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Abstract: The representation of a robot’s configuration can be diverse, each with its advantages and disadvantages. In
this paper, we approach the problem using screw theory, which states that all rigid-body motion can be represented
with a rotation and translation along a screw axis. Using this as a basis, we’ll be tackling the inverse kinematic prob-
lem of robots, which lacks standardized ways of being determined, unlike the forward kinematics problem. With that in
mind, here we will show a combined approach of the analytic and numerical way of solving the inverse kinematic prob-
lem on a Niryo One robotic manipulator. The analytic solution is derived by simplifying the robot’s structure and then
using those results as initial guesses for the Newton-Raphson numerical method which may produce up to 8 possible
solutions. The theoretical foundation is then implemented using the Python programming language after which the so-
lution is sent to the robot via a Niryo One ROS API — pyniryo.
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1. INTRODUCTION

In the modern age, robotics is gaining an ever-increasing
role in shaping modern life, hence why innovations are
increasingly more directed towards this interdisciplinary
scientific field. The structure of robots is complex and
both individual and connected elements can significantly
affect the whole structure and function of the mechanism.
This is in favor of the fact that it is increasingly difficult
to study one aspect of the robot's structure independently
from the rest. Still, it is relatively easy to see how a
dependent unit can affect the rest of the system and
perform an analysis of its impact.

The essence of this paper lies in screw theory and its use
for the analysis and synthesis of robot mechanics, as well
as its application in controlling a Niryo One
manipulator through the Python programming language
and its publicly available libraries.

The work begins in the second chapter with some basic
considerations that need to be taken into account, along
with a theoretical movement model which we will follow
and implement in an experiment.

In the third chapter, we get to the heart of this paper. After
a brief overview of the task of determining a robot's
inverse kinematics, we review the most important
specifications of the Niryo One robot. In addition, the
structure of the robot is displayed, the position of its
joints, the type of communication and protocol, and
pyniryo is specified as the Python library that allows us

to apply ROS (Robot Operating System) from a high level
of abstraction for controlling the robot. At the end, the
Paden-Kahan subproblems and Newton-Raphson
method are explained as they will be implemented to
solve the inverse kinematics of the robot at the end of the
chapter.

An experiment showing the operation of the robot and the
application of the previous theory is presented in the
fourth chapter.

The mechanics presented have been compiled together in
the Python library by Lynch and Park [4]. Based on that,
the authors have also developed a more refined library
along with the code from the experiment and a more
extensive version of this paper [1].

2. NIRYO ONE MANIPULATOR

2.1. Basic Considerations

Niryo Robatics is a startup from France that designs and
manufactures industrial robots, more precisely those
robots are intended for personal and educational use
purposes and the price is significantly lower than the
average industrial robot whose price ranges between
20,000% and 200,000% [2]. The robot model used in this
paper is from Niryo Robotics.

Apart from the open source software [7], the advantage of
this robot is that the whole documentation can be found
online for free at their website [6] and at GitHub [7].

Corresponding author: V. Todorovi¢;
E-mail: vuk.todorovic01@gmail.com
DOI: 10.5937/OTEH24062T

343


mailto:vuk.todorovic01@gmail.com
mailto:milan.blagojevic@pr.ac.rs
mailto:nikola.nesic@pr.ac.rs

APPLICATION OF SCREW THEORY AND ITS IMPLEMENTATION IN PYTHON FOR CONTROLLING A NIRYO ONE

MANIPULATOR

2.2. Theoretical Movement Model

To showcase the proposed algorithm that this paper
presents, in Table. 2.1 we have shown the planned
sequental movements that the robot will perform.

Table 2.1. Niryo One theoretical movement model with
coordinates in the robots space frame

The main issue we will be discussing here is the inverse
robot kinematics problem for our 6 degrees of freedom
(DOF) [2, 8] robot. That is to say, given a homogeneous
transformation matrix T e SE(3) find the corresponding

joint actuation angles 8 e R",
f (T) =0. 1)

The inverse kinematics problem may not always have a
closed-form analytical solution or the solution is not
favorable for usage in practical situations. Typically for 6
DOF, there are a finite number of solutions while for
robots with more than 6 DOF, there are usually infinitely
many solutions.

