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Abstract

The determinant of a square matrix A = (ai j), i,j =1,2,..,noverafield F is usually introduced
using an explicit formula

detA = Zpegn(—1)1”(p)a1p(1)a2p(2) anp(n),

where S, is the set of permutations over {1,2, ...,n} and In(p) is the number of inversions in p.
Proving properties of determinants requires some non-elementary combinatorial properties of
permutations. This may be difficult for many students. The explicit formula is also impractical for
computations, since it involves a huge number of computations. Therefore, some authors (see for
instance Mirsky (1955), Hoffman and Kunze (1971), Strang (2005)) have introduced determinants
using some characteristic properties. However, in teaching, the proof that there is a unique function
satisfying these properties is usually omitted.

A third approach to define determinants is recursively over the order of the matrices. In this paper,
we show that the recursive approach to introducing determinants based on Laplace expansion along
the first column can be used to obtain all standard properties, including the generalized Laplace
expansion and the Cauchy-Binet formula. This is done in an elementary way suitable for teaching.
The only required prior knowledge is mathematical induction and simple properties of finite sums.
This approach can be very useful in undergraduate courses.
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1. Introduction

There are several approaches to defining determinants: explicit (using an explicit formula),
axiomatic (using some characteristic properties) and recursive (induction by order of determinant
using Laplace expansion along the first column). The first approach is mostly used (see, for
instance, Rose (2002), Dolicanin and Dugosija (2016a)). The disadvantage of this approach is the
use of combinatorics, which seems to be hard for many students. The second approach is elegant,
but it is not easy to prove that the chosen properties are really characteristic (see Mirsky (1955),
Hoffman and Kunze (1971), Strang (2005)). In the papers Janji¢ (2005) and Averse and de Simone
(2012), 1t 1s shown, in a simple way, that the Laplace expansion along any column is equivalent to
the explicit definition. However, in order to prove basic properties of determinants, one has to go
back to the first approach. Some didactical approaches to the introduction and historical
development of determinants can be found in Donevska-Todorova (2017). These approaches lead
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to extended lectures (with many examples without proofs, showing properties of determinants only
for determinants of small order, etc.), which gives the impression that the theory of determinants is
too complex.

In this paper, it will be shown that all fundamental properties of determinants can be presented
in an elementary way without the use of an explicit definition and combinatorics. This facilitates
students' understanding of the theory of determinants. We also give new elementary and direct
proofs of the generalized Laplace expansion and the Cauchy-Binet formula simpler than those given
in Ueno and Machara (2002), Janji¢ (2008), and Doli¢anin and Dugosija (2016b).

One of the problems in teaching determinants is also complicated formulas that we, in this paper,
try to make simpler.

We assume that the reader is familiar with standard notation and elementary matrix operations,
including block matrices, such as could be found in Doli¢anin and Dugosija (2016a). Columns of a

square n X n matrix 4= (aij) we denote by a,j;,j = 1,2,...,n and rows by a;,,i =1,2,...,n. A
submatrix (aiajﬁ),a,ﬁ =12,k 1 <ip <<y, j1 <Jp <+ <J of A will be marked

with 47727k "and the associated determinant det Ah]2 ]" denoted by M/127x (or |A]1]2 i
1l2...lg l1lp.. lk L1l lk

) is
called the corresponding minor.
If we omit rows a;,, i € {iy, i3, ..., [} and columns a.j,j € {jy,jz, ..., jx} from matrix A, there

gll] le "}}C , whose determinant will be denoted M{{l] 111 2+-J) R ° and called

the complementary minor of the submatrix AJ 1] 2 ] " . We also use the notation of a minor when

remains a square submatrix A

some rows and columns of 4 are omitted. Omltted rows and columns will be put in the middle
brackets.

2. Recursive definition of determinant
Let us define determinants recursively over the order of the matrices.
Definition 1. I[fA = (ay1) is a matrix of order 1, then: det A = a,;.

