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Abstract: This paper presents the reach and position workspace envelope analysis of the six-degree-of-freedom
articulated robot ARma6 based on the solution of its forward kinematic problem. The robot reach is determined by
combining Monte Carlo sampling with nonlinear optimization, while the limits of Tool Centre Point (TCP) in Cartesian
space are obtained analytically using trigonometric relations. The rotational symmetry of the positional workspace is
exploited to simplify the three-dimensional positional workspace’s envelope determination, with two approaches
considered: numerical extraction of the inner and outer radial boundaries and a geometric approach based on the
circular TCP path corresponding to the effective robot reach. The obtained results characterize the reach and position
workspace of the ARma6 robot and provide a basis for further evaluation of its geometry during the design process.
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1. INTRODUCTION

Growing customer demands and global competition are
amongst the key drivers of the increasing need for
integrating industrial robots with Industry 4.0 solutions
[1]. Flexible robotic systems can adapt to a variety of
tasks and products, making them particularly
advantageous for high-mix, low-volume manufacturing,
which is typical for small and medium-sized enterprises
(SMEs) [1-2]. However, the wider adoption of industrial
robots in SMEs remains limited by factors such as
investment costs and the expertise required for robot
programming [1-4]. These challenges encourage the
development of more accessible robotic solutions for
SMEs. In this context, the ARma6 robotic system, Fig.1,
is being developed as a compact six degrees of freedom
(DoFs) articulated robot supported by an extended reality
(XR)-based platform for robot programming and
interaction [5].

Solution of the robot forward kinematics problem (FK
algorithm) is used to determine the position and
orientation of the robot end-effector, i.e. frame attached to
its TOOL CENTRE POINT (TCP) with respect to (w.r.t.)
the BASE frame, for the input joint variables [6-7]. FK
serves as the basis for robot simulation, inverse
kinematics (IK) and motion planning, and workspace

analysis.

Robot workspace and reach are amongst the key
considerations in robot design, as they provide a
quantitative measure of the range of tasks that the robot
can perform. Additionally, before applying the IK
algorithm, it is useful to verify whether the desired TCP
position lies within the robot reach, position limits, or
within its workspace, allowing the user to distinguish
potential workspace-related errors from other IK failures.
The workspace is often broken down into a reachable
(position) workspace - the entire set of points reachable
by the manipulator, and a dexterous workspace - points
that the manipulator can reach with an arbitrary
orientation of the end-effector [8-9].

In this paper, the FK algorithm, robot reach calculation,
and position workspace envelope determination of the
ARma6 articulated robot are presented. The robot reach is
determined numerically using nonlinear optimization.
Additionally, the limits of the TCP position in Cartesian
space are obtained analytically using trigonometric
identities. The methodology for the positional workspace
envelope determination is presented.

This paper is divided as follows. In Section 2, the FK
algorithm for the ARma6 robot is presented. The
methodology for determining a robot reach and position
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workspace envelope is presented in Section 3, and
numerical simulation results are also presented herein.
Discussion is given in Section 4, while concluding
remarks are given in Conclusion.

Figure 1. 3D model of the ARma6 robot

2. FORWARD KINEMATICS
ALGORITHM

One of the most used methods for kinematic modeling in
robotics, the Denavit-Hartenberg (DH) convention [10], is
adopted in this study. Robot DH parameters, Table 1, are
defined based on frames attached to robot joints, Fig. 2

[5]-
Table 1. Denavit-Hartenberg parameters for ARma6

Joint & a; d; a;
i
1 0 90° d 6
2 a 0 0 6, —90
3 a, 0 0 o,
4 0 90° d, 6, -90
5 0 -90° ds s
6 0 0 dg O

Joint-to-joint homogeneous transformation matrix (HTM)
describing coordinate frame i relative to frame i-1 using
DH parameters is given as follows [11]:
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Figure 2. Frames assigned to ARma6 joints [5]

Based on joint-to-joint HTMs, the HTM of the frame
attached to the robot’s TCP w.r.t. the BASE frame is
obtained as:

Tos (A) = ALAAALAA (2)
In Eq. 2), q=[q ... ¢,] is a vector defining the robot
configuration (joint positions ¢; for i-1..n, where n is the
number of DoFs, i.e. 6 for ARma6).