On the other hand, there are numerical methods that, if the
initial guess is sufficient, will always converge to a valid
solution if it exists. The problem is, how do we ensure
convergence? This can be achieved by:

e Starting the robot's motion from a known
configuration and slowly changing the end-
effector's goal configuration with the frequency
of the calculation,

e Use an approximate analytical solution as the
initial guess.

This paper tries to achieve exactly the second point, find
an approximate analytical solution, and use that as an
initial guess for the numerical method. This is represented
as Algorithm 2.

3.1. Technical Specifications

The robot's technical characteristics are available in Table
3.1. The joints and their position are given in Fig. 3.1.

Table 3.1. Niryo One technical specifications where the
range of rotation of the actuators are from the Niryo One
ROS API - pyniryo and the rest from [2, 7, 8]

Specification Value

Mechanical specifications

Actuation Transformation matrix
-3
1. Starting 0,540 0 0,841 91,039-10
position o 1 0 0
(calculated from | | —0,841 0 0,540 190,529-10°
pyniryo [7]) 0 0 0 1
[0 0 1 148:10° |
2. Approach 0 1 0 -148.10°
above the object -1 0 0 150-10°°
10 00 1]
[0 0 1 148.107 |
3. Descent to the 0 1 0 -148.10°
object -1 0 0 88107
10 00 1]
4. Grip the object N/A
5. Lift the object Same as 2. App_roach above the
object
[0 0 1 148.107]
%Apprr?acg 0 1 0 148.10°
above the objects 73
destination -1 0 0 150-10
000 1 |
[0 0 1 148-107°]
7. Descent to the 0 1 0 148107
objects 3
destination -1 0 0 8810
0 00 1 |
8. Release the N/A
object
9. Ascent from Same as 6. Approach above the
the object objects destination
10. Retum to the Same as 1. Starting position
start

3. ROBOT MECHANICS

The approach with which we’ll explore robot mechanics
is based on screw theory which states that all rigid body
motion can be interpreted as a rotation and a translation
along a screw axis resulting in a helicoid trajectory.

For the interested reader, an extensive resource is
available at [3, 5] for screw theory while in this paper
we’ll only be using the results from those sources.

Degrees of Freedom 6

Weight 3,3kg

Max Reach 440 mm

Max Payload 0,5kg

Repeatability +0,5mm

Materials Aluminium, PLA (3D
printed)

Actuators 5 steppers and 2 servos

End effector — Gripper 1
Weight 709
Length (gripper closed) 80 mm
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Max opening width

27 mm

Picking distance from end-
effector base

60 mm

Actuators range of rotation

Joint 1 —175,00000° +175,00000°
Joint 2 —109, 44000° +36,670000°
Joint 3 —79,89000° +89,960000°
Joint 4 —174,76000° +175,00000°
Joint 5 —100,00000° +110,01000°
Joint 6 —144,96000° +144,96000°
Electrical specifications
Power Supply 11V +6A
Power Consumption ~60W
Hardware Arduino Mega, Raspberry
Pi 3
Joint sensor Magnetic sensor
Ports 4 USB, Ethernet
Software specifications
Communication Ethernet, Wi-Fi, Bluetooth,

USB

User interface

Web app, Android app, i0S
app, Gamepad

Programming interface

ROS, APIs, source code

23.7mm 180 mm

i,

5.5 mm |-k

Js

! 30mm

210 mm

80 mm

103 mm

Fig. 3.1. Niryo Ones The position of the joints and their
respective axis of rotation where J. denotes the i -th joint

Because we can connect and manage our robot in several
ways (see Table 3.1), we must explicitly state which way
will be used for our application:

e Communication — Ethernet TCP/IP connection,

e Control interface — Niryo One ROS API, i.e.
pyniryo.

Ethernet is a reliable and relatively fast way of
communication that requires a wired connection (in our
case wireless is unnecessary anyway), while pyniryo is
the latest available Python ROS API for the Niryo One.
We could also apply directly ROS but that would
introduce additional complexity and is not the aim of this
paper. The development environment used is VS Code
while the Python version used is 3.12.5.

3.2. Paden-Kahan Subproblems

The Paden-Kahan (PD) subproblems are a set of
subproblems, that depend on the geometry of the robot,
and that may be systemically used for determining a
closed-form analytical solution for the inverse kinematics
of the manipulator.