IfA = (aij) is a square matrix of order n,n = 2, then:

detA — a11 detA } a21 detA{;ic + + (_1)n+1an1 detA%:l}}c Z 1( 1)l+1M1M{1}

{1)¢ iy’
or explicitly
Az dz3 -+ dzp A2 Q13 ° Qip
detA=ay |32 4 T Grg, |t T Sl

Anz QApz  *° App Anz QApz  *° App
a2 Az 0 Qip

HED™a, | BT
Ap-12 QAp-13 **° dp_1n

Our definition of the determinant of order n is usually called the expansion of the determinant
along the first column. For example,

(1) _21 8 8 -1 0 0 2 0 0 2 0 0 2 00
o o o 1/=1]0 o 1f-0-o 0 1+0-}-1 0 O|-(-D-|-1 0 0
1 o0 2 3 0 -2 3 0 -2 3 0o -2 3 0 0 1
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_(1)| 3|_0|0 3|+0|0 (1)|+2 |0 (1)|_(1)| (1)|+0'|8 8:_2

Mh]z ]k

When an arbitrary minor is expanded along the first column, we obtain

M_hjz"'jk — M}1M12 Jk M]1M12 Jeo + - +( 1)k+1MJ1M12 Jk

iglp ik [i1]iz-ig i[iz]iz--ig iz Tg—1[ik]

— J J2J
— Z( 1)a+1M 1Mllz [11;] 0

(indices in the middle brackets should be omitted).

Specially,
n
C Z(—l)“MlM{{ll(ﬁc, i=1]>2
e = @2
Z (~D** MM Z ~DMM, 122,22
a:a<i a:a>i

with the agreement that the sum over an empty set (if such one appears) is equal to zero.
Also

(k+1) n i+1-mpsk+1ps(k+2)..n
My iy, iye = Z Z DM My i 1)

m=0 i;n<i<im+1

where 1 <k <n—1,i5 =0, iy =n.

3. Expansion of determinant along the first two columns

If we expand complementary minors along the first column in a determinant of order greater

than 1, the result is

1,2 i 1,2}¢
det A = Z( 1)l+1 z ( 1)1+1a]2 M{{J l}i + Z (—1)161]'2 M{{i,j}};

jij<i Ji<j
- Z Z (=D ai1Qj2 M{] l}}: +Z Z (- 1)l+]+1azla12 M{{LJ}i
i=1 j:j<i =1 j:j>i
1,2)¢ ¢
= Y CDYapeaMfl 4 D D aaa M)
(@i):j<i (UDEAS
1,2 1,2}¢
- Z (_1)a+ﬁaa2aﬁlM{{a B}}C + z (- 1)a+'8+1aa1a[>’2M{{a B}}C
(a.p): a<B (a.p): a<p
(1,2
- Z (=141 (ag1 g7 — Ag2051)Miy p1c
(a,p):a<p
L8 gy
@ g
(a,p):a<p

The obtained result is called the expansion of the determinant along the first two columns.

Now, we are able to prove some basic properties of determinants.
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4. Properties of determinants
Theorem 1. Interchange of two adjacent columns results in a determinant of opposite value.

Proof. If the first and the second columns interchange, then the sign of all minors M_% af 18

changed. Using expansion along the first two columns, we see that the value of the determinant will
be opposite. In the remaining cases, we use the definition of determinant and induction. Let us
assume that the property holds for determinants of lower order. Interchanging two adjacent columns
in complementary minors, we again see that the value of the determinant becomes the opposite. m

Theorem 2. The determinant of a square matrix A = (aij), i,j =1,2,..,n, can be expanded
along an arbitrary column:

det A = Z?ﬂ(—l)i”aijM{{i]}}c = Z?:l(_l)HjMi]M{{i]}}c'

Proof. Let B be the matrix obtained when column a, j becomes the first one by successive
interchanges with the preceding columns. Then det B = (—1)/~ det A. It follows

det A= (=1)/"tdet B = (1) Ry (-1 * ayMYL = T (-1 ;ML)

Similarly, we can prove that expansion along arbitrary two columns a,;, i = 1,2,...,n and
a.j,j = 1,2,...,n holds, notably

det A = Za,ﬁ:a<ﬁ(_1)a+ﬁ+i+jM(lXJﬁM{{;Jg}c "

Proofs of the following corollaries are easy and will be left to readers.
Corollary 1. If the determinant has two equal columns, then its value is zero.

