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ABSTRACT 

We discussed the tunneling ionization of an Argon atom placed in a strong low-frequency field of Ti: Sapphire 

laser. The transition rate of the electron obtained with radial polarization LG (0, 1)* spiral-phase mode field 

distribution included are compared to the basic transition rate. All analyses are given in the frame of the three 

different ionization theories – Keldysh, PPT, and ADK. We demonstrated that the tunneling transition rate is 

sensitive to laser polarization and a set field distribution. As well as changes in the azimuthal angle as a parameter 

on which the given distribution depends. 
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INTRODUCTION 

The discovery of the laser in 1960 and the development 

of laser technology enabled research in several of areas. The 

study of the behavior of atomic and molecular systems that are 

exposed to the strong electromagnetic field of a high-power 

laser with a long or short pulse is one of those areas. First 

scientific papers dealing with these topics were written in the 

early 1970’s (Keldysh, 1965; Voronov et al., 1966). During 

years the research was continued and the subject was expanded 

from the tunnel to multiphoton ionization (Xiong et al., 1991; 

Mainfray et al., 1991), barrier suppression (BSI) (Krainov et 

al., 1995) and above threshold ionization (ATI) (Eberly et al., 

1988). These problems are still of interest to researchers, as 

evidenced by the latest work (Calvert et al., 2016; Lai et al., 

2017; Shvetsov-Shilovski et al., 2019). 

In order to explain the physical picture of laser 

interaction with an atom or molecule, it was necessary to give 

a theoretical basis. Over the years, several methods have 

created that can explain this physical phenomenon. Some of 

them are: numerically solving of the full-dimensional time-

dependent Schrӧdinger equation (TDSE) (Parker et al., 1998; 

Parker et al., 2006), reduced-dimensional TDSE, strong field 

approximation (SFA) (Lappas et al., 1998; Liu et al., 1999), 

semiclassical method (Schafer et al., 1993; Corkum, 1993) and 

classical ensemble method (Panfili et al., 2001; Ho et al., 

2006). 

A semiclassical model, in which the atom is treated as a 

quantum object while the electromagnetic field is classical, 

will be used in this paper. The electron leaves the atom by 

tunneling while its trajectory in the field is classical. Landau 

and Lifshitz gave the basis and fundamental equations for the 
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semiclassical model for the ionization of the hydrogen atom in 

the ground state, exposed to the influence of the 

electromagnetic field (Landau & Lifshitz, 1991). Among many 

later papers, Keldysh's work should be highlighted. Keldysh 

modified the given formula by including the influence of the 

electromagnetic field on the free electron (Keldysh, 1965). 

Also, he showed that multiphoton and tunnel ionization are 

two processes that are very similar in nature. As the boundary 

between these two processes, the Keldysh defined a parameter 

known as the Keldysh parameter  2 p F   , where   

is the laser frequency, F  the laser electric field strength and 

pI , the ionization potential of the atom. When the parameter is 

1  , multiphoton ionization occurs, while in the case of 

1  , tunnel ionization is the dominant process. Perelomov, 

Popov and Terent’ev (PPT) derived an equation that gives the 

tunneling transition rate of an arbitrary atom when changes in 

the external field can be neglected (Perelomov et al., 1966). 

Twenty years later, Ammosov, Delone and Krainov (ADK) 

extended the PPT theory to complex atoms and atomic ions 

(Ammosov et al., 1986). 

Our research is focused on the influence of the shape of 

the laser pulse on the tunneling transition rate of the weakest 

bound electron of an Argon atom exposed to a strong laser 

field. The influence of Gaussian and Lorentzian beam shapes 

and different polarizations on ionization processes has been 

presented in numerous papers (Delone et al., 2000; Eichmann 

et al., 2009; Ooi et al., 2012; Ciappina et al., 2020). Since it 

has not been shown so far how Laguerre-Gaussian (LG) (0, 

1)* beam with radial polarization affects this value, our 

intention was to investigate it. The radially-polarized pulse can 

be focused to a very small size (Dorn et al., 2003), which is 

ideal for electron acceleration and has an influence on its 

ionization. Also, we wanted to compare the behavior of the 
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transition rates calculated using Keldysh, PPT, and ADK 

theory for linear and LG (0,1)* spiral phase mode. Comparing 

these transition rates for elliptical and circular polarization are 

shown in the paper (Guo et al., 2019). Through the paper, 

atomic units were used  1  em e ћ . 

THEORETICAL PART 

The tunneling ionization process of a quantum system 

(atom) is considered. The Theory of strong-field ionization, 

Keldysh Theory, gave the foundations for an understanding of 

this process. In the case of a ground state of a hydrogen atom, 

for large the field strength F  and low the photon energy  , 

the ionization rate (i.e., the probability of ionization per unit 

time) 
Keldyshw  can be written (Keldysh, 1965): 
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  is the charge of the ionized system,   is the Keldysh 

parameter, while 
pI  is the ionization energy. The lin index in 

quantity F  denotes that the observed laser field is linear 

polarized. 