Before examining the subproblems, one more thing to
note is that for each solution related to a particular joint
angle &, a valid solution is also

0=06t2kz, keN. (2)

This may turn out to be important in cases where a robot's
joint has an asymmetric joint range limit, e.g, let’s say we
have a robot whose joint ranges are
((-90°, 90°), (—225°, 45°), (-120°, 90°)) but the
solution vector 6 = (45°, 150°, —90°) is out of range,
meaning that we must change our solution and say that
0 = (45°, —210°, —90°).

With that in mind, we’ll explore how the subproblems are
formulated, their solution, and the conditions under which
a solution exists.

Subproblem 1. Rotation about a single axis

Problem. Let S be a zero-pitch screw axis h=0 and
p,geR® two points, find the corresponding rotation
angle @ such that

e’p=q.

©)

Solution. From the given subproblem it is evident that it
corresponds to a rotation of the point p to the point g
around the screw axis S and we are looking for the angle
6 that satisfies this transformation.

The solution to this subproblem is given as

6 =atan2(w, - (u'xv’), u-v’) 4
where:
u'=u-proj, u, (5)
V'=Vv-—proj, v, (6)
u=p-r, )
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v=q-r, (8)
and reR® is any point of the screw axis S. To

determine this point, we’ll first examine the parametric
definition of the screw axis

[0
Vg —oxr+ho

and considering that our screw axis is zero-pitch, we may
write

Vs =l 9)
and thus

r=—o]vs. (10)
While we may be able to solve for r analytically, it will
always have an infinite amount of solutions (consider how
the vector r points to a line), which may pose a problem
since we’ll need an explicit solution to implement it pro-
grammatically.
The subproblem has a solution when the following rela-
tions are satisfied:

O U=Og"V

U= v = TTuli= v

(11)

In the case when p =q, there are an infinite amount of
solutions to this subproblem.

Subproblem 2. Rotation about two subsequent axes

Problem. Let S and S, be
h,=h, =0 that intersect and p,qeR® two points, find
the corresponding pair of rotation angles &, and 6, such
that

zero-pitch screw axes

e[sl]gle[SZ]HZ p — q . (12)

Solution. This subproblem corresponds to two subsequent
rotations of the point p to the point q, first around the

screw axis & for an angle of 4, and then around the
screw axis S, for an angle of 6, .

In the case when the two screw axes overlap,

§ =185 =55 =S IF=IISIF (13
then we can rewrite (12) as
el glS:10y _ glS1hg(S1hy _ glSNG-0)g _ g (14)
that lends itself to PD 1 if we say that
0=616,. (15)

All combinations of the two angles 4, and 6, that satisfy
(15) can be used, meaning that we may simplify this
further by saying that one angle equals zero.

When the screw axes intersect at a point, (12) can be
rewritten as a set of two equations

elSlip — ¢
e lSltg ¢

such that they may be solved as PD 1 if we say that

(16)

C=2z+r an
and r eR? is the point of intersection between the two
screw axes S, and S, . Since, in the general case, if we
use (10), we’ll get two different points r, #r,, there is a

need to use another method for determining r. The
property of the vector cross-product axaa =0 allows us
to write out (9) as a linear combination

ol =JoJr-So)=v,, &eR, i=12 (18)
thus,
r=rn+ 6(:1(")51 =n+ 52(’)52 (19)
and this can be solved as a linear system
g
(05 ~o ]{ it (20)
2

If the system has a solution, then the screw axes intersect
at the point defined by (19), otherwise the axes do not
intersect and this subproblem has no solution.

The other variable from (17) is defined as:

Z=00; +ﬂwsz +7((’351 X(‘)sz) ) (21)
0, 0. )0, u)-o,-v
a/:( S 52)( S 2) S , (22)
(05 0g) -1
0, 0 )0, -v)-0, -u
o os)og v eg
(05 0g)" -1
ulf —a® -4 -2af(0, -®
oy IO e F - 2aplog o)
log xag, |

where u and v are defined by (7) and (8) respectively.
The subproblem can either have two pairs of solutions,
one pair of solutions, or no solutions for the angles 6, and

6, . Two pairs of solutions are present when y =0, and
one pair when (13) holds or y =0. No solutions exist

when the square root from (24) is less than zero or certain
conditions aren’t met. The conditions for using this
subproblem, in addition to the condition that the screw
axes intersect, are (the implication of these conditions
follows from (11) for (16)):
05 U=0g -Z,
Og V=0 Z, (25)

TulP=lzIP=livIF.