Remark. Ifthe field F has characteristic 2, the conclusion follows from Laplace expansion along
two equal columns and not from Theorem 1.

Corollary 2. Determinant is a linear function in each column, while the remaining columns are
fixed:

det( . - (Aa,; + pa,;) -+ Quy) = Adet( Qo = A, -+ Quy) + pdet(ae - a,; -+ @), A 1 € F.

Corollary 3. Determinant remains unchanged when a scalar multiple of one column is added to
another column, i.e.

det A =det(-,a,j+ Aa,, ), L€F, k€ {1,2,..,n}\{j}.

Theorem 3. The determinant of every square matrix admits Laplace expansion along the first
row, namely,

, ; C
det A = Z(—1)1+1M{M{{ﬁc.
=1

Proof. This statement is obvious for determinants of the order 1 and 2. Let us assume it holds
for determinants of the order n — 1,n > 3. Using expansion along the first column, the inductive
hypothesis and a change of the order of summation, we obtain

1
det A = MIMZL + Z( i pyzT
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a ) J g ¥
M{l}C+Z( 1)i+1M; Z( 1)+ M) M)

= Mim: + Z( 1)/+1m] (Z( 1)+t MlM{{lli]}}c> = Mim: + Z( 1y*im MY

;-;1(—1)1“M1Mg§c .

Theorem 4. Let AT = (bij), bij = a;; be the transposed matrix of matrix A. Then
det AT = det A.

Proof. The statement trivially holds for determinants of the order 1. Let us assume it hold for
determinants of the order n — 1,n > 2. Expanding along the first row and applying the inductive
hypothesis on complementary minors, we obtain an expansion of det A along the first column, so
the statement holds for determinants of order n. Hence, it holds in any case. m

It is now easy to conclude that all statements about columns hold also for rows.

5. Generalized Laplace expansion

Theorem 5. Let 1 < j; < j, < -+ < ji < n. Then the determinant admits Laplace expansion
along the columns Arjyy Aajiyy wer Ay namely,

i1ip 0 {i1,if}€

det A = Z (— 1)(11+ Hi)+(a et gtz JkM{'J'L---,_J'k}C

l1< <lk

(Sum is taken over all strictly increasing k-tuples of the set {1,2, ..., n}.)

Proof. At the beginning, we will prove Laplace expansion along the first k columns by induction
over the number of columns, generalizing the proof of Theorem 2. For k = 1 the statement
obviously holds. It also holds for k = n — 1 since the term is equal to the Laplace expansion along
the column n. Let us assume that Laplace expansion holds along the first k columns, k <n —1,
ie.

det A = Z (— 1)t (i 12k M{ki;l-’}..’.i.z}c-
i1 <ip<-<ip

Let us prove that Laplace expansion holds for the first kK + 1 columns. Putting iy = 0, i1 =
n, then

k
(k+1)-n i+1— k+1p,(k+2)-n
M{ipizr"rik}c_ Z Z (=DM, M{ll Simbimar kS |

m=0 lm<l<lm+1

By changing the order of summation, it follows
K
i et et k)i k+2)--
det A = Z z z (_1)(11+ +ig)+(1+-+k)+i+1- ka+1M,El1 I;’.k M( ) n e