Perelomov, Popov and Terent’ev obtained an equation 

for transition rate, not only for ionization from the ground state 

but also from excited states. (Perelomov et al., 1966; Delone et 

al., 1998): 
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where is n  principal,   orbital and m  magnetic quantum 

number. Eq. (2) is applicable when the condition 
3 416linF Z n  is fulfilled (Bauer, 2006; Delone et al., 1999). 

Laser field strength is, smaller compared to the atomic field 

strengths for highly excited states of the hydrogen atom 

 41 16n  even with the most intense lasers available today 

(Delone et al., 1999). 

Amosov, Delone and Krainov included certain 

modifications in Eq. (2), so the formula could be used to 

calculate the transition rate in the case of complex atoms. For 

rough calculation of the factorials, Stirling's formula was used. 

Main quantum number n  has been replaced by an effective 

quantum number 2   pn I  (Ammosov et al., 1986; 

Delone et al., 1998): 
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Eqs. 1, 2, and 3 give the transition rates in a linearly 

polarized laser field. In this case, the relation between the 

intensity and the strength of the laser field is :linF I  (in 

atomic units). The laser beam can have different profiles, for 

example, Gaussian and Lorentzian. Each of them has a specific 

field distribution  
2

exp 2GF F R  
 

, (Tokarev et al., 

2003)   2
1LF F R   (David et al., 2005) where R is 

the diameter of Gaussian beam and has the smallest value for 

0z  , while  
2

21R z R     is axial coordinate normal 

to the light ray (Zhang, 2010),   is laser wavelength. The 

influence of these distributions on ionization processes has 

already been studied (Boutu et al., 2011; Ishkhanyan et al., 

2015). We wanted to see how the quantities that describe these 

processes will behave when the field distribution is given by 

LG (0, 1)* spiral-phase mode (Machavariani et al., 2007): 
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where r  and   are the cylindrical coordinates. Spiral is 

presented by polar equation   kr ae    ( ,a k  are parameters), 

2 22sp r R   and sign ± depend on the chosen helicity. It is 

important to emphasize that LG (0, 1)* mode can appear with 

linear, circular or elliptical polarization (Machavariani et al., 

2007; Shealya, et al., 2005). 

For linear polarization, the electric field distribution of a 

spiral-phase LG (0, 1)* has the form: 
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 presented the unite vectors along the x   and y  

axis. In scalar form, Eq. (5) is given with the equation: 

 
2

, , cos


 


 
 

lin sp lin x xF r F pe e e
                             

(6) 

taking into account that is 1x xe e 
 

. 

In order to estimate the influence of LG (0, 1)* spiral-

phase mode field’s distribution with radial polarization on the 

transition rates given by Keldysh, PPT and ADK theories, we 

had to include Eq. (6) into Eqs. (1), (2) and (3). 
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NUMERICAL RESULTS 

We discussed the tunnel ionization of the Argon atom 

exposed to the light of the Ti: Sapphire laser wavelength of 

800nm  , while the photon energy in atomic units is  

0.5696   a.u.. The binding energy of the first electron in the 

valence shell, of the Ar atom, in atomic units, is 0.5791pI   

a.u. and the charge of this system will be 1Z  . The intensity 

of the laser field within the ionization process is observed in 

range 14 17 210 10 /I W cm  . The intensity of the laser field is 

given by   in 2W cm , while the strength of this field with the 

linear polarization linF  in V cm , which is one of the ways to 

apply the semi-classical theory since other quantities are 

represented in the atomic system of units. Formally, the 

relationship between field strength and intensity can be 

represented by an expression 27.5linF I . In the case of LG 

(0, 1)* spiral-phase mode with radial polarization field 

strength is given by the Eq. (6). 

Ti: Sapphire lasers can produce beams with different 

diameters, which can be the order of millimeters  15 30 mm  

or micrometer  3 60  m  (Dorn et al., 2003; Ahmmed et al. 

2014). Radially polarized laser light produces a spot of smaller 

diameter. In our paper, we will assume that  

 43 5.7 10 in atomic units R m .   kr ae    is the 

cylindrical coordinate and is a function of parameters a  and 

k , also on azimuthal angle  .   lies in a specific interval 

span of 360 , such as  180 , 180     or  0 , 360   . 

0.57a    41.08 10  when r  is in m , tank  . Angle   

can take a value in the range of  90 ,90    and defines spiral 

geometry (Ouyang, et al., 2015). 

First, we focused on the comparison of the basic 

transition rate and the transition rate calculated with field 

distribution of LG (0, 1)* spiral-phase mode is included. The 

behavior of these rates as a function of laser intensity is 

observed.  

In Figs. 1, 2 and 3 are shown obtained curves calculated 

using equations for Keldysh, PPT and ADK transition rates. In 

a given range of laser intensities, we can notice that the 

inclusion of the LG (0, 1)* spiral-phase field distribution leads 

to a decrease in the transition rate in all three observed cases. 