Subproblem 3. Rotation to a given distance

Problem. Let S be a zero-pitch screw axis h=0,
p, qeR® two points, and § >0 R a real number, find
the corresponding rotation angle 6 such that

la—e“pl=5. (26)
Solution. From the given subproblem it is evident that it
corresponds to rotating the point p such that after the

transformation, it is a distance of & from the point q.
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In the case that 6 =0, (26) transforms into (3), i.e. PD 1

lq-e’pll=0 = q-e*p=0 = e’p=q. (27)
When & >0 then we have the usual case with the solu-
tion given as

6 =atan2(w, - (u'xv'), u'-v’)

1112 2 _sr2 28
J_rarccos(”u P iV P -5 j (28)
2[lu vl
where
5% =5"las-(p-q)| (29)

and the rest (u’, v', u, v, r) are defined by (5)+(10).

Based on (28) we notice that this subproblem may have
two or one solution based on the angle defined by the
arccos argument. It is also evident that we don’t have a
solution if the arccos argument is outside of the function's
domain. There may also be no valid solutions even if (28)
yields a proper value which occurs if (26) is not satisfied.

3.3. Newton-Raphson Numerical Method

The numerical method that we’ll be analyzing here is the
Newton-Raphson method used for nonlinear root-
finding. The algorithm for the method, defined in the {s}

frame, is stated in Algorithm 1.

’

Y
l (Vi) = log(T ;' (8")Tss) | |i<—i+1|

k.

No

| Yes

Algorithm 1. Newton-Raphson numerical method in the
robots space frame

3.4. Niryo One Mechanics

The manipulator can be simplified and graphically
represented as shown in Fig. 3.2 where we have a space
frame {s} and body frame {b} set to standard positions

with our robot model (which is per the pyniryo interface).

Ls . L
Ly N

z

Fig. 3.2. Kinematic diagram of the Niryo One
manipulator

The zero configuration of the Niryo One manipulator is
therefore

100 L,
010 0
M =
001 L,-L
0 0O 1

where the values of the link lengths are given in Table
3.2. along with the definitions of the robots screw axes.

Table 3.2. Niryo One important kinematic values based
on Fig. 3.1 and Fig. 3.2

Index Link length L in Screw axis in the {s}
number mm frame — S

1 103 (0,0,1,0,0,0)
2 80 (0,-1,0,L,,0,0)
3 210 (0,-1,0,L,0,0)
4 30 10,0,0,L,,0)
5 415 (0,-1,0,L,,0,-L)
6 180 10,0,0,L,-L,,0)
7 23.7 /
8 5.5 /

As mentioned, we’ll determine the inverse kinematics of
the robot numerically, while using an approximate
analytical solution as an initial guess analytically. Note
that if we make an approximation and say that L, ~ 0, our

manipulator closely resembles the structure of a PUMA
robot for which the analytical solution is given in [5].
Therefore we will, by analogy, determine an approximate
analytical solution to the PUMA robot.
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We start from the expression of the direct kinematics in
the {s} frame according to our robot model

6
[T5"m-T,.
i=1

and multiply both sides by M™ to separate the unknowns
from the known variables

6
[[4" =TyMmMt =T, (30)
i=1
where
100 -l
pMio|0 10 0 (31)
00 1 Li-Ly|
000 1

In four steps we will determine all of the joint angles.

Step 1 (solve for 6,)

Multiply both sides with a vector that points to the point
of intersection of the axes S, S, and S,

3

He[&]g'q%e = 110456 (32)
i=1
where the vector of intersection is defined as
L56
Uyss = 0 (33)
L,

The previous relation (35) is a consequence of the fact
that if a vector g, points to any point on a screw axis S,

then the following holds true

e[S]qu =0s- (34)

Next, we subtract both sides of (35) with the vector
pointing to the intersection of the screw axes & and S,

to get

eldlhgl%1 (e[%193Q456 - qlz) =T\ Ous5 — 0o (35)
where the vector q,, is defined as
0
q,=| 0 | (36)
L,

Taking into account that homogeneous transformations
preserve distances, norming both sides of (38) gives us

|| e[53]93(:1456 —0y ”:” qu456 =0y ”:: o (37)

which can be solved using the results from PD 3.