{lmlmoblme1rem
m=0 i1<i2<"'<ik lm<l<lm+1

_ vk ANt i) (14K i+ 1—m g gk+1 g g1k g g(RE2)-n
= Yim=0( D, < -<ipy<i<ipy g <--<ig 1 O ) MM ‘kM{h ot 10- lk}c)'

Using new indices
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i, r=m+1

iy 1<r<m
iy, m+2<r<k+1

and then changing the order of summation and using the expansion of M;faz(k::;til along (k + 1)™

column, we further obtain

k+2
— Z (- 1)(a1+ )+ (1 +(k+1))M( )ak+1}”Z( 1)~ ~k—mpgk+1 pri2-k

Amyr A1 [Amya] Qs
a1<a2<"'<ak+1

_ Z (= 1)@+ +ies) + (1 (k1) gy (k+2) - Z( 1) (kDM gkt 1 12k

{aq, o p41}© Amt1 A [@mia] Qe
A1 <A< <Ak4+1
— (_1)(a1+~«+ak+1)+(1+-~~+(k+1))M12“'(k+1) (k+2) n
@102 A1 {@g,e@pe1 )
A1<A<<Ak+1

Let us now prove Laplace expansion along arbitrary columns a,; , @.j,, ..., @.j,,j1 < j2 < -+ < ji.

Let B be the matrix obtained from matrix A after moving column a;, to the first position, column
a;,to the second, and so on, column a;, to the k”’position. Then

det B = (—1)/1"1(=1)/272 ... (=1)Jk ¥ det A,
SO

det A = (—1)171(=1)/272... (=1)/k* det B

— (_1)(j1+---jk)—(1+---+k)Z (_1)(i1+---+ik)+(1+-~-+k)MJ112 Jie ppUndid©

i< <ig igig ig © {ig,mmig)€

(- 1)(11+ i)+ (g +jk)MJ112 JkM{jlr---rjk}C -

- Zi1<"'<lk Lilp "l {il,...,ik}c '

Since all properties formulated for determinants' columns also hold for rows, it holds the
following.

Theorem 6. Laplace expansion of the determinant along arbitrary rows a; ., Qi -, Qi 1 <
i1 <y <+ <l <, is given by:
ig+ig+tig+jr+jot+jr iz Jr ygUrdze il
det A = Z]1<Jz< <Jk( D Ml1lz ik M{ibiz,“"ik}c ’
6. Cauchy-Binet formula

We give an elementary proof of the Cauchy-Binet formula for the determinant of the product of

two matrices Ay« and By xm.
Theorem 7. Let A be an m X n matrix and B be an n X m matrix over a field F. Then

det Al Im - det BIZ™ | m<n

det(AB) = { J1</2<"<Jm .
detA-detB, m=n

0, m>n

A 0 . . St
Z B)' Multiplying (m + 1)5t,

(m +2)", ..., (m + n)™" row with a;;, a;, ..., a;,, and adding to the row a;, fori = 1,2, ...,m we
obtain the equality

Proof. Let I,, be the identity matrix of order n, and C = (
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A O 0O AB
de( Sy p)=aet() y)

Changing the order of columns and using Laplace expansion along the first m rows, we obtain

o t( OI ABB) = (—1)nHm=D) gy (ABB 01 ) = (—1)™det AB - det( — I,,)
n “in

= (—1)™*" det AB.

The case m < n. Laplace expansion along the first m rows gives:
_ Jidz:+J 1424 4+Mm)+ (g +jo+-+j Uz jm}©
det C = Clé zm m(— 1)( m)+(j1+/2 Jm) C{lé..z.m}én
15j1 < <jmsm+n

_ Jijzjm 1424 i1+ iz +etim) U2 Im}©
A112 zm ( 1)( +24+m)+(Ji+jr++] )6{1; zm}c )

1<j1<<Jjmsn

f4 Joeee] ¢ . . . .
First n — m columns of CY1/2"/m}" 4re negative unit columns with elements equal to —1 in the