The analysis shown in Figures 1, 2, and 3 was done for 

azimuthal angle fixed to the value 30    and laser intensity 

in range 
14 17 210 10 W cm   . The values of the transition 

rates shown on the y-axis are given in arbitrary units. 

At lower field intensities 
15 210I W cm , the difference 

between the transition rates shown in Fig. 1 is imperceptible, 

the largest one is calculated for 16 21.5 10I W cm  , when 

0.272 . .Keldyshw a u  and  0.008 .u.sp

Keldyshw a . 

 

Figure 1. Keldysh tunneling transition rate as a function of 

laser intensity. 
Keldyshw  (dashed line) and sp

Keldyshw  (solid line) 

corresponds to the transition rate with linear polarization and 

with LG (0, 1)* spiral-phase mode, respectively. 

We calculated that for 
14 210I W cm , the difference 

between  PPTw  and sp

PPTw  is negligible. With an increase in 

laser intensity, the difference becomes more noticeable. For  
16 21.75 10 , sp

PPTI W cm w   reaches only 15%  of the value of  

PPTw  (Fig. 2.). 

 

Figure 2. PPT tunneling transition rate as a function of laser 

intensity. PPTw  (dashed line) and 
sp

PPTw  (solid line) 

corresponds to the transition rate with linear polarization and 

with LG (0, 1)* spiral-phase mode, respectively. 

In Fig. 3 can be noticed that the basic tunnel ADK 

transition rate has a higher value and that the inclusion of a 

specific field distribution decreases the transition rate 

significantly. The obtained result is very interesting; although 

is not immediately visible, the difference between the values 

that reach these two transition rates is almost constant. 
sp

ADKw , 
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in the entire laser intensities interval, reaches a value that is in 

the interval of 86.4976% 86.4981%  the lower than 
ADKw . 

 

Figure 3. ADK tunneling transition rate as a function of laser 

intensity. ADKw  (dashed line) and sp

ADKw  (solid line) 

corresponds to the transition rate with linear polarization and 

with LG (0, 1)* spiral-phase mode, respectively. 

 

 

Figure 4. Transition rates as a function of laser intensity; 

Keldysh theory (solid line), PPT theory (dotted line), ADK 

theory (dashed line); Pane a) and pane b) corresponds to the 

transition rate,   with linear polarization and 
sp   with LG 

(0, 1)* spiral-phase mode, respectively. 

We also wanted to show the transition rates given using 

all three theories on a single graph (Fig. 4). From this figure, it 

can be seen that, for the same values of the laser intensity, the 

transition rates given by different theories have various values. 

We can also notice that the inclusion of LG (0, 1)* spiral-

phase field distribution affects transition rates differently. With 

the inclusion of the specific field distribution 
KeldyshW  and 

PPTw  change, both shapes and values, ADKw  retains it’s shape, 

but the values of the transition rates are much smaller. 

 

 

 

Figure 5. Panes a) sp

Keldyshw , b) 
PPT

spw  and c) 
ADK

spw  tunneling 

transition rates as a function of laser intensity for five different 

azimuthal angles 30     (dashed large), 20     (dashed 

medium), 0   (dashed small), 20    (dot-dashed), 

30    (dotted). 
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At the very end, in order to complete the discussion, we 

have shown how the transition rates, after LG (0, 1)* spiral-

phase field distribution was included, depend on the azimuthal 

angle (Fig. 5). The azimuthal angle took values 

 30 , 20 ,0 ,20 ,30         , while the intensity of the laser 

field was in the range 14 17 210 10I W cm  . In Fig. 5, it is not 

possible to see clearly, but for the lower intensities, the 

changes of the azimuthal angle affect all transition rates. Also, 

we can observe that in the case of all of three transition rates is 

the lowest value for 30    , while the highest value is 

reached for the 30   . 

CONCLUSION 

The process when an electron leaves an atom by 

tunneling was analyzed by observing the behavior of the 

transition rate as a function of laser intensity. We performed 

our calculation for two physical situations; for basic transition 

rate with the LG (0, 1)* spiral-phase mode field distribution 

included. The results show that the Keldysh, PPT and ADK 

transition rate after inclusion of specific field distributions has 

a lower value. Also, we must emphasize that this field 

distribution affects to the different extent within various 

theories. The greatest decrease is observed for the Keldysh 

transition rate, and that can be clearly seen in the figure which 

shows together all the transition rates. It is shown that the 

value of the transition rate depends on the azimuthal angle. 

These dependencies are very similar for all three theories. The 

lowest and highest values transition rates reached for the same 

angle values. 

The analysis clearly establishes the influence of the 

different laser pulse shapes on all three observed transition 

rates. Although our result shows a general approach to the 

tunneling ionization process, it is important for the 

interpretation and understanding of relevant experimental and 

theoretical results. 
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