Step 2 (solve for 6, and 6,)

Considering that, preceding this step, we have determined

6,, we come back to (35) and after manipulating the
relation we get

(816 gl8:10, (10 _
e$1 e Z(e ¢ 3q456)_-|—]_q456

: (38)
= e[bllgle[Sz]HZ q(l) — p(l)
where
q(l) = e[53]93q456 ) (39)
p(l) = T1q456 ) (40)

which can be solved using PD 2.

Step 3 (solve for 6, and ;)

After determining the first three angles which play a
crucial role in the position of the robot’s end-effector, we
come back to (33) and separate the variables which are
and aren’t known

el5i10s o510 0[S0 _ o=[8310 o (510, o -[5110 T1 (41)

and multiplying both sides with the position vector g, of
the screw axis S; we get an equation that can be solved
using PD 2

e[SA]'gAe[Ss]gsqG — T2q6 = p6 (42)
where the position vector, which mustn't be equal to q,;,
is defined as

¥
ds=| 0 |, ds e R\{Ls} (43)
Ly,
and the matrix T,
‘I'2 = e—[Sg]Ha e*[szlgz e*[51]91'|'1 i (44)

Step 4 (solve for 6,)

The last remaining angle can be calculated by separation
in (33)

5
el™% =T Texp(-[5,.16, )T, (45)
i=1
and then multiply both sides by any vector q® which
doesn’t point to any point on the screw axis S

5
et q® = [Texp(-[5;16,.)Ta® =p?  (46)
i=1
where

q? e R*\{g,}. (47)
At the end of our analysis, we emphasize that the
maximum number of different angle coordinates which
achieve the same desired configuration is 8 due to the
multiplicity of solutions in the equations (40), (41), and
(45). This can be represented by a graph as in Fig. 3.3.
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/\

(&, 0 (61, 62)

N PN

(64, 65) (64, 05) (61, 05) (64, 85)
VoN /\ /\ VN

Fig. 3.3. Graf representing PD approximate solutions
where the nodes represent the angle coordinates and the
branches lead to different sets of solutions

The graf from Fig. 3.3 represents the most general case
when all 8 solutions exist. Most often, there are less than
8 solutions. This is because either the robot cannot reach a
certain end-effector position and orientation with all 8
robot configurations or the algorithm converges to a

certain configuration which would require the robot's
actuators to move outside of their joint limit (see Table
3.1 for joint limits). If we have no PD solutions, then the
desired configuration is outside the robot's workspace,
otherwise it is inside.

Based on this chapter intended for determining Niryo One
manipulator mechanics, an open-source Python library
has been made and can be found on Github [1]. A larger
portion of the library is related to general open-chain
manipulators while only a single module is specialized for
the Niryo One robot.

At the end, a graphical representation is shown on
Algorithm 2.

PD 3: 81;3

PD 2: (9;‘1, g.gg)

Y

PD 2: (9;‘4, 9.55)

PD 1: 87;6

A
€ RY|O; = [0i]6x1, 4,4 € {1,...,6}}

0<card®pp <6

®pp = {0;

®NR <

Discard @;-s that did not
converge within the actuators [«
range of rotation (Table 3.1)

Y

Newton-Raphson
methodV@; € @ pp
(Algorithm 1)

Algorithm 2. Niryo One inverse kinematic algorithm. The sets ®,, and ®,, group the different valid solutions after
applying the PD subproblems and Newton-Raphson method respectively

4. EXPERIMENT

Using the aforementioned method of determining Niryo
One's inverse kinematics, we’ll conduct an experiment
that will serve as some validity to the effectiveness of this
approach.