{12...m}C
i1,12, <, in_m row uniquely defined through conditions:

{ilJ iz, ey in_m,jl,jz, ...,jm} = {1,2, ...,Tl}, il < iz << in—m-
Using the Laplace expansion along these columns, we obtain

C{h]z Jm}¢ _ (_1)n—m+(i1+1)+(i2+2)+-~-+(in_m+n—m)Blz ‘m

(12--m}¢ Jijarim®
Since
A+2++m+A+2+-+n)+m-m)+(1+2++(1n—-m)
=m?+n’—mn+2n-m=m+n—-mn—m=n—mn=n+ mn(nod?2),
it follows

det C = (— 1)n+mn z Ailzjzm]mBlj%{?;’;l:jm
J1<<Jm
and the Cauchy-Binet formula follows.
The case m = n. The proof is a simple modification of the former proof.
The case m > n. Using Laplace expansion along the first m rows, we obtain immediately
det C = 0 and therefore det AB =0. m

7. Conclusion

As we have shown using elementary mathematics (mathematical induction, changing the order
of summation of finite sums and changing indices), the recursive definition of determinants is well
suited for undergraduate studies and is convenient for teaching determinants. Further extensions to
some topics of linear algebra (Cramer’s rule, rank of a matrix, Kronecker-Capelli’s theorem, etc.)
are natural for future consideration.
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   { 1 , 2 , … , n }


  I n  ( p )
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  n × n


  =  (   a  i j )
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    d e t ⁡  A =   ∑  𝛼 , 𝛽 : 𝛼 < 𝛽  ( − 1  )  𝛼 + 𝛽 + i + j   M  𝛼 𝛽  i j   M  { 𝛼 , 𝛽  }  c  { i , j  }  c


  F


  2


    d e t ⁡ (   a  ∗ 1 ⋯ ( 𝜆   a  ∗ j ′ + 𝜇   a  ∗ j ″ ) ⋯   a  ∗ n ) = 𝜆   d e t ⁡ (   a  ∗ 1 ⋯   a  ∗ j ′ ⋯   a  ∗ n ) + 𝜇   d e t ⁡ (   a  ∗ 1 ⋯   a  ∗ j ″ ⋯   a  ∗ n ) ,   𝜆 , 𝜇 ∈ F


    d e t ⁡  A =   d e t ⁡ ( ⋯ ,   a  ∗ j + 𝜆   a  ∗ k , ⋯ ) ,     𝜆 ∈ F ,     k ∈ { 1 , 2 , … , n } \ { j }


    d e t ⁡  A =   ∑  j = 1  n  ( − 1  )  j + 1   M 1  j   M  { 1  }  c  { j  }  c .


  1


  2


  n − 1 , n > 3


    d e t ⁡  A =   M 1 1   M  { 1  }  c  { 1  }  c +   ∑  i = 2  n  ( − 1  )  i + 1   M  i 1   M  1 ⋯ [ i ] ⋯ n  [ 1 ] 2 ⋯ n


  =   M 1 1   M  { 1  }  c  { 1  }  c +   ∑  i = 2  n  ( − 1  )  i + 1   M  i 1  (   ∑  j = 2  n  ( − 1  )  j + 1   M 1  j   M  { 1 , i  }  c  { 1 , j  }  c )


  


    A  T =  (   b  i j ) ,   b  i j =   a  j i


    d e t ⁡    A  T =   d e t ⁡  A


  1


  n − 1 , n ≥ 2


  d e t   A


  n


    1 ≤ j 1 <   j 2 < ⋯ <   j  k ≤ n


    a  ∗   j 1 ,   a  ∗   j 2 , … ,   a  ∗   j  k


    d e t ⁡  A =   ∑    i 1 < ⋯ <   i  k  ( − 1  )  (   i 1 + ⋯ +   i  k ) + (   j 1 + ⋯ +   j  k )   M    i 1   i 2 ⋯   i  k    j 1   j 2 ⋯   j  k   M  {   i 1 , … ,   i  k  }  c  {   j 1 , … ,   j  k  }  c