Hereinafter, the following notation is
¢ =cos(q;), s; =sin(q; ),
c; =cos(q; +q;), s; =sin(q; +q,),

Cijk :COS(%‘ +4q; +Clk), Sijk :sin(q,» +4q; +¢]k)

adopted:

When the HMT Ty (q)is defined, the pose of the TCP

w.r.t. the BASE frame can be calculated for every time
instance ¢, i.e. the robot configuration () given that

Tye contains the rotation matrix and the position vector of
the TCP frame and its origin w.r.t. the BASE frame [6]. X,
Y, Z coordinates are obtained from the fourth column of
the matrix Ty given in Eq. (2) as follows:

X(q) = d6 (C5S1 +0234C1S5)+d4sl —axC1$,
—d;55734C — A3C1C 83 — A3C15,C3

3)

Y(Q) = dg( 348155 —ciCs )

0,518, — d557345) — 4351523 — d4Cy

“
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Z(Q) =d) +a3Co3 + 0o+ dsCozy +dSsSp34 Q)

TCP frame orientation is obtained using the RPY angles
convention [12] as given in [5].

3. DETERMINATION OF ROBOT REACH
AND POSITION WORKSPACE
ENVELOPE

Both the robot reach and the size of the workspace
envelope are fundamental geometric characteristics that
strongly influence the mechanical design and application
of robotic manipulators. Increasing the workspace and
reach typically requires longer links, which generally
reduce manipulator stiffness and positioning accuracy.
For the ARma6 robot and its adopted payload, a target
reach of approximately 1 m was selected during the initial
design stage, resulting in a compact robot configuration
with a workspace suitable for the intended development
and experimental activities.

3.1. Robot reach determination

In industrial robot specifications, the reach is commonly
reported as the maximum distance from the robot BASE
FRAME origin to the TCP, here denoted as R,,,, , or as the
maximum horizontal radial distance of the TCP to the
BASE FRAME vertical axis, here denoted as ppy -

Ry = max~ X2+ 72+ 22 (6)
Pinax = Max VX2 +7?2 @)

Taking into account Eqs. (3) and (4), and by using simple
trigonometric identities, the distance p(q) from Eq. (7),

i.e. the horizontal radial reach, can be calculated as
p(a) =4+ B’ (8)

where

A= A(Q) = dgCp34S5 — Ar8; —dsSy34 — 3573 Q)

B=B(q)=d4 +d5C5 (10)

The robot reach R, can be calculated using several
different approaches. Although the reach may be
estimated by evaluating the FK over a discretized joint
space, such an approach does not guarantee that the global
maximum is found. Calculating reach for selected DH
parameters can be regarded as a nonlinear optimization
problem in which the joint variables gi,.., gs are treated
as optimization variables and the Euclidean distance from
the robot BASE FRAME origin to the TCP is maximized.
Given that the reach function is a highly nonlinear
trigonometric function of multiple joint variables,
obtaining a closed-form solution is generally challenging.
In this study, numerical approaches are utilized.

It can be seen from Eq. (5-6) and Egs. (8-10)
thatZ(q)and p(q) and consequently R(q)do not

depend on ¢; and gs. Consequently, herein the maximum
reach was determined numerically for the selected DH
parameters by ,,optimizing* the joint variables ¢, to gs.
The following two-stage procedure was applied for
Ruax (9) calculation:

1. Generate a large number of random initial
configurations within the admissible joint space
using Monte Carlo [13] sampling.

2. Starting from each initial configuration, locally
optimize the objective function. The largest
value obtained from all optimization runs is
taken as the estimated global maximum reach.

On another note, since d, represents a fixed offset between
the BASE FRAME and the second joint, it is convenient
to define the effective robot reach R, w.r.t. the frame

attached to the second joint, as illustrated in Fig. 3. The
effective robot reach is calculated as:

R = Zmax —dy (11
For calculation of Znax, the approach using trigonometric
identities (without optimization methods) is applied
herein. From Eq. (5), it can be seen that for the maximum
TCP’s Z coordinate w.r.t. the BASE FRAME, the robot
configuration has to be the following:
¢ =0,9,+93=0—>¢q3 =0, g5 =x/2. For the adopted

values, the expression:

=
¥,

=

e

O 1

dh

g
=y
=

Figure 3. Robot ARma6 model selected frames.

dsCyz4 +d6Sa34 (12)
has the maximum +/d? +d? for the value of qs:
gs =a, a=atan2(ds,ds) (13)
and the following is obtained:
Zoae = dy +ay +ay +\Jd? +d} (14)
me:dl—az—a3—\jd52+d§ (15)
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3.2. Robot position workspace envelope
determination