Problem. Displace the provided object using the Niryo
One manipulator. The starting and final location of the

object, measured in the robots {s} frame, are
(148, —148, 0)mm and (148,148, 0)mm respectively.
Solution. The code used is available on the same GitHub

page as the code for the entire library [1]. The robot is
displayed doing its task in Fig. 4.1.
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Fig. 4.1. Experiment: controlling the Niryo One manipulator. The experiment starts after the robot's calibration and
ends when the robot returns to its starting position (which isn't shown here): a) Position 1 — starting position of the
robot; b) Position 2 — approach above the object; ¢) Position 3 — descent to the object; d) Position 4 — gripping the
object; e) Position 5 — lifting the object; f) Position 6 — approach above the objects destination; g) Position 7 — descent
to the objects destination; h) Position 8 — release the object; i) Position 9 — ascent from the object.

5. CONCLUSION

Integration of various synergistic elements of robotic
systems at a high theoretical and practical level can serve
as a good example of engineering spirit, which was just
performed in the work. Efficient calculation, clear
formulation, easy implementation, lack of singularities,
and the experiment on the Niryo One robot are evident
indicators of the advantages of applying screw theory.

Another approach for determining a robot's inverse
kinematics is based on the classic elimination theory from
algebraic geometry, which is available at [5]. Python is a
good choice for a fast and relatively simple
implementation that can be refined at [1], to make the
source code even more complete, robust, and efficient. In
addition, the implementation in the C++ programming
language would be ideal for a version of the source code
that would be more suitable for the modern requirements

of practical robotics. Before that, of course, it is also
possible to delve deeper into the possibilities of ROS to
more fully exploit the potential of the Niryo One robot.

Appendix: Mathematical Notation

The following notation is used:
o  {s} — space frame;

o {b} - body frame;

e L,=>" L —sumof L, linklengths;

.
o X, =[Xy X, X;] €R® - vector. If a

subscript is present, then it defines the coordinate
frame (e.g. coordinate frame a in this case) of
the vector;
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a,=a,/|a, |leR® - unit vector of its bolded
equivalent;

0=[0 0 0]T —the 3x1 zero vector;
a-b, a,beR? - vector dot product;

axb=[alb, a beR® — vector cross product
(the [*] operator is explained below);

proj,a = (a-B)E), a,beR® — vector projection
of a onto b;

A" e R™" —the Moore-Penrose pseudoinverse;

R,, € SO(3) — Rotation matrix from the special

orthogonal group. If a subscript is present, then it
defines the orientation of the second letter frame
in the first letter frame (e.g. orientation of the
frame {b} in {a} in this case). Otherwise, the

matrix represents an operator;

0 X X
[X1=| x, 0 -x|eso(3), xelR®- vector
X, x 0

skew-symmetric matrix representation;

T, =(R,. P.) <€ SE(3) — homogeneous trans-

formation matrix from the special Euclidean
group. If a subscript is present, then it defines the
orientation and position of the second letter
frame in the first letter frame (e.g. position and
orientation of the frame {b} in {a} in this case).

Otherwise, the matrix represents an operator;

o . ,
S,=| "]1eR’, a5,vg eR’,
v AR

(log FD) v (log [F0Alv [=1)

axis. If a subscript is present, then it defines the
coordinate frame (e.g. coordinate frame a in this
case) of the screw axis;

[os]
[SJ{ o
representation of the screw axis, equivalent to
[x] explained before;

— Screw

vdg } eseB - an  se(d)

Oy,

vy,

Va=8a6'?:{ } — twist. If a subscript is

present, then it defines the coordinate frame (e.g.
coordinate frame a in this case) of the twist;

[V]1=[S1P € se(3) — an se(3) representation of
the twist, equivalent to [x] explained before;

M e SE(3) — zero/home configuration of an
open chain manipulator in the {s} frame;

J,(0) e R®" — the Jacobian of a manipulator
defined in the {b} frame;

o e¥=Tx=Rx+p - an abuse of notation
where Tx and e*¥x are shorthand for Rx+p,
and also e’ =T, T=(R, p), xe R?;

arctan (lJ x>0,
X
arctan[1j+n x<0 A y20,
X
arctan l)—;z x<0 A y<0,
X
o atan2(x, y)= )
T
— x=0 >0,
2 nY
VA
- x=0 <0,
2 nY
undefined x=0 A y=0
X, yeR

— a special function that is similar to the
arctan(y/ x) function but with a larger domain

of (-, n].
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