   { 1 , 2 , … , n }


  k


  k = 1


  k = n − 1


    n


  k


  k < n − 1


    d e t ⁡  A =   ∑    i 1 <   i 2 < ⋯ <   i  k  ( − 1  )  (   i 1 + ⋯ +   i  k ) + ( 1 + ⋯ + k )   M    i 1   i 2 ⋯   i  k  12 … k   M  {   i 1 , … ,   i  k  }  c  k + 1 … n .


  k + 1


      i 0 = 0 ,       i  m + 1 = n


    M  {   i 1 ,   i 2 , ⋯ ,   i  k  }  c  ( k + 1 ) ⋯ n =   ∑  m = 0  k   (   ∑    i  m < i <   i  m + 1  ( − 1  )  i + 1 − m   M  i  k + 1   M  {   i 1 , ⋯ ,   i  m , i ,   i  m + 1 , ⋯ ,   i  k  }  c  ( k + 2 ) ⋯ n ) ,


    d e t ⁡  A =   ∑  m = 0  k   (   ∑    i 1 <   i 2 < ⋯ <   i  k    ∑    i  m < i <   i  m + 1  ( − 1  )  (   i 1 + ⋯ +   i  k ) + ( 1 + ⋯ + k ) + i + 1 − m   M  i  k + 1   M    i 1 ⋯   i  k  1 ⋯ k   M  {   i 1 , . . ,   i  m , i ,   i  m + 1 , … ,   i  k  }  c  ( k + 2 ) ⋯ n )                      


  


    𝛼  r =  {      i  r ,  1 ≤ r ≤ m   i ,  r = m + 1     i  r − 1 ,  m + 2 < r ≤ k + 1


    M    𝛼 1   𝛼 2 ⋯   𝛼  k + 1  12 ⋯ ( k + 1 )


  ( k + 1  )  th


  =   ∑    𝛼 1 <   𝛼 2 < ⋯ <   𝛼  k + 1  ( − 1  )  (   𝛼 1 + ⋯ +   𝛼  k + 1 ) + ( 1 + ⋯ + ( k + 1 ) )   M  {   𝛼 1 , … ,   𝛼  k + 1  }  c  ( k + 2 ) ⋯ n   ∑  m = 0  k  ( − 1  )  − k − m   M    𝛼  m + 1  k + 1   M    𝛼 1 ⋯ [   𝛼  m + 1 ] ⋯   𝛼  k + 1  12 ⋯ k


    a  ∗   j 1 ,   a  ∗   j 2 , … ,   a  ∗   j  k ,   j 1 <   j 2 < ⋯ <   j  k


  B


  A


    a    j 1


    a    j 2


    a    j  k


    k  t h


    d e t ⁡  B = ( − 1  )    j 1 − 1 ( − 1  )    j 2 − 2 ⋯ ( − 1  )    j  k − k   d e t ⁡  A


    d e t ⁡  A = ( − 1  )    j 1 − 1 ( − 1  )    j 2 − 2 ⋯ ( − 1  )    j  k − k   d e t ⁡  B


  = ( − 1  )  (   j 1 + ⋯   j  k ) − ( 1 + ⋯ + k )   ∑    i 1 < ⋯ <   i  k  ( − 1  )  (   i 1 + ⋯ +   i  k ) + ( 1 + ⋯ + k )   M    i 1   i 2 ⋯   i  k    j 1   j 2 ⋯   j  k   M  {   i 1 , … ,   i  k  }  c  {   j 1 , … ,   j  k  }  c


                          =   ∑    i 1 < ⋯ <   i  k  ( − 1  )  (   i 1 + ⋯ +   i  k ) + (   j 1 + ⋯ +   j  k )   M    i 1   i 2 ⋯   i  k    j 1   j 2 ⋯   j  k   M  {   i 1 , … ,   i  k  }  c  {   j 1 , … ,   j  k  }  c .