The workspace envelope encloses the workspace. Based
on the FK algorithm, Egs. (3-5), the position workspace
can be calculated numerically. From Eq. (5) and Eqgs. (8-

10), it can be seen that neither the radial distance p(Z) of

the TCP from the BASE FRAME vertical axis, i.e., z, axis

from Fig.2, nor the TCP’s Z coordinate depend on the
angle ¢,. The joint angle g; changes only the azimuthal

position of the TCP about the z, axis. From this, it can be
concluded that the positional workspace of the ARma6
robot is rotationally symmetric around the BASE FRAME
vertical axis.

In this study, the positional workspace envelope was
determined using two approaches. In both approaches, the
analysis was performed for an adopted constant value of
q1, and the obtained two-dimensional geometric
representation was subsequently revolved about the
zgaxis, Fig. 2, to generate the three-dimensional
workspace envelope. Approach 1 is based on the
numerical determination of the inner and outer workspace
boundaries in the p-Z plane. Approach 2 is based on the
determination of the complete circular TCP path obtained
by the rotation of the robot arm corresponding to the
effective robot reach R,,, Eq. (11), Fig. 3, about the

z axis, g, €[0, 27].

Approach 1

In Approach 1, the three-dimensional positional
workspace is determined by one meridional cross-section
(e.g. ¢ =0). The Cartesian coordinates are transformed

into cylindrical coordinates (p, Z). The inner py,;, (Z)and

outer Py, (Z)boundaries of the meridional section are

determined using the following numerical procedure:

1. Perform a grid search [14] over the selected joint
variables. Compute the TCP coordinates (X, Y,
Z) using the FK for all sampled joint
configurations and calculate the corresponding
radial distance p, Egs. (8-10).

2. Divide the range of Z-coordinates into a
predefined number of horizontal layers of equal
thickness. For each layer, identify all sampled
points whose Z-coordinates lie within the
corresponding interval.

3. Determine the inner and outer boundaries of all
layers as the minimum and maximum values of
p(Z) among the selected points.

4. After obtaining the inner pp,(Z)and outer

Pumax (Z) boundaries for each layer
inZze [Zmin s ZLonax ]

values, connect them by linear interpolation.

and P (Z)
curves about the the base-frame vertical z, axis.

as an array of discrete

5. Revolve interpolated o, (Z)

Approach 2

The second approach in generating the outer workspace
envelope is based on the complete rotation of the robot

arm about the z, axis, ¢, €[0, 27]in the configuration
corresponding to the effective robot reach R, = R, .., , for
for an arbitrary adopted value of ¢ angle (herein it is
adopted that ¢, =0). The circular TCP path can be

obtained either analytically, using the parametric equation
of a circle with the previously determined center and
radius 7= R, , or numerically, using the FK for a
complete variation of the corresponding joint
angleg, €[0, 27]. In both cases, the obtained TCP

coordinates are subsequently transformed by the rotation
matrix about the BASE FRAME vertical axis. The
procedure consists of the following steps:

1. Determine the effective robot reach R;.., the
corresponding robot configuration ¢, ¢s, and

the center Cy of the resulting TCP circle.

2. Generate the circular TCP path either from its
parametric equation or directly from the FK by
varying the corresponding joint angle through a
complete revolution.

3. Revolve the obtained circular TCP path about
the BASE FRAME vertical axis by applying the
corresponding rotation matrix to the TCP
position vectors [X Y Z]T.

3.3. Numerical results

For numerical calculation, the following DH parameters
have been adopted: d;=158.09mm, ds=101mm, ds=86mm,
d¢=90.29mm, a,=158.09mm, a;=158.09mm.

For the selected DH parameters, 50000 random initial
configurations of the joint variables g2, g3, g4, g5 were
generated using Monte Carlo sampling within the range
[0, 2xm]. Starting from each initial configuration, a
constrained local optimization was performed in Matlab
[15]. The maximum reach obtained was R, = 110.54cm

for g2~ -0.03°, g5= 0.02°, g4= -46.11°, gs=-81.83°.

From Eq. (14-15), based on adopted DH parameters, it is
obtaoned thatZ,, =110.02 cm, Z.,=-78.4 cm. From
Eq. (13) and Eq. (11), it is obtained that 0=46.39°, and
R =94.21cm.

