoid complex, potentially unreliable and case-
dependent FE-based calibration of a rotational spring at the 
shaft base, two boundary cases were considered: fixed and 
pinned. Response envelopes for both cases are presented 
in Fig. 8.  

 

 

Figure 7. Shaft response envelopes: Influence of assumed beam kinematics 
 
 

 

Figure 8. Shaft response envelopes: Effect of base BC 
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As can be observed from Fig. 8, fixed base provides an 
upper-bound estimate of section forces at the lower segment 
of the shaft, while the response envelopes on the upper parts 
remain mostly unaffected. Values of moment and shear 
force, obtained with the fixed-base idealization, are of the 
expected order of magnitude, and are usable for design 
checks. Therefore, for the considered configuration, the 
fixed-base boundary condition may be adopted as a safe 
engineering approximation and used for design purposes. It 
should be noted that a different structural layout – e.g. if there 
are adjacent structures that interact with the surge shaft – 
might warrant a different treatment of the boundary 
conditions.  
 
4.3 Lateral spring stiffness 
 

Consequences of translational Winkler spring calibration 
were investigated by conducting a sensitivity sweep with 50, 

100 and 150% of the 𝑘𝑥 value given by Eq. (11). The 
response envelopes are presented in Fig. 9. 

Taking the full 𝑘𝑥 value for reference, it can be concluded 
that the 𝑘𝑥 reduction of 50% reduces the peak shear force, 
recorded at the base, by 12.5%. Spring stiffness increase to 
150% of the reference value increases the peak shear force 
by 8.5%. Peak shear force asymptotically reaches the upper 

bound of ~1.5‧105 kN as the spring stiffness approaches 

infinity, as presented in Fig. 10. Uncertainty may be mitigated 
by conducting sensitivity checks. The bending moments also 
asymptotically converge, albeit with a smaller overall 
sensitivity to 𝑘𝑥.  
 
4.4 Influence of rotational springs 
 

Two boundary cases in terms of rotational soil-structure 
compliance were analyzed: rotational springs as per Eq. 
(11), and unrestrained rotation of the shaft. The envelopes 
are plotted in Fig. 11.  

As expected, the assumption of perfect shear bond 
around the lining envelope tends to increase the shear 
demand. For design purposes, an envelope of both cases 
may be considered, since the model with no rotational 
springs produces slightly larger bending moments and top 
displacement.  

Actual interface conditions, where a partial shear 
interaction is expected to develop, should be sitting between 
the two idealized boundary cases. Exact degree of shear 
transfer and possible cyclic degradation of the bond are 
influenced by excavation and construction technology, as 
well as by time-dependent phenomena. The analysis was 
thus simplified, so to avoid uncertain and time-dependent 
input parameters.  

 

  

 

Figure 9. Shaft response envelopes: Lateral Winkler springs sensitivity sweep 
 

 

Figure 10. Dependence of peak moment and shear force on lateral spring stiffness 
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Figure 11. Shaft response envelopes: Effect of rotational Winkler springs 
 

 
4.5 Influence of shaft inertia 
 

Three cases were considered:  

• Surge shaft filled with water. Lining mass and the 
impulsive mass of water were taken into account by adopting 
an equivalent lining density 𝜌, with the convective inertia 
assumed to be negligible.  

• Empty surge shaft with the lining mass modeled.  

• A model with no structural mass.  
The envelopes are presented in Fig. 12.  

The results, Fig. 12, indicate that the conservative 
estimate of mass, where the surge shaft is assumed to be 
filled to the top, results in shear force increase of 4.3% at the 
base, with other response parameters mostly unaffected.  
 
4.6 Radiation damping 
 

In terms of radiation damping of the surrounding rock, two 
boundary cases were considered: Lateral dashpots calibrated 
according to the high-frequency asymptote of Gazetas and 

Dobry [15], and no radiation damping, i.e. 𝑐𝑥 = 0.  
 

 

Figure 12. Shaft response envelopes: Influence of shaft and water inertia 
 

 

Figure 13. Shaft response envelopes: Influence of radiation damping 
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As can be observed from Fig. 13, influence of the lateral 
dashpots may be considered negligible. In the considered 
case, the kinematic coupling through dashpots increases the 
peak shear force by 1.2% at the base, with some minor 
increase near the surface as well. The other response 
quantities remain unaffected. Hence, the dashpot calibration 
is practically inconsequential in the considered scenario. The 
results are consistent with the formulation of the complex 
impedance 𝑍𝑥, which has a dual role: energy dissipation and 
kinematic coupling. The dashpots are retained in the model 
mostly for future extensibility.  

5 Conclusions 

A closed-form frequency-domain solution for seismic 
analysis of surge shafts was presented and evaluated in this 
paper. Verification has confirmed the proposed solution’s 
consistency with independent numerical results. Results of 
the conducted analyses indicate that, for the considered 
configuration (RC-lined surge shaft in rock), the response is 
predominantly governed by kinematic compliance with the 
surrounding ground, rather than by dynamic effects. The 
proposed analytical solution, along with the provided 
benchmark case, is primarily intended for preliminary 
analyses and baseline verification of more advanced 
numerical models. The following analysis decisions, 
intended to mitigate or eliminate the modeling uncertainties, 
are recommended on the basis of the conducted parametric 
study:  

• Base boundary conditions: Model the shaft base as 
fixed, as that idealization provides upper-bound response 
envelopes for the considered configuration.  

• Lateral spring calibration: Conduct a sweep in 
reasonable boundaries to mitigate uncertainties, both in 
terms of geological data and spring calibration.  

• Rotational springs: Analyze both with and without 
rotational interaction and take worst-case results.  

• Structural mass: Analyze the load case with water-filled 
shaft.   

Following the presented points, analysis results for each 
ground motion should be taken as an envelope of a minimum 
of four separate cases in terms of Winkler springs calibration: 

• Lower-bound 𝑘𝑥 and 𝑘𝜃 = 0;  

• Lower-bound 𝑘𝑥 and 𝑘𝜃 from Eq. (11);  

• Upper-bound 𝑘𝑥 and 𝑘𝜃 = 0;  

• Upper-bound 𝑘𝑥 and 𝑘𝜃 from Eq. (11).  
The presented conclusions and recommendations were 

derived for a particular geological profile and structural 
layout, which is intended to represent a typical surge shaft 
design scenario. Hence, the presented procedure should be 
applicable in the majority of cases, at least in the preliminary 
phase. It is noted that a different geological profile (soft soil 
or multiple layers) or a different structural layout might 
warrant a modification to the current approach.  

Future research is planned to extend in two directions:  

• Simplified nonlinear analysis of surge shafts, based on 
the OpenSees numerical model introduced in this paper. 
Material nonlinearity of the shaft lining is to be introduced by 
using distributed-plasticity finite elements with fiber sections. 
At this point, it is hypothesized that consideration of moment 
redistribution might enhance the accuracy of stress state 
prediction, which is relevant for both capacity and 
serviceability checks. An appropriate shear behavior needs 
to be assigned to the lining as well.  

• A series of continuum-based FE analyses, in order to 
further investigate the modeling assumptions, as well as to 

gain insight into stress-strain states around openings and 
near the base. Optimized structural detailing of the critical 
zones is to be proposed based on the results.  
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