    a    i 1 ∗ ,   a    i 2 ∗ , … ,   a    i  k ∗ ,   1 ≤ i 1 <   i 2 < ⋯ <   i  k ≤ n


    d e t ⁡  A =   ∑    j 1 <   j 2 < ⋯ <   j  k  ( − 1  )    i 1 +   i 2 + ⋯ +   i  k +   j 1 +   j 2 + ⋯ +   j  k   M    i 1   i 2 ⋯   i  k    j 1   j 2 ⋯   j  k   M  {   i 1 ,   i 2 , ⋯ ,   i  k  }  c  {   j 1 ,   j 2 , ⋯ ,   j  k  }  c


    A  m × n


    B  n × m


  A


  m × n


  B


  n × m


  F


    d e t ⁡ ( A B ) =  {      ∑    j 1 <   j 2 < ⋯ <   j  m    d e t ⁡    A  12 … m    j 1   j 2 ⋯   j  m ⋅   d e t ⁡    B    j 1   j 2 ⋯   j  m  12 ⋯ m ,  m < n     d e t ⁡  A ⋅   d e t ⁡  B ,  m = n   0 ,  m > n .


    I  n


  n


  C =  (    A  O   − I  B )


     ( m + 1 )  s t


     ( m + 2 )  n d


     ( m + n )  t h


    a  i 1 ,   a  i 2 , … ,   a  i n


    a  i ∗


  i = 1 , 2 , … , m


    d e t ⁡   (    A  O   −   I  n  B ) =   d e t ⁡   (    O  A B   −   I  n  B ) .


    d e t ⁡   (    O  A B   −   I  n  B ) = ( − 1  )  n ( n + m − 1 )   d e t ⁡   (    A B  O   B  −   I  n ) = ( − 1  )  m n   d e t ⁡  A B ⋅   d e t ⁡ ( −   I  n )


                                                                = ( − 1  )  m n + n   d e t ⁡  A B .


                                                                = ( − 1  )  m n + n   d e t ⁡  A B .


  m < n


  m


    d e t ⁡  C =   ∑  1 ≤   j 1 < ⋯ <   j  m ≤ m + n    C  12 ⋯ m    j 1   j 2 ⋯   j  m ( − 1  )  ( 1 + 2 + ⋯ + m ) + (   j 1 +   j 2 + ⋯ +   j  m )   C  { 12 ⋯ m  }  c  {   j 1   j 2 ⋯   j  m  }  c


  n − m


    C  { 12 ⋯ m  }  c  {   j 1   j 2 ⋯   j  m  }  c


  − 1


    i 1 ,   i 2 , … ,   i  n − m


   {   i 1 ,   i 2 , … ,   i  n − m ,   j 1 ,   j 2 , … ,   j  m } =  { 1 , 2 , … , n } ,   i 1 <   i 2 < ⋯ <   i  n − m


    C  { 12 ⋯ m  }  c  {   j 1   j 2 ⋯   j  m  }  c = ( − 1  )  n − m + (   i 1 + 1 ) + (   i 2 + 2 ) + ⋯ + (   i  n − m + n − m )   B    j 1   j 2 ⋯   j  m  12 ⋯ m


   ( 1 + 2 + ⋯ + m ) +  ( 1 + 2 + ⋯ + n ) +  ( n − m ) +  ( 1 + 2 + ⋯ +  ( n − m ) )


  


    d e t ⁡  C = ( − 1  )  n + m n   ∑    j 1 < ⋯ <   j  m    A  12 ⋯ m    j 1   j 2 ⋯   j  m   B  12 ⋯ m    j 1   j 2 ⋯   j  m


  m = n


  m > n


  m


    d e t ⁡  C = 0


  d e t   A B = 0