The radial boundary values P, (Z)and P (Z)were

determined numerically using a uniform grid search over
q2, 93, 44, q5s within [—m,xt], with a discretization step of 5°,
the resulting range of Z-coordinates was divided into 150
horizontal layers, and the following is
obtained: P =94.83 cm.

Herein, since the g4 angle does not affect the position of
the TCP, it is adopted that g4 =0. For the adopted

numerical values of DH parameters, the inner and outer
boundaries of the meridional cross-section are depicted in
Fig. 4.
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Meridional section: Inner and outer positional workspace boundaries
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Figure 4 The inner and outer boundaries of the
meridional cross-section.

The workspace envelope obtained using Approach 1 is
shown in Fig. 5. By rotating pp, (Z)and pu. (Z)

around the z, axis, the positional workspace envelope for
the ARma6 robot is obtained from 120 angular samples.

Boundaries of the positional workspace

Outer boundary
I |nner boundary

Z[m]

-0.5

05
05

05

.05

Vil X {m)

Figure 5 Positional workspace envelope for Arma6 robot
obtained by applying Approach 1

To compare the two approaches, Fig. 6 superimposes 25
circular TCP paths corresponding to the effective
reach R, .., onto the numerically determined workspace
envelope by Approach 1. The circular paths closely
follow the outer boundary obtained using Approach 1,
indicating good agreement between the two approaches.

Boundaries of the positional workspace

Figure 6 Positional workspace envelope for ARma6 robot
obtained by applying Approach 1 and Approach 2 at 25
positions of the R, circle around the BASE FRAME

vertical axis.

4. DISCUSSION

The proposed methodology combines analytical and
numerical approaches for evaluating the kinematic
characteristics of articulated manipulators. While the
forward kinematic model provides analytical expressions
for the TCP position, numerical optimization enables an
accurate determination of the maximum reach without
relying on exhaustive discretization of the joint space.
Furthermore, exploiting the rotational symmetry of the
manipulator positional workspace allows the analysis to
be performed for a single value of the first joint angle,
significantly reducing the computational effort required
for three-dimensional workspace determination.

The obtained reach and position workspace envelope
provide useful geometric information during the
conceptual design stage, i.e. quantitative measures and
quick assessment of the robot operating range and the
comparison of different manipulator geometries. Since
both characteristics depend directly on the selected DH
parameters, the proposed methodology can support the
selection of appropriate link dimensions in the early
stages of robot design before detailed structural and
dynamic analyses are performed. When designing a robot,
an increase in reach is obtained by increasing the length
of the robot's links, however this causes an increase in the
mass of the links, the required motor torques, a decrease
in stiffness and potentially the accuracy, and the robot
may be more prone to vibrations.

In future work, the obtained reach and position workspace
envelope can be incorporated into multi-objective
optimization procedures aimed at identifying the optimal
geometric parameters of the robot. Such optimization
could simultaneously consider workspace characteristics,
reach, structural stiffness, payload capacity, joint torques,
and manipulator mass, resulting in improved overall robot
performance. Additionally, the presented methodology
should be extended by incorporating self-collision
constraints.

5. CONCLUSION

This paper presented the determination of the reach and
the position workspace envelope for the six DoF
articulated robot ARma6 using its analytical FK model.
The reach was obtained numerically using Monte Carlo
sampling and nonlinear optimization, and the limits of
Cartesian coordinates were determined analytically using
trigonometric identities. Two approaches were applied to
the position workspace envelope determination. In both
approaches, the analysis was performed for a constant
value of the first joint angle, and the resulting two-
dimensional geometry was subsequently revolved about
the base frame vertical axis in order to obtain the three-
dimensional workspace envelope. In Approach 1, the
rotational symmetry of the manipulator positional
workspace was exploited to reconstruct the workspace
envelope from the numerically determined inner and outer
boundaries of a single meridional cross-section. In
Approach 2, the outer workspace envelope was
determined geometrically from the circular TCP path
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corresponding to the effective robot reach. The obtained
numerical results characterize the reach and position
workspace of the current ARma6 geometry and provide a
basis for further evaluation of the manipulator geometry
during the design process. Future work will extend the
workspace analysis by incorporating self-collision
constraints and investigating the influence of the robot
geometric parameters on the usable workspace using a
multi-objective optimization framework. Additionally, the
obtained workspace envelope will be integrated and
visualized within the ARma6 XR environment to support
intuitive robot task planning